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LIMIT THEOREMS FOR BESSEL AND DUNKL PROCESSES OF
LARGE DIMENSIONS AND FREE CONVOLUTIONS

MICHAEL VOIT, JEANNETTE H.C. WOERNER

ABSTRACT. We study Bessel and Dunkl processes (X; x)t>0 on RN with pos-
sibly multivariate coupling constants k£ > 0. These proce_sses describe inter-
acting particle systems of Calogero-Moser-Sutherland type with N particles.
For the root systems An_1 and By these Bessel processes are related with
[-Hermite and (B-Laguerre ensembles. Moreover, for the frozen case k = oo,
these processes degenerate to deterministic or pure jump processes.

We use the generators for Bessel and Dunkl processes of types A and B and
derive analogues of Wigner’s semicircle and Marchenko-Pastur limit laws for
N — oo for the empirical distributions of the particles with arbitrary initial
empirical distributions by using free convolutions. In particular, for Dunkl
processes of type B new non-symmetric semicircle-type limit distributions on
R appear. Our results imply that the form of the limiting measures is already
completely determined by the frozen processes. Moreover, in the frozen cases,
our approach leads to a new simple proof of the semicircle and Marchenko-
Pastur limit laws for the empirical measures of the zeroes of Hermite and
Laguerre polynomials respectively.

1. INTRODUCTION

Calogero-Moser-Sutherland particle systems on R or [0, co[ with N particles can
be described as multivariate Bessel processes on closed Weyl chambers in R¥.
These Bessel processes are time-homogeneous diffusions with well-known transition
probabilities and generators of the transition semigroups; moreover they are solu-
tion of the associated stochastic differential equations (SDEs); see [CGY, GY, R1,
R2, RV1, RV2, DV, An] for the background. These multivariate Bessel processes
(Xt.x)t>0 depend on their starting configurations for ¢ = 0, root systems, and a
possibly multidimensional multiplicity parameter k& which describes the strength of
interaction of the particles to each other and to the boundary.

Furthermore, based on the theory of Dunkl operators, these Bessel processes
on Weyl chambers in R can be extended in a canonical way to Feller processes
(Xt.x)t>0 on RY by adding random reflections which are associated with the under-
lying root systems and multiplicity parameters k; see [CGY, GY, R1, RV1, RV2]
for the background. These diffusion-reflection processes are called Dunkl processes;
for the background in analysis and mathematical physics see [R2, An, DV] and
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references there. For these Bessel and Dunkl processes (X, = (X[, - - 7Xg,vk))t20
we derive limit theorems for the empirical distributions

1

N(éxg,k/‘/ﬁ—i_“.—‘réxﬁk/\/ﬁ) (1.1)

of the N particles as N — oo for ¢ > 0 under the condition that these empirical
distributions converge for ¢t = 0 and N — oo weakly to some given probability
measure p € M*(R) which satisfies some moment condition. We prove that then the
measures in (1.1) converge a.s. weakly to probability measures p; € M!(R) which
can be described in terms of p and free additive convolutions H. The appearance
of free probability is not surprising, as for some root systems and multiplicities k,
our Bessel processes describe the evolutions of spectra of classical random matrix
models like the S-Hermite and (-Laguerre ensembles of Dumitriu and Edelman
[DEL, DE2]. Thus our results are closely related to Wigner’s semicircle laws and
Marchenko-Pastur limit laws in different random matrix settings; see e.g. [AGZ,
D, HT, Me, NS, OP, RS]. We mention that in particular the dynamic approach
in Section 4.3 of [AGZ] is closely related to our paper. However, our approach via
moments is simpler than that in [AGZ] in view of the technical tools on stochastic
processes. Moreover, in [AGZ] only processes of type A are considered.

It is clear that for our limit theorems we need some control on the parameters k
and the types of root systems which must exist for all dimensions N. This and the
need of nontrivial interactions of the particles are the reason that we will restrict
our attention to the root systems of types Ay_; and By on RY. Moreover, as the
processes for the root systems Dy differ from those for By only in the behavior of
one extremal particle (with a suitable relation between the multiplicities; see e.g.
[AV1, V]), our results on the empirical distributions of N particles for N — oo for
the root systems Dy may be easily regarded as a special case of some By-case.

We next briefly summarize some details of the main results of this paper.

For the root systems Ay _1, we fix a multiplicity k& €]0, co[. The associated Bessel
processes (X x)¢>o then live on the closed Weyl chambers

Cjé, ::{xERN: 1> x9> ... > TN},
and the generators of the transition semigroups are

Lof = 1A k:N ! 0 1.2
of =500 + ;(;xi_%)axiﬂ (1:2)

where we assume reflecting boundaries, i.e., the domain of Ly is

D(Ly) :=={flca: f€ CA(RY), f invariant under all coordinate permutations}.

It will be convenient, also to consider the renormalized processes (f(t,k = %)tgo,
which satisfy the SDEs

. 1 , 1
dX}, = —=dBj+> ————dt (i=1,...,N) (1.3)
\/% i XZ,k - Xg,k:
with N-dimensional Brownian motions (B}, ..., B} );>0. We mention that these

SDEs admit unique strong solutions by [GrM] even if these SDEs do not satisfy
the standard assumptions for general SDEs as e.g. in the monograph [P] due to the
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singularities on the boundary. For k = oo these SDEs degenerate to the ODEs

d -, 1 ,
gXtoo :ZW ('L: 1,7N) (14)

l

For the root systems By, we have k = (k1, ka) €]0,00[?, the Bessel processes live
on
CR={zcRYN: z1>x,>...>zy5 >0},

and the generators are

1 1 0
c —A k ( k . (5
wf = U 2;; T — T :l:1;+:17j)3x2f + 1;%8@‘7{ (1.5)
where we again assume reflecting boundaries. We now write the multiplicities as
k= (ki,k2) = (v ~~B,ﬂ) with v > 0,5 > 0. Moreover, we study the renormalized
Bessel processes (X¢ i := X x/v/B)t>0 which then satisfy the SDEs
1 ; XZ k v
dX}, = —=dB} + (Y ——"——+=)dt  (i=1,...,N) (L6)
VB (#i (X702 = (X7 )2 X;k)

with (B}, ..., B} )i>0 as above. For 3 = oo these SDEs degenerate to the ODEs
d =, X ; v
—X{ = oo + = (i=1,...,N). (1.7)
; (Xio)? = (X1)?  Xi

We point out that the limit transitions k, 3 — oo above for the root systems
of type A and B lead to interesting limit theorems which admit interpretations for
B-random matrix ensembles; see [DE2, AHV, AKM1, AKM2, AV1, AV2, GK, GM,
V, VW1].

We next recapitulate from [R1, R2, RV1, RV2] that for the root systems Ay_1
and By, the transition probabilities of the Bessel processes (X ):>0 have the form

1 _ 2 2 X Yy
- Ulel®+llwl®)/2t) g, 2 Fy.,
Ki(x,A) = ck/A N2 C Jk(\/f’ \/Z) wi(y) dy (1.8)

fort >0,z € Cy, and A C Cy a Borel set (with Cy = Cj(‘,, Cf} respectively), with
the weight functions

N
wit(e) = [ [ —2)*,  wf(e) =]]@F - Hﬂ??k% (1.9)

1<J 1<J

and with the constants v} (k) := kN (N —1)/2 and 72 (k1, k2) := kaN(N —1)+k; N
respectively. In both cases, wy is homogeneous of degree 2k, ¢ > 0 is a known
normalization. Jj is a multivariate Bessel function of type Ay_; or By with
multiplicities k or (ki,k2) which is analytic on CV x CV with Ji(z,y) > 0 for
z,y € RN, Moreover, Ji(z,y) = Ji(y,z) and Ji(0,3) = 1 for x,y € CV; see e.g.
[R1, R2]. In particular, if X, = 0, then X, ; has the Lebesgue density

Cpk _ 2
a7 1912/28) () (1.10)

on C for t > 0. Hence, for the root systems Ay_1 and By, the processes (X, x)i>0
are related to S-Hermite and S-Laguerre ensembles in [DE1].
We now turn to the main results of this paper.
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The following result in the A-case for k = co is a special case of the main result
of Section 2. It uses the classical free additive convolution H and the semicircle
distributions ps., g with supports [—R, R] for R > 0 as discussed e.g. in [AGZ, NS].

Theorem 1.1. Let € M*(R) be a probability measure with compact support, and
let (xnn)N>1,1<n<nN C R a sequence with xn n—1 > N,y for 2 <n < N such that
the normalized empirical measures

1
//('N,O = N(6IN1/\/N+6INN/\/N) (111)

tend weakly to p for N — oco. If we take the solutions (¢n1(t),..., 0N n(t)) of
(1.4) with $n n(0) = xN,n and the associated normalized empirical measures

1
pne =0y om0y wyvw)  (£20)

for N € N, then for each t € [0,00], the N, tend weakly to p. o 7 B p.

The proof of this result will be based on recursive formulas for the moments of
the measures py,; which follow from (1.4). By using the Stieltjes and R-transforms
of the measures 1y and their limits, we shall see that the limits of the uy are
equal to Poseov/E H p. We mention that this ODE-approach includes a classical
limit result on the empirical distributions of the zeroes of the classical Hermite
polynomials Hy for N — oo; see Corollary 2.7 below. For other proofs of this
result see e.g. [D, G, KMI].

In Section 3 we use standard techniques from probability like the Burkholder-
Davis-Gundy inequality and the lemma of Borel-Cantelli to extend the results for
k = oo to a.s. results for Bessel processes of type A for finite multiplicities k:

Theorem 1.2. Let p € M*(R) be a probability measure with compact support,
and let (xnn)N>1,1<n<N C R with xyn_1 > xn, for 2 < n < N such that the
measures in (1.11) tend weakly to u for N — co.

For k > 1/2 and N € N, consider the renormalized Bessel processes ()N(tyk)tzo

with start in (Tn1,...,TNn) € C’jé,. Then, fort > 0, the empirical measures
. 1
AN = ﬁ(5)~(t1k/\/ﬁ++§)gfzvk/\/ﬁ) (1.12)

tend weakly to pg. o 7B 1 a.s. for N — oo.

We now turn to the main results for the case B in the Sections 4 and 5. The
first result is analogous to Theorem 1.1:

Theorem 1.3. Let i € M*([0,00]) be a probability measure with compact support.

Let (xnn)N>11<n<n C [0,00[ with (xn1,..., 2N n) € CF such that the measures
1
UNO = N(‘szml/\/ﬁ"’_ézsz/\/ﬁ) (113)

tend weakly to p for N — oco. Consider the solutions ¢n of (1.7) with start in
(TN, oNN). If
lim v(N)/N =:vy >0,

N —oc0

then for each t € [0,00[, the empirical measures

1
KNt = N(ad’N,l(t) +-..+6¢N‘N(t)) (tZO)a
V2N V2N
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tend weakly to \/,uMpm,t 28] (Usc,z\/i B tteven)? where the symbols /- and 2 mean

push forwards of probability measures under these mappings, even 1S the even part
of p, and the measures pnrpy,+ are Marchenko-Pastur distributions with parame-
ters vy, t.

Again, this ODE-approach leads to a classical limit result on the empirical dis-
tributions of the zeroes of the classical Laguerre polynomials LS\‘;‘) for N — oo in
Section 4; see also [G, KM2] and references there for other proofs of these facts.
Moreover, this result admits the following extension:

Theorem 1.4. Let p € M'([0,00]) be a probability measure with compact sup-
port. Let (xnn)N>11<n<n C [0,00[ with (xx1,...,2nN) € CE such that the
measures in (1.13) tend weakly to p. Consider the normalized Bessel processes
(Xt,k)tzo of type B with start in (xn1,...,2nN) € CE. Then, for each t >0, and
limy 00 V(N)/N =: vy > 0, the measures

1
UNt = N((S;(tlk + ... +5Xf\,71«)
V2N V2N

tend a.s. weakly to \/uMtht (® (uscg\/; B teven)?-

The description of the limits in Theorems 1.3 and 1.4 seems to be new; a partial
result on the PDEs of the Stieltjes transforms of the limits can be found in [CG].

Finally, in Sections 6-8 we turn to Dunkl processes. For the root systems Ayx_1,
the Dunkl processes differ from the corresponding Bessel processes only by addi-
tional permutations of particles. As these permutation have no influence to the
limit theorems 1.1 and 1.2, the transition from Bessel to Dunkl processes leads to
the same results; we thus do not study this case.

However, for root systems of type B, the transition from Bessel to Dunkl pro-
cesses leads to additional random sign-changes of all particles even in the freezing
case f = oo and thus to new effects. To explain the main results, we first reca-
pitulate some notations. We fix some multiplicity k = (ki, k2) € [0, 00[? for the
root system By and write these constants as (ki, k) = (8,v8) with § > 0 and
v > 0 as above. By [RV1, RV2, CGY], the associated renormalized Dunkl processes
(Xtﬂ/,ﬁ)tzo on RY are then defined as Feller processes on RY with the generators

Ly, pu(z) := %Au(x) + Lyu(x) (1.14)
for u € C2(RY) where
N N
Loule) = (3 2 4 D () 2 32 M) D)
i=1 j:j#i ¢ J v i=1 C
1 u(oi o) —u(x) | ulog;r) —u(z)
i 21%:#1( (zi —x;)? * (i +x5)? ) (1.15)

is, by definition, the generator of the frozen process with 3 = co. 0,0 j,0; (i # j)
denote reflections on RY where o; changes the sign of the i-th coordinate, Oij
exchanges the coordinates ¢, j, and o, ; exchanges the coordinates ¢, j and changes
the signs of these coordinates in addition.
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If the starting measure u € M*(R) of a sequence of such renormalized Dunkl pro-
cesses is symmetric, then we may choose the starting sequences (:c N,n) N>1,1<n<N C
R as e.g. in Theorem 1.3 in a symmetric way, and symmetry arguments lead to sym-
metric extensions of the Marchenko-Pastur limit theorems 1.3 and 1.4.

However, for non-symmetric starting configurations, completely new limit dis-
tributions appear. We study the analytic part of this problem in Section 7 for the
frozen case where we describe the even parts of the limit measures via Theorem 1.3
and 1.4. while the odd parts are described via their Stieltjes transforms. For this
we shall first derive linear PDEs for the Stieltjes transforms of the odd parts, and
then we shall deduce these Stieltjes transforms in an explicit way. Unfortunately,
we are not able to describe the associated probability measures via free convolutions
in general. However, for the case limy_,oc ¥(N)/N = vy = 0 and a quarter circle
distribution on [0, 2] as starting measure, we are able to compute the associated
measures for all times ¢ > 0 in an explicit way; see Example 7.6. After this analytic
part in Section 7 on the frozen case, we extend Theorem 1.4 to renormalized Dunkl
processes (Xt,u,ﬁ)tzo in Section 8.

2. A SEQUENCE OF ODES AND THE SEMICIRCLE LAW

In this section we study a sequence of ODEs with N > 2 equations which are
closely related to the zeroes of the Hermite polynomials Hy. We show that the
empirical distributions of the N-dimensional solutions of these ODEs for N — oo
are related to the semicircle law. We identify the limits as free additive convolution
of the semicircle law with the law associated to the starting value. As a special
case this leads to the well-known semicircle law for the empirical distributions of
the zeroes of Hy. Let us start with the ODEs:

The ODE 2.1. Let N > 2. On the interior of the closed Weyl chamber
Cj(‘, ::{xGRN: xlzxgz...sz}C]RN

of type A, consider the R-valued function

H(z) = (lelxj,...,zl).

; : IN — Ty
J#1 J#N
It is shown in [VW2] that for each initial condition x¢ € C4, the ODE
dx
E(t) = H(z(t)), z(0) = zo (2.1)

has a unique solution for all + > 0 in the sense that [0,c0[— C4%, t + x(t) is
continuous such that x(t) is in the interior of C4 and solves the ODE in (2.1) for
t > 0. For the ODE (2.1) we also refer to [AV1, VW1]. We denote solutions of the
ODE (2.1) by ¢n = (¢N1,---,¢nN,N) Where we suppress the dependence on zg.

For 29 = 0 € C4, the solution of (2.1) can be expressed via the zeroes of the
Hermite polynomial Hy where, as usual, the (Hy)n>o are orthogonal w.r.t. the
density e~ onR as e.g. in [Sz]. For this we need the following fact due to Stieltjes;
see Section 6.7 of [Sz] or [AKM1]:

Lemma 2.2. Let z € Cj(‘,. Then z := (z1,...,2N) consists of the ordered zeroes of
Hy if and only if

1
P = .:17...,N.
z E o for i
JijFi
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Lemma 2.2 immediately implies the following result; see [AV1]:

Corollary 2.3. Let z € C4 as above and ¢ > 0. Then ¢n(t) = V2t +c% -z isa
solution of (2.1).

We now turn to the empirical measures of solutions of (2.1). We choose starting
sequences (rnk)i<k<ny C R with (xn1,...,2N8N) € Cj(‘, such that for each N the
ODE (2.1) has a solution with start in (zn1,...,2n,n). For ¢ > 0 consider the
associated solutions ¢y () and normalized empirical measures

1
1t = 1O B+ O iy ) € MI(R). (2.2)

The aim of this section is to characterize the limiting empirical measures
of unys for N — oo and ¢ > 0 under the condition that the pyo converge to
some probability measure p. For this we first derive a recurrence equation for the
moments of the pn ;. This will lead to PDEs for the Stieltjes transforms of the
pn,e and . With the aid of the R-transform from free probability (see Section 5.3
of [AGZ]) we then identify the p, as free additive convolutions of p with suitably
scaled semicircle laws. For more details on free probability we refer to [NS].

Denote the I-th moment (I € Ng) of the probability measure py; by

1
Sni(t) ::/Ryl dun(y) = NI (dN1 () + ...+ dnn (D)), (2.3)
Then Sy o(t) = 1. Moreover, by (2.1),
d 1
#0(0= Z# ot =g 24)
i.e., Sn.1(t) = Sn1(0) for all ¢ > 0. By the same reasons,
d ovilt) 2 N(N-1) N-1
a2 Z O T Rl A R
1,j=15i#]
and
d 3 o)’ 3«
= S N, = i) + ot
ar Nt = N5/QU;# ona(l) — on(t)  2N5P i,j;i#(d’N’ (B)+éws ()
3(N —
N5/2 Z¢N7J N )SNl( 0). (2.6)

These computations yleld the following result for [ = 0,1, 2, 3:

Lemma 2.4. Let (znk)1<k<n C R be starting sequences such that for all | € N,
¢ (0) := A}gnoo Sn.(0) = nhrr;o #(ml]\,l +...+ xﬁ\,N) < o0
exists. Then for l € Ny,
Cl(t) := lim SNJ(t)
N—o0
exists locally uniformly in t € [0,00[ and satisfies the recurrence relation

t =2

a(t) =cal(0 /(ch 2—k(8)cr(s )) ds (2.7)
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for 1> 2 and start co(t) =1, ¢1(t) = ¢1(0).
For each | € Ny, ¢(t) is a polynomial in t of degree at most |1/2]| with a non-
negative “leading” coefficient of order |1/2].

Proof. By our preceding computations,
co(t) =1, c1(t) =c1(0), co(t) =c2(0)+t, c3(t) =c3(0) +3c1(0)t.  (2.8)

For [ > 4, we have

d l (3
@SN’Z() Ni/2+1 Z <Z5Nz(N) ¢N()

i,j=1;i7#£j

! ) ¢N¢( )t — ()

TN 1<z<j<N Nilt) = én (1)

Z (Ona )2 + o) P oni(8) + o+ on (1) 72).

l/2+1
2N i,j=1;i#j
As
Sni—a(t)
£)l=2-* k_ N,i—2
Nl/2+1 Z il N, ()" = Sni—2-k(t)SNk(t) — —N
i, J=1;i#]
for k=1,2,...,01—3, and as
N -1
NZ/QH Z On(t) T = N Sn—2(t),
i,j=1;i#j
we get
-3
d /2N +1-1
%SN,l(t) =3 (TSN,Z—Q(t) + Z SN,l—z—k(t)SN,k(t))
k=1
L1—1 —
- 2( ~—Svialt) + Y SN,Z_Q_k(t)sN,k(t)). (2.9)
k=0

Hence, for [ > 4 we obtain in an inductive way that the limit

t
¢(t) == lim Sy;(t) = ¢(0)+ lim iSNJ(s) ds

N—o0 N—oo [

t
:cl(O)—i—é/O (201 2 —l—ZCl 2 k(8)ck(s )) ds

exists locally uniformly in ¢ € [0, co[. Moreover, the ¢;(t) satisfy

alt) = ¢ /(ch o—i(8)cn(s )) ds.

(2.8) and this recurrence imply by an easy induction that for each I € Ny, ¢;(¢) is a
polynomial of degree at most |1/2] with a nonnegative coefficient for this order. O
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For even | we next determine the leading coefficients of the polynomials ¢;(t) of
order [/2. For this we recapitulate the Catalan numbers

Co=1, C,:= ni : (2;‘) = (2:> - <n2j:1> (n>1) (2.10)

which admit the well known recurrence relation (see e.g. Section 2.1.1 of [AGZ]):

Co=C1=1, Cpy1=Y CpCrg (n>1). (2.11)
k=0

We compare this with (2.8) and (2.7) where ¢;(t) has degree at most [1/2]. A simple
induction then yields:

Lemma 2.5. The polynomial coi(t) has the degree | with the Catalan number C,
as leading coefficient for 1 € Ny.

Example 2.6. Assume that the solutions of our ODEs satisfy ¢ (0) = 0 for all N,
i.e., that xy = 0 for all N, k. Then ¢¢(0) = 1 and ¢;(0) = 0 for [ > 1. Therefore
co(t) =1, c1(t) =0, c2(t) =t and ¢3(t) = 0 for ¢ > 0. Hence, by (2.7),

Czl(t) = Cltl and Cgl_;,_l(t) =0 (t >0,1l€ No)

We next recapitulate that for R > 0, a random variable Xz with the semicircle
law [, g With density fr(z) := %5V R? — 22 for |z| < R and fr(x) = 0 otherwise
has the moments

R 2n
E(X%E) = (2) C, and E(X7™) =0 for n>0;

see e.g. Section 2.1.1 of [AGZ]. We thus conclude from the moment convergence

theorem that for ¢ > 0 the empirical measures p; of the (renormalized) solutions

of our ODEs with start in the origin tend weakly to p,., 4 for N = oo.

If we combine Example 2.6 with Corollary 2.3 for ¢ = 0, t = 1/2 there, we obtain
the following classical result on the zeroes of the Hermite polynomials; see also
[D, G, KM1] for different proofs:

Corollary 2.7. For N € N let z1,...,zn be the zeroes of the Hermite polynomial
Hy. Then the normalized empirical measures

1
UN = N(6Z1/\/ﬁ++621\l/\/ﬁ)

tend weakly to p,. 5 for N — oo.

We next study the general case with a start with an arbitrary probability measure
p € M(R) which is determined uniquely by its moments ¢; := [ 2! du(z) (I > 0).
This uniqueness holds in particular under the Carleman condition

1

D ey = oo (2.12)
=1

see p. 85 of [A]. Moreover, (2.12) clearly follows from the condition

ler| < (el)! forall [ >0 andsome c>0. (2.13)
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Now let 4 € M!(R) be determined uniquely by its moments ¢;. We choose a
family (zn,n)n>1,1<n<n C R of numbers with zy ,—1 > N for 2 < n < N such
that the empirical measures

1
HUN,0 = N(fszm/\/ﬁ +. "51N,N/\/ﬁ)

tend weakly to p for N — oo, i.e., by the moment convergence theorem, that
. : 1 ! !
A}gnoo Sn,i(0) == ngnoo W(@VJ +...+2yny)=a (1>0).
For N > 2 we now consider the solutions ¢ (¢) of (2.1) with start in (zn1,. .., ZN,N)
and the normalized empirical measures

1
th = N(5¢N,1(t)/\/ﬁ++6¢NN(t)/\/ﬁ) (tEO)

Proposition 2.8. In the preceding setting, the limits
Cl(t) = lim SN’l(t) (t S [0, OO[,l > O)
N —oc0

exist. Moreover, if the moment condition (2.13) holds for u, then for each t €
[0, 00[, the sequence (c(t))1>0 is the sequence of moments of some unique probability
measure i € MY(R) for which (2.13) also holds. Moreover, the uy . tend weakly
to py for N — oo.

Proof. The arguments in the proof of Lemma 2.4 show that the limits ¢;(¢) exist
for all [, ¢, and that the ¢;(¢) satisfy the recurrence (2.7).

Assume now that the ¢; = ¢;(0) satisfy (2.13), i.e., |¢;| < (cl)! for all  and some
¢ > 0. We fix t > 0 and show that there exists R = R(t) > 1 such that

lei(s)| < (RI)! forall 1>0, se]l0,t]. (2.14)

It is clear from (2.8) that (2.14) holds for I = 0,1,2,3 and R sufficiently large.
Moreover, for [ > 4, we use induction on [. In fact, the assumption of our induction,
the recurrence (2.7), and the condition (2.13) imply that for 7 € [0, ],

ro1=2

o) < laO)]+ 5 [ (3 leaslo)]-fen(s)]) ds
k=0

@Rl”ll‘? (2.15)
If we choose R large enough depending on ¢, t, we see that the RHS of (2.15)
is bounded by R!I!, which then proves (2.14). In summary, for each ¢t > 0, the
sequence (c;(t)); satisfies the Carleman condition, and this sequence is the limit
of the moment sequences of the measures uy,; € M'(R) for N — oo. Hence, by
the moment convergence theorem, (¢;(¢)); is the moment sequences of a unique
probability measure y; € M*(R), and the puy; tend weakly to . O

< (et +

We next identify the limit measures p; in Proposition 2.8 as the free additive
convolutions
Mt = ooz B 1 for t>0 (2.16)
with the free additive convolution discussed e.g. in [NS, AGZ]. To prove this we
need some additional tools. We first recapitulate the Stieltjes transform

Gu(z) = /]R ! dp(x) for zeH:={2€C: Sz>0} (2.17)

Z—T
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of a probability measure u € M*(R). Clearly, G, is analytic on H. We next derive
PDEs for the Stieltjes transforms

G(t,2) =Gy, (2), GN(t,z):= Gy, (2) (t>0,z€H)
of the measures p; and pn . In the setting of Proposition 2.8 we now have:

Proposition 2.9. (1) For all N e N, t >0, z € H, the partial derivatives of
GV satisfy

N (t2) = GV (LGN (1,2) — B (1,2)

with the error term E™ (t,z) defined below in (2.19).
(2) Assume that in addition the moment condition (2.13) holds for the start
measure . Then fort >0, z € H, the function G satisfies Burgers equation

Gi(t,z) = —=G(t,2)G. (¢, 2).

The appearance of Burgers equation here is not surprising, as this connection is
well-known in the context of dynamic versions of Gaussian unitary (or symmetric
or symplectic) ensembles; see the next section and e.g. [CG, Men].

Proof. For t > 0 and z € H with |z| sufficiently large (depending on N) we have

1 Syt
GN(t,z):/Rz_ dpn () =Y Zi(l)

T

1=0
and thus
Giv(t,z) = i iiSJ\”(t).
prd Al dge
If we apply (2.4)-(2.6) as well as the recurrence (2.9), we obtain
N-1 1 3(N-1) 1
N —_
<1 11—l —
+ Z ES (TSN,I—Q(t) + Z SN,l—2—k(t)SN,k(t))
1=4 k=0
0 1 1 -2 1 N
ZZ pES SNi—2-k(t)Snk(t)  + NE (t,2)
1=2 k=0
with
1 3 (1 =1)
EN(t,2) = — o a0 + 5 > =t Svaalt) (2.18)
1=4
Using
—+1 ~ (I+1)(1+2
2 GY(tz) == i Svalh), 2 Gl (tz) =) (Zz)% - Sna(t),
=0 =0

we obtain by some elementary calculation that

EN(t,2) = — %,22 CGN(t,2) =22 -GN (t,2) — GN(t, 2) (2.19)

_ ;13 (1 Sna0) - %t) _ Z%(SN,l(o) - svs0).
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As
1 o 1 -2 1 o )
22 27 —2- e~ (142
ngzl kZ:OSN,z 2-k(t) SNk (t) =32 ;Z:: (1 +2)Sn—k(t)Snx(t)
1 l

=92 i [(1+1 = E)Sna—k(®)z 7SN k(1) 2"

Jr(k' + 1)SN71_1§(t)zinsN,k(t)Z*kil]
= -GN (t,2)GN(t,2),

part (1) follows for z € H sufficiently large. As both sides of the equation in (1)
are analytic in z € H, this equation holds for all z € H.

For (2) we recapitulate that the measures py, tend weakly to p; by Proposition
2.8. This implies that the Stieltjes transforms G™(t,z) tend to G(t,z) for t > 0
and locally uniformly for z € H. Hence, by the integral formulas of Cauchy, also
G (t,2) tends to G,(t,2) and G2,(¢, 2) to G..(t,2) for z € H. Therefore, the error
term EN(t, z) converges for N — co by Lemma 2.4. This and part (1) imply that
the derivatives G (t, 2) tend to —G(t, 2)G.(t,2) for N — co. Moreover, as

1
< —

‘_NZ|Z_¢N1¢()/\/N‘ Sz

we conclude by dominated convergence that for ¢ > 0

d
G == |

lim (GN(t,z) — GN(0,2)) = —/ G(7,2)G,(T, z) dT.
0

N—00
This implies (2). O

Proposition 2.9(2) now leads to (2.16) with the aid of the R-transform of mea-
sures p € M1 (R) which is defined e.g. in Section 5.3 of [AGZ] as the formal power
series R, (2) := > oo kn+1(p)2™ with the free cumulants k,, (1) of the measure  for
which all moments exist. As formal power and Laurent series and also as analytic
functions on suitable domains in the upper halfplane (see Section 5.3.3 of [AGZ)]),
the functions R, and G, are related by

1

- = . 2.2
& GM(Z) RM(GM(Z» ( 0)
If we apply this to the measures y; and the R-transform R(t, z) := R, (2), we get
1
= R(t,G(t —_—. 2.21
RILG(:2) + 555 (221)
Hence, on suitable domains,
G*(t,2)
J(t2) = 2.22
Gelte2) R.(.G(2)C(E.9) 222
2
Gilt, 2) Rt(t G(t, z))G?(t, z) (2.23)

1—R,(t,G(t, 2))G2(t, 2)

Proposition 2.9(2) now implies that R:(t,G(t, z)) = G(t,z). As z — G(t, z) is not
constant, we arrive at
Ri(t,z) == (2.24)
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with R(0,z) = R,(z) the R-transform of the starting measure p. Therefore,
R(t,z) = zt + R(0, 2).
As by 5.3.23 and 5.3.26 of [AGZ], the R-transform satisfies
Ry, ,0u(2) = Ry, ;(2) + Ru(2) = 2zt + R(0, 2),

and as the R-transform is injective, we finally obtain (2.16).
In summary, we have proved the following theorem mentioned in the introduction

Theorem 2.10. Let u € MY(R) be a probability measure satisfying (2.13), and let
(xNn)N>1,1<n<N C R with tnp_1 > Ny for 2 <n < N such that the empirical
measures

1
UN,o = N((sIN,l/\/N + ... 693N,N/\/ﬁ) (225)

tend weakly to p for N — oco. If we form the associated solutions (pn 1(t), ..., dn N (1))
of (2.1) and the associated normalized empirical measures

1
UNt = N(5¢N,1(t)/\/ﬁ+"'+5¢N,N(t)/\/ﬁ) (tZO),

then for t € [0,00[, the pun+ tend weakly to Pose,2vi B

Remark 2.11. We show in the next section that the limit measures p; (¢t > 0)
in Proposition 2.8 also appear in a dynamic version Wigner’s semicircle law for
Gaussian unitary ensembles; c.f. [AGZ]. If one uses this together with the results
of Section 3, one obtains a further proof of (2.16).

We finally study an ODE with an additional drift compared to (2.1). For this
let ¢n(t,29) be a solution of (2.1) with start in 2y € C&. Then, by an easy
computation (see [VW1]),

~ 1— 6—2)\1& N
on(t,x0) = qﬁN(T,e_ t20) (2.26)
is a solution of the ODE
dx
E(t) = H(z(t)) — Mz(t), én(0,20) = w0 (2.27)

for A € R and vice versa. As the functions ¢ and ¢y are related by the space-time
transformation (2.26), we obtain the following semicircle limit law.

Corollary 2.12. Let z := ($N7k)k21 be starting sequences as in Lemma 2.4 and
A > 0. Consider the solutions ¢n(t) := ¢n(t, (xN1,.--,ZN1)) of (2.27) and the
assoctated normalized empirical measures iy . Then

lim lim & = lim lim [ = .
t—00 N—o00 KNt N— o0 t—00 KN 'uscv\/ 2/X

Proof. Corollary 2.3 and (2.26) yield limy o dn(t) = on(1/(2)),0) = /I/X - 2.
Hence, by Example 2.6 and Corollary 2.7, im0 limy 00 fin,: = . NeS
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On the other hand, if we use the moments SN 1 (I > 0) of the empirical measures

fin,t, we see from the space-time transformation (2.26) and Lemma 2.4 that

. 1 ~
i Swa = Jm g D owalt)
1— 6—2)\1& \ .
= ]\;gnoo Nl/2+1 Z¢N7, , € a (xN,lv"'7xN,l))
1_6—2)\t 3
= Cl(Tﬂf /\th)7

where ¢;(t, z) is a polynomial in ¢ and = by the proof of Lemma 2.4. Hence

tlggo ]\}gnoo SNl o CZ(Z)\

0).
If we use the recurrence relations for the ¢; in the proof of Lemma 2.4 together with

Example 2.6, we obtain limy_,oo imy_o0 fin,: = . NS O

3. THE SEMICIRCLE LAW FOR BESSEL PROCESSES OF TYPE A

Now we consider Bessel processes (X;x)i>0 on the Weyl chambers C4 for the
root systems Apn_; which satisfy the SDE

i i 1 :
dXtﬁk:dBt+kZﬁdt (7,:1,,N) (31)
i Mtk tk
with an N-dimensional Brownian motion (B}, ..., B );>0. By [GrM] (see also [Sch]

for a related situation) we know that for k > 1/2 and all starting points z € C4,
(3.1) admits an a.s. solution (X; x);>o which does not hit the boundary of C4 for
t > 0 almost surely, even if x is on the boundary of C4. In the following we only
consider this regular case k > 1/2.

Under convergence conditions on the starting points as in Section 2 for N > 2,
we now derive limit theorems for the moments of the associated empirical measures

1

fort > 0 and N — oo. For this, it will be convenient also to study the renormalized
processes (X = X, k/\/E)t>0 which satisfy the SDE

dX;, = dBZ+Z XJ (i=1,...,N), (3.3)
J#Z
which agrees, for k = oo, with the ODE (2.1). We also study the empirical measures
. 1

Denote the {-th moment (I € Ny) of jin ¢ by

Swalt) = [ o' dinaty WHZ

We will show that for all I the moments Sy ;(t) converge for N — oo to the
numbers ¢;(t) of Lemma 2.4 independent of k € [1/2, 00]. The proof of this fact will
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be based on some induction which even leads to a slightly more general convergence
statement.

To state this result, we need some notation about partitions. Let P the set of
all partitions with N components consisting of all A = (\1,...,Ax) € N}’ with
A > X > ... > Ay. For A € Py let [N\ = A1 + ... 4+ Ay its weight and L(A) :=
max{k : A\ > 1} its length. We also consider the symmetric monomials

_ T(A) . Ar(1), Ax(2) Ax(N)
)= g ™M = E R R
TESN TESN

for z = (z1,...,zx5) € RY where the sum runs over the symmetric group Sy which
acts on vectors in the obvious way.

Lemma 3.1. Let (zn)n>1 = (TN n)N>1,1<n<n C R be a family of starting num-
bers with x N p—1 > TN, for 2 <n < N, for which

lim 7771,\(3:1\7)
N—oo N!. NI/2
exists for all A € P. Let k € [1/2,00], and consider for N > 2 the renormalized

Bessel processes (Xt7k)t20 with start in (Tn1,...,ENn) € Cjé,. Then, for all X € P,
the limits

< 0

- B(ma (X))
N TN NP2
exist locally uniformly in t and are independent from k.

Proof. We prove this statement by induction on |A|.
For |A] = 0 we have A = 0 and my(x) = N! which yields the claim here. For
|A| =1 we have A = (1,0,...,0) and my(z) = (N —1)! - (1 + ...+ zn). Thus, as

N N 1N

D Kip =D mvat =) By

i=1 i=1 vk
by (3.3), the claim also follows.

Now let A € P with |A| > 2, and we assume that the statement is already shown
for partitions with weight at most |A\| — 1. It&’s formula and (3.3) yield

~ dm .
ma(Xek) = ma(zy) WZ/ d:z:j ) dB; (3.5)

R S e L
0 \i=1 2k duj i=1 j#i dz; ! X;,k _Xg,k
We now claim that the diffusion parts f Zl 1 Ot d;zk (Xsx) dB? of (3.5) are

martingales and thus

N oot

To prove this we observe that

- tdm)\ > i d ¢ dm)\ ~ ~
Z/O dz, Xek)1Bs :/U 2 (G (Xow))?dBy (3.7)
i=1 v i

i=1
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for some one-dimensional Brownian motion B by the Lévy characterization of the
one-dimensional Brownian motion. We now analyze the integrand of the RHS of

(3.7). As Z (‘Z’x“ )2 is a symmetric polynomial, we may write it as a polynomial

expression with rational coefficients of polynomials of the form p,(x) = Zil xp.
Furthermore, for [ > 1, we have

i\f:x?l < (i\’: ) Z|CE ‘2l+1 < (i Z)(2l+1)/2.
=1 =1 i

=1

As Zfil )N(gk = vazl Bt and as (Ei]\;1(}~(i,k)2)szo is a classical squared Bessel
process by
N N g N gt N
vi 2 2 i i
N S Xi, dB! + (N(N — 1)+ ),
DK=Lkt 23 [ RLaB (N 1)+ )

we see that we may bound Zil (dma (X,.%))? by a polynomial in a one-dimensional

Brownian motion and a one-dimensional squared Bessel process. With standard
results on the It6 integral, this readily yields the claim and (3.6).
We now turn to the second term in the RHS of (3.5). We here use that

Z d? m>\ Z Z )\w(z (i) — 1) 7(A\)—2e;

i=1 i=1meSN

with the i-th unit vector e; = (0,...,0,1,0,...,0) € RY. Notice that this expres-
sion is a symmetric polynomial which is homogeneous of order |A| — 2 and thus a

linear combination of the symmetric monomials m; with A e P with [A] = |\ — 2.
Moreover, the coefficients in this linear combination depend only on A1,..., Ar(y)
and not on N > L(\). Hence, by our induction assumption,
1 t X1 B2my -
TRy (/0 Z;%Tx? (Xox) ds | = O(1/N). (3.8)

We now turn to the 3rd term in the RHS of (3.5). We here first notice that for
u,v € R, a,b € Ng, (u® — uPv?)/(u — v) is some polynomial pq (u,v) of degree
a+ b— 1. With our notations and the transposition (¢,5) € Sy we here have

zzdﬂ“ > ZZM)

i=1 j#i TESN i=1 j#i

,”a:() € — Anr”
7222 @ 58_%0)

meSN i=1 j#i

w(A)—e;

m(XN)—e;

N e iq e

1 )\ﬂ_(i)xﬂ()\) e; _ )\W(Z_)xno(z,j)(/\) ej
5220 p—
n€SN i=1 j#i ¢ J

N
1 T
5 2 22 P11 @) (V)i (39)

nESN i=1 j#i

where (z7™); ; means the product as in the definition of the m, above where
factors involving x;,x; are cancelled, as these parts are handled separately in the
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polynomial px_, ~1.x,,~1(2i, ;). Please notice that the third = in (3.9) follows
by an obvious substitution in the summation over m € Sy in the second summand.

The expression (3.9) obviously is a symmetric polynomial which is homogeneous
of order |A| —2 and thus a linear combination of the symmetric monomials mj; with
X € P with |\| = |A| — 2. Moreover, if we analyze the coefficients c; of the mj of

this linear combination (w.l.o.g. take for simplicity the product xS‘), we see that
c;/N converges for N — oo. Hence, by our induction assumption,

dm>\ 1
by / Z Z 57k .,17., dS. (310)
N‘ |/2 i=1 j#i dml Xs,k: - Xg,k
converges for N — co. A combination of (3.5), (3.8), (3.9), and (3.10) now com-
pletes our induction. O

Remark 3.2. The proof of Lemma 3.1 shows that for fixed k and A, the limit in
Lemma 3.1 has order O(1/N).

Lemma 3.1 has the following application to the moments Sy ;(t):
Corollary 3.3. Let (xnn)n>1,1<n<n C R be starting numbers with xy n—1 > TNp
for 2 < n < N, for which the convergence condition in Lemma 2.4 holds. Let

k € [1/2,00], and let for N > 2, (X; x)>0 the renormalized Bessel processes starting
in (TN1, - TNn) € O, Then, for 1 € Ny and ¢/(t) from Lemma 2.4,

E(Snu(t) = alt) for N — o0

Proof. As the polynomials mj in Lemma 3.1 are polynomials in the polynomials
ZlN:l zt for I < |\| with coefficient independent of N for N > L()\), the conver-
gence condition in Lemma 2.4 implies that the convergence condition in Lemma
3.1 holds. As Sn,(t) = Wm(l707.._,0)()zt,k), Lemma 3.1 implies that the expec-
tations converge, and that the limit is independent from &k € [1/2, 0c]. Lemma 2.4
now completes the proof. ([

Corollary 3.3 can be extended to an a.s. result:

Theorem 3.4. Let (znn)N>1,1<n<nN C R be starting numbers with xx n—1 > TN p
for2 <n < N, for which the condition in Lemma 2.4 holds. Fiz k > 1/2, and, for
N > 2, the renormalized Bessel processes ()N(t,k)tzo starting in (TN1,-..,TNn) €
C4. Then,

Sn.i(t) = at) for N — o0 (3.11)
almost surely for all 1l > 0 and locally uniformly for t € [0, co].

Proof. We first recapitulate from Corollary 3.3 that for all [,

N
1 i
E (Nl/2+1 Z(Xt,k)l> =a(t)+o(1) (N — o0) (3.12)
i=1
locally uniformly in ¢ > 0. Moreover, by It6’s formula and (3.3),
N
S (Ei! = zxm z [ (e, (3.13)
= f

(XD KRl —1) 5
+/ zzzxzijgk+z (X107 ds.

0 i=1 j#i i=1
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This together with the Chebychev and Burkholder-Davis-Gundy inequality shows
that for all [ € Ny, € > 0 and 7" > 0 and some universal constant ¢ > 0,

N N
P P(‘ NU/2+T (Z((Xsi’k)l - leN’

s<T pn <
t N SioN—1
- (X I =1), o0 o
/0 l;;;{*;,ki‘izk_‘_; 2k ( S,k) ds))>€>

N2
é Nl+2/ i 21 2ds) 0

as N — co. Furthermore, by (3.12)7

112 al
N2k/ le )P 2ds><oo.

This and the Borel-Cantelli Lemma imply that

IA
%l
Dj
U)
A
%
N
t
i M o
\H

OO

1 N N
NI/QH(ZI( ;,k)l - Zﬂ”ﬂ\u
N
/(zzxz o+ D)) o

i=1 j#i S =1

for N — oo almost surely. Hence, by (3.13) also

i l 1 %
Nl/2+1 ( \f/ dB > —0 as. (3.14)

With this result we now prove the claim by induction on [. In fact, the case [l =0
is trivial, and the case [ = 1 follows easily from (3.13) and (3.14) for I = 1, and the
fact that the drift part on the RHS of (3.13) disappears. Moreover, for | > 2, we
again use (3.13) and (3.14), i.e., it suffices to show that for N — oo

e (2 IpIR I Ul

1 i \l—2
1/241 mN,i—’_/ l i ( s,k) dS
Nz i=1 0 i=1 j#i X _Xj o 2k

1
=a(t) + Op(W)

almost surely. But this follows easily from our induction assumption and the re-
currence of the numbers ¢;(¢t) in Lemma 2.4. This yields the claim. ]

Theorem 3.4 implies that for N — oo the moments of the empirical measures of
the renormalized Bessel processes ()N(t,;@)tzo behave almost surely like the solutions
of the ODEs (2.1), i.e. the case k = co. Hence Theorem 2.10 also holds for the
empirical measure associated to the renormalized Bessel processes (Xt,k)tzo- In
particular, we obtain the following result from the moment convergence theorem.
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Theorem 3.5. Let n € MY (R) be a probability measure satisfying (2.13), and let
(@Nn)N>1,1<n<N C R with 2N n—1 > zNn for 2 <n < N such that the associated
normalized empirical measures as in (2.25) tend weakly to p for N — oo.

For k > 1/2 and N € N, consider the renormalized Bessel processes ()N(t’k)tzo
with start in (TN1,...,TNn) € le‘[. Then, for t > 0, the empirical measures iy ¢
from (3.4) tend weakly to . o 7 B p almost surely for N — oo.

Remark 3.6. The previous results were obtained for fixed k£ > 1/2. As in [AV1,
AV2) V, VW1] we may also consider the freezing regime k& — oo. Here we choose
starting points (71 n,...,Znn) in the interior of C4 for N € N. Then by [AV1],

Xew/VE = on(t)
locally uniform in ¢ a.s. for & — oo and the Bessel processes (Xt%)tzo start-
ing in (z1,n,...,2n,n) Where the ¢y are the solutions of (2.1) with start in
(x1,N,---,2N,~). Hence, by (2.4),
N
XZ k)
i, i e S = )

a.s.. On the other hand, by Theorem 3.4,

N
Xl
lim lim t k

a.s., i.e., the limits of £k and N may be 1nterchanged here.

We next study a stochastic analogue of Corollary 2.12 and modify the SDE of
the Bessel processes by an additional drift —Az with some constant A € R, i.e.
a component as in a classical Ornstein-Uhlenbeck setting, cf. [VW1]. We thus
consider Bessel-OU processes Y := (Y} )i>0 on C’jé, of type An_1 as solutions of

dYy, = dBj + kz — NV |dt (i=1,...,N) (3.15)
-y’
J#l t.k
for k > 1/2 with an N-dimensional Brownian motion (B}, ..., B} );>0. For A > 0,

these processes are mean reverting ergodic process Y = (Y; x)i>0 with speed of
mean-reversion A, and for A < 0, non-ergodic.

1t6’s formula together with a time-change argument shows that Y is a space-time
transformation of the original Bessel process (Xy )i>0 (with A = 0) via

Yt,k = eiAtXEQ)\t,I x
3

For a proof based on the generators of these diffusions see [RV1]. Using this space-
time transformation, we can immediately reformulate Theorems 3.4 and 3.5 for the
Y: .. Moreover, for ¢ — oo we obtain the following analogue to Corollary 2.12.

Corollary 3.7. Consider starting sequences (1 y,...,vnn) C Ci for N € N as
in Lemma 2.4, and let A >0 and k > 1/2. For N € N let (Yt{\,’c)tzo be the solution

of (3.15) on C’f, with start in (x1,n,-..,ZN,N). Then the empirical measures

. 1

satisfy Bmpy o0 My o0 fin,s = limys o0 IMy oo fin,s = Foco /27x"
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4. ZEROES OF LAGUERRE POLYNOMIALS AND THE MARCHENKO-PASTUR LAW

In this section we transfer the approach of Section 2 for the empirical measures
of the zeroes of the Hermite polynomials to Laguerre polynomials. We start with
the appropriate ODE:

The ODE 4.1. Let v €]0,00[ and N > 2. On the interior of the closed Weyl
chamber

Cﬁ::{xeRN: xlzxgz...szEO}CRN

of type B, we consider the R™V-valued function

. 221 v 2z N v

J#1 jAN TN T EEN
It is shown in [VW2] that for each initial condition x¢ € CE, the ODE
dx
E(t) = H,(z(t)), z(0) = xo (4.1)

has a unique solution for all ¢ > 0 in the sense that [0,00[— C&, t — z(t) is
continuous where z(t) is in the interior of C¥ and solves the ODE in (4.1) for
t > 0. For the ODE (4.1) see also [AV1, VW1]. We denote solutions of the ODE
(2.1) by ¢n == (¢N1,---,¢N,N) Where we suppress the dependence on zy and v.

For zg = 0 € C%, the solution of (4.1) can be expressed in terms of the zeroes of

the Laguerre polynomial Lg\lfl) where the (Lg\lfl))NZO are orthogonal w.r.t. the
density e=®2”~! on ]0, 00| as in [Sz]. In fact, by [AV1] we have:

Lemma 4.2. Let v > 0 and z%y_l) > 0> z](\?_l) > 0 be the ordered zeros of
Lg\?_l). Then, for z := (ziy_l), cee z](\?_l)) € CB and any ¢ > 0,

on(t) =2+ (V20 /20T >0

is a solution of the ODE (4.1).

We now study the empirical measures of solutions of (4.1). We proceed as in
Section 2 and derive recurrence relations for the associated empirical moments.
However, this works for the even moments only. For this reason we take squares
in all components of ¢ at some stages. As we are working here on the Weyl
chambers Cﬁ, no information is lost by taking these squares. Moreover, having

the well-known relation Han (z) = dNLS\Fl/Q)(a?Z) (dn > 0 some constants) in mind
(see (5.6.1) of [Sz]), we normalize our empirical measures with 2N instead of N.
We now choose a family (fEN,k)lgng S [0,00[ with ($N71,...,IN7N) c Cﬁ
for N > 2. We then form the associated solutions ¢n(t) of (4.1) with start in
(xN1,y.--,zn,N) for N > 2, and introduce the normalized empirical measures

1
[y = N(éml(t)z o oy n02) (4.2)
2N

2N

for t > 0. Denote the I-th moment (I € No) of u%;, by

Sna(t) = /Ryl pN,e(y) = ﬁ(dm;(t)” .o+ onn®)?).
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Then Sn,o(t) = 1. Moreover, by (4.1),

N
i 2 20n.i()” N(N +v—1)
dt 7 N)=——7—
dtSN,l(t) 2N?2 (zj_zl;i;éj oni(t)? — N, )2 +v ) RE (4.3)
Furthermore, for [ > 2,
. 2¢N1 £)2-2
£SN,l(t) 2lNl+1 ( Z (le (ZS +VZ¢N1 )
,j=1;i#j
2 Oxa()” = o,y (1) s
EGES ’ L vy ot
LN+ ( 1§;§N N ()2 — dnj(t)? Z )
N
:L( S (owa®X 7 + ona (DN (07 + 4 o (020D
2lNl+1 ’Z 5T J J
i j=15iA]
N
+ VZ¢N,1(t)2l_2).
i=1
As
Sni-a(t)

1
21N1+1 Z on,i(6)* TP () §(SN,l—k—1(t)SN,k(t)—

i,j=1;i#]
for k=1,2,...,1 — 2, and as

N )

2l 1
QZNl+1 Z ()b ,l ( ) N SN,l—l(t)7

i,j=15i#]
we obtain
-2
d 2N +v —1
%SNJ(t) = l(TSN,lfla) + Z SN’lflfk(t)SNJC(t)). (4.4)

k=1
Similar to the Hermite case in Section 2, these equations show that the limits
¢(t) == limpy_y00 Sni(t) (I € Np) exist and satisfy the following recurrence relation:

Lemma 4.3. Let (znk)1<k<n C R be starting sequences such that for all | € N,

. . 1
a(0):= lim Sy;(0) = lim W(m%,l +o ot aRy) < oo
exists. Assume that v = v(N) depends on N with
N
lim v(N) =1y > 0.
N—00

Then for | € Ny,
¢(t) == lim SNyl(t)
N—o0
exists locally uniformly in t € [0, 00[ and satisfies the recurrence relation

+1—1

t
co(t)=1 and cl(t)zcl(O)—i—lVo/ cr—1( ds—H/ ch 1-k(8)er(s)ds (1 >1).
0 0

k=0
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As in Section 2 we now show that under mild conditions on the starting se-
quences, the ¢;(t) are the moments of some unique probability measures which can
be described via free probability.

We first consider the case vy = 0 which includes the case that all v are indepen-
dent of N. This special case can be easily reduced to Section 2. We here denote the
image of some probability measure p under some continuous mapping f by f(u).
We use this notation in particular for the maps x — |z| and z + 22 and write |y
and p?. Moreover, for a probability measure y on [0, 00[, let ficyen the unique even
probability measure on R with |pepen| = p-

Theorem 4.4. Let u € M*([0,00) be a probability measure satisfying the moment

condition (2.13). Let (xnn)N>11<n<n C [0,00[ with (zn1,...,oNnN) € CK for
N > 2 such that the normalized empirical measures
1
HN,0 = N((Sle/m + ... 693N,N/m) (46)

tend weakly to p for N — oo. If we form the associated solutions ¢n(t) of (4.1)
and the normalized empirical measures

1
NN,t = N(5¢N,1(t)/\/ﬁ+ +5¢N,N(t)/\/ﬁ) (t Z 0),

then for t € [0,00[, the pn ¢ tend weakly to |py, 5.7 B feven]-
Proof. For N > 2 and (zn.1, - ,zn n) € CE we define

(Yan1, " s YaN2aN) = (TN1, - ENN, —TNNs 5 —TN1) € Cone (4.7)

Clearly, the associated empirical measures

L 5 é
N even == ﬁ( yan,1/V2N +ot y2N,1/\/ﬁ)

tend weakly to fieyen. Moreover, all odd moments of pieyen disappear, and the even
moments of peyen, and p are equal. In particular, pie,en also satisfies the moment
condition (2.13).

‘We now consider the even measures Pse.ov/i B fteven Whose odd moments disap-
pear, and whose even moments satisfy (2.7) by Section 2. We obtain from (2.7) for
these even moments and from (4.5), that for all [ > 0, the ¢;(¢) from Lemma 4.3
are just the 2I-th moments of i, 5 78 peven. This, Carleman’s condition (2.12) for
(,usc,2 vi B Heven)?, Lemma 4.3, and moment convergence now imply that the prob-
ability measures u%\,,t tend weakly to (,usc,z\/gﬁﬂ,uevm)? This implies the claim. O

If we start the ODE (4.1) in 29 = 0, Theorem 4.4 and Lemma 4.2 lead to the fol-
(v—1) (v—1)
z

lowing well known result for the empirical measures of the zeroes zlyj\_, v ZNN
of Lg\lfl); see e.g. [G]:
Corollary 4.5. Let v > 0 be fivred. The empirical measures
1
uN = N<5Z§TJG1>/(4N) +...+ 625\7;\/1)/(4]\7))
tend weakly to the beta distribution 8(1/2,3/2) on [0, 1] with the density
2

;t’l/Q(l — 1)2150 4 (1).
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We now turn to the general case vy > 0. We proceed similarly as in the Hermite
case and deduce first a PDE for the Stieltjes transform G. This PDE will then
be transformed into a PDE for the R-transform. Then we combine our results for
vy = 0 and the R-transform for an appropriately parametrized Marchenko-Pastur
distribution to identify the limit measure in general.

Recall that for the parameters ¢ > 0, ¢t > 0, the Marchenko-Pastur distribution
UM P, is the probability measure on [z_, 1] C [0, 00[ with pyprpey = fi for ¢ > 1
and piprper = (1 —¢)do + cfi for 0 < ¢ < 1, where z4 := t(y/c £ 1)? and i has the
Lebesgue density

ﬁ\/@w —o)(—w-) 1 4 (@).

We also recall (see Exercise 5.3.27 of [AGZ]), that the Marchenko-Pastur distribu-
tions have the R-transforms

ct
R = . 4.8
Mpet(2) = T (4.8)
As these R-transforms are linear in ¢, we in particular conclude that
UMP,a,t B UMPbt = UMP,atbt- (4.9)

Now we proceed as in Section 2. The proof of the first step is completely analog to
Proposition 2.8.

Proposition 4.6. Let limy_,oo ¥(N)/N = vy > 0 in the setting of Lemma 4.53.
Then the limits
¢(t) == lim Sn,(¢) (t €0,00[,1 > 0)
N—o0

exist. Moreover, if the moment condition (2.13) holds for u?, then for each t €
[0, 0o[, the sequence (c(t))1>0 is the sequence of moments of some unique probability
measure i € MY(R) for which (2.13) also holds. Moreover, the ,u%\,’t tend weakly
to pu? for N — oo.

We next derive PDEs for the Stieltjes transforms
Gt z) == G2(2), GN(t,2):=Gp () (t>0,zeH={2€C: 3z>0})
of the measures ;7 and /’L?V,t' In the setting of Proposition 4.6 we now have:

Proposition 4.7. (1) Forall NeN,t>0, z€ H,
N 1
G (t2) = - DVGN 1, 2) - 207 (1.2)GV (1.2) — (GV)2(0.2) — BN (8.2)

with the error term E™ (t,z) defined below in (4.11).
(2) Assume that in addition the moment condition (2.13) holds for p?. Then
fort>0,z€ H,

Gi(t,2) = —wG.(t,2) —22G.(t,2)G(t, 2) — G*(t, 2) (4.10)
G(0,2) = Gu(2).
Proof. For t > 0 and z € H with |z| sufficiently large (depending on N) we have

6N (t2) = [ duwata) = Y

zZ—X
=0
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and thus
GN(t,z) = i L dg (t)
t ’ s Zl+1 dt N,l .
If we apply the recurrence relation (4.4) and the start (4.3), we obtain
N+v—-1 1
N _
Gilhe) = —x— 2
o] -2
1 /2N +v -1
+ Z Zz+1l( N Sni—1(t) + Z SN,1—1—k(t)SN,k(t))
1=2 k=1
o0 v oo
— Zz l+1 ZSle SNk + Zl+1 l+2SNl()
1=0 k=0 N=
FEN(t.2)
N© e
with

Using as in the proof of (2.9)

z~G5<t,z>:—Zl“ Swalt), -GN =3 DT g

1+1
=0 =0

we obtain by some simple calculation that

EN(t, 2) = 2GY.(t,2) — GY (t, 2) (4.11)
As
o] l S
v
Zzl+2l+1 ZSle: )SNk(t) + — Zl—f—l Z+QSNZ()
1=0 k=0 Ni=
00 l oo l
= Zz (I—k+1)) " Snva-k(t)Snlt +Zz (k+1)> Sna-r(t)Snr(t)
1=0 k=0 1=0 k=0
0o l oo
1 v
Z —5 > Skl SNk()+NZ(l+1) l+25Nl()
=0 k=0 1=0

= fﬁGiV(t, 2) — 22GN (t, 2)GN (t, 2) — (GN)*(t, 2),

part (1) follows for z € H sufficiently large. As both sides of the equation in part
(1) are analytic in z € H, this equation holds for all z € H.
For (2) the arguments are the same as in the proof of (2.9). O

Now we turn to the main result of this section:

Theorem 4.8. Let u € M([0,00]) be a probability measure such that u? satisfies
the moment condition (2.18). Let (xnn)nN>1,1<n<n C [0,00] with (TN 1,...,ZNN) €
CE such that the normalized empirical measures

1
,U,N70 = ﬁ(§le/m+5mNN/m) (412)
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tend weakly to u for N — oco. For N > 2 we form the solutions ¢n of (4.1) with
start in (xnq1,- -+ ,enN). If

v(N)

lim =vy >0,
N —oc0
then for each t € [0, 00[, the associated normalized empirical measures

1
NT 5¢N,1(t) +'~~+5¢N,N(t)) (tZO),

pne = = (
N V2N V2N

tend weakly to \//L]V[pvl,ojt H (Hsc,z\/?, B teven)?-

Proof. We use (2.21), (2.22), and (2.23) in the PDE (4.10) and obtain
Ri(t,G(t,2)) = vo + 2R(t,G(t, 2)) - G(t,2) + 2 — 1 + R.(t,G(t, 2)) - G(t, 2)*.

For z instead of G(t, z) we arrive at the following PDE for the R-transform:

Ri(t,z) = wo+1—22R(t,2)+ 2*R.(t,2) (4.13)
R(0, z) R, ().

By Theorem 4.4 we know that R, , -mu2(z) solves (4.13) with vp = 0. This, (4.8),
and a straight forward calculation now show that Ry, . (2) + R, oBuepen)?(2)
solves the general PDE (4.13). This implies the desired result. (]

We finally consider Theorem 4.8 for the case with start in zero. As by a straight

forward calculation (,uscz\/;)2 = [tmP,1,t, We here obtain the measures ,/fiarp,14v0.t
as weak limits for the empirical measures ;. This result and Lemma 4.2 on the

Z€eroes z%V(N)fl) >.> z](\',/(N)fl) > 0 of Lg\l,'(N)fl) for t = 1/2 lead to the following

well known result (see e.g. [KM2] and references there):

Corollary 4.9. If imy_,o V(N)/N = vg > 0, then the empirical measures

1
N(5Z§V(N)—1)/2N +...+ 625\1]}(N)—1)/2N) (t > 0),

tend weakly to piyrp14vy,1/2-
Theorem 4.8 has also the following consequence:

Corollary 4.10. For all s,t >0 and vy > 0,

2
KM P,vg,s H (MSC,Q\/E H (’\/ NMP,V0+1,t)even) = UMP,vg+1,5+t-

Proof. Theorem 4.8 with p = g together with the semigroup property of our
solutions of the ODEs (4.1) imply

2
HMPvo+1,54+t = HMP,vg,s+t & (:u‘sc,Z\/m 52! 60)

2
= UMP,vg,s B <;u'sc,2\/§ i (\/ FLJV[P,VOJrl,t)even) .
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This corollary, the additivity of the R-transform, and the known R-transforms
of Marchenko-Pastur distributions lead immediately to the R-transform
(vo+1)(s+1) VoS

2(2) = 1—(s+t)z 1-—sz (4.14)

R
(MSC,ZﬁHH(\/W)em)
Vot
(1—(s+t)2)(1 —s2)

= RHMP,1,5+t (Z) +

5. THE MARCHENKO-PASTUR LAW FOR BESSEL PROCESSES OF TYPE B

In this section we transfer the results for the ODEs (4.1) to a stochastic setting
for the Bessel processes of type B. For this we consider Bessel processes (Xt )e>0
on the Weyl chambers C% for the root systems By with N > 2 and multiplicities
k= (ki,k2) = (v-B,8), v,8 > 0. These processes satisfy the SDE

. . 1: V

dX; =dB; +f — bk g4 g——dt  (i=1,...,N). (5.1)
2 - o

with an N-dimensional Brownian motion (B},...,B});>0. By [GrM] we know,

similar to Bessel processes of type A, that for 8 > 1/2 and v > 1/2, the process
(Xt,k)t>0 does not hit the boundary of C’ﬁ a.s. for t > 0 for arbitrary starting points
in C&. In the following we only consider this regular case 3 > 1/2,v3 > 1/2. We
now derive limit theorems for the moments of the associated empirical measures,
where, as in the deterministic setting, we first consider the squares of all coordinates
of our processes, namely

1
e = 3 Oexn p2/en o F O(xp )2 jon)

for ¢ > 0. For this it will be convenient also to study the renormalized processes
(Xt k := Xt x/VB)i>0 which satisfy the SDE

1
VB

which agrees, for 8 = oo, with the ODE (4.1). Again we consider the renormalized
empirical measures of the squares

. 1
,UJ?\/',t = N<5(th,k)2/2N + ...+ 6()25\,770)2/2]\[)

. _ X
X}, = —=dBj + Lk dt+ —dt  (i=1,...,N). (5.2)
J#

(X7 - (X XD,

Denote the {-th moment (I € Ny) of fin; by

N
1 -

. U g~ _ 7 \2l

Sna(t) := /Ry din,:(y) = SINTTT ;:1( tr)

Now we derive limit theorems for these moments as N — oco. As in the deter-
ministic setting the limits depend on the asymptotic behaviour of v.

Theorem 5.1. Consider the processes (Xt,k)tzo with 8 > 1/2, v > 0 and with
starting sequences (xn)N>1 = (Tnn)1<k<n C [0,00[ as before such that the limits

a(0) == lim Sy;(0) = lim N1+ TN y) <00

NSoo 20N (
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exist forl > 0. Assume that v = v(N) depends on N with vy := limy_,o0 V(N)/N >
0. Then, forl € Ny,
¢(t) := lim SN,l(t)
N—o00
exists almost surely locally uniformly in t € [0, 00] with co(t) =1 and

t1—1

a(t) = ()+lu0/ocl 1 ds+z/0 ch 1w(8)er(s)ds (1>1).  (5.3)

Proof. Using It6’s formula we obtain for [ > 1

N N
SR =Y Z / X )% dB; (5.4)
1=1 =1
¢ 2(X1 )2 N 120-1), -,
+/ ZZZZ 5’“) - Z(2lu+g)( P22 ds
0 i=1 ]7&2 s,k X ) i=1 B ’

Now we see that for the normalized drift term we obtain the recurrence relation
(4.4), where v is replaced by v + 2l 2121 The desired results now follow along the
same lines as in the proofs of Lemma 3.1, Corollary 3.3, and Theorem 3.4 using the
deterministic results of (4.3), as well as Theorem 4.8. We here skip the details, as
the details are part of the more complicated setting in Section 8. (Il

The methods of Section 3 and Theorem 5.1 lead to the following limit theorem.

Theorem 5.2. Let € M'([0,00]) such that u? satisfies the moment condition
(2.13). Let (xnn)N>1,1<n<n C [0,00[ with (xn1,...,28N) € CK such that the
empirical measures

1
UNO = N((szN,1/m+5INN/m) (55)

tend weakly to p for N — oco. Consider the normalized Bessel processes (Xt,k)tzo
of type B with start in (xn1,...,2nN) € CE for N > 2. Then, fort >0 and

. v(N)
Mmooy

=vy > 07
the normalized empirical measures

1
UNt = N(é)}tlk ++5j(£\7k)
V2N V2N

tend a.s. weakly to \/uMmet H (”sc,z\/i B pteven)? for N — co.

6. DUNKL PROCESSES AND THEIR FROZEN VERSIONS

In the remainder of the paper we extend the results of Sections 4 and 5 for
Bessel processes of type B and their frozen versions to Dunkl processes of type B. As
already discussed in the introduction, this extension from Bessel to Dunkl processes
does not lead to new limit results for the root systems of type A. Nevertheless, we
recapitulate briefly some facts on general Dunkl processes for the convenience of the
reader. Moreover, the frozen versions do not appear in the literature. To keep the
discussion concise we assume that the reader is familiar with root systems, Weyl
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groups, and Weyl chambers for the general theory. On the other hand, we present
all details for the root systems of type B, as we are interested mainly in this case.

All results on Dunkl theory and Dunkl processes and the algebraic and analytic
background can be found in [An, CGY, R1, R2, RV1, RV2] and references there.

Let R C RY be a root system and R, C R a subsystem consisting of positive
roots. We assume that all roots o € R satisfy ||a||3 = 2. Then, for all a € R, the
reflection o, on the hyperplane perpendicular to « is given by o, (z) =2 — (o z)«
for z € RY with the standard scalar product - on RY. Let W C O(N) be the finite
reflection group, or Weyl group, generated by the reflections o,, @ € Ry. The
Weyl group W acts on RV as usual, and we have W (R) = R. We next fix some
nonnegative multiplicity function k : R — [0, oo[ which is by definition invariant
under the canonical action of W on R.

For given R and k we now define the Dunkl operators T; (i = 1,...,N) as the
differential-difference operators

750) = L o 5 o LD LD ¢ gy
¢ acRy

It is well known by Dunkl (see e.g. [DX]) that the operators T; commute with
T.f € CYRY) for f € C?(RY). Moreover, the T; lower the degree of homogeneous
polynomials in N variables by one like the usual partial derivative operators, which
appear as special cases for k = 0.

We next introduce the Dunkl Laplacian Lj := Zfil T? as well as its renor-
malization Ly = %L;€7 which fits better to the usual normalization of Brownian
motions in probability. Ly is given explicitly by

Lof@) = 2af@) + 3 ko) (VLR J(oa(0) T

} )2
el oa-x (- x)

(6.1)

for f € C2(RY) with the usual Laplacian A on RY; see e.g. [CGY, RV2]. The
operator L) is the generator of some Feller semigroup on RY whose transition
densities can be written down explicitly in terms of so-called Dunkl kernels; see
[R1, RV1] for details. Associated Feller processes (X; x)i>0 on RY with cadlag paths
are called Dunkl processes associated with the root system R with multiplicity k.

Let us briefly discuss the corresponding Bessel processes. For this we fix some
closed Weyl chamber associated with R. This chamber may be regarded as the space
RN /W of all W-orbits in RV i.e., for each x € RY there is some unique 7(z) € C
for some m € W. We thus have some canonical projection 7 : RN — RN /W ~ C,
and we can consider the projected processes

(X[ = m(Xe k)0

on C. By symmetry arguments, these processes (Xka)tzo are time-homogeneous
diffusion processes on C with reflecting boundaries and with the generators

£ F) = SAf@) + Y ko) LD (6.2
acRy
for functions f € C2(RY) which are W-invariant. Notice that this restriction of the
domain of L}V fits to the reflecting boundaries. These diffusions on C' are called
Bessel processes associated with the root system R with multiplicity k.
We now discuss examples which are connected with the preceding sections:
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Examples 6.1. (1) For N > 2, the root system of type Ax_1 is given by
R:{ei—ej: Z,_]Zl,,N,Z#]}

where e¢; € RY is the i-th unit vector. Here, W is the symmetric group

acting on RN as usual, the multiplicity k is just a constant, the Weyl

chamber C' may be chosen as C’j(‘, from the introduction, and the generator

in (6.2) is just the generator of the Bessel process of type Ay_1 as in (1.2).
(2) For N > 1, the root system of type By is given by

R={4(eite;): 1<i<j<N}U{£V2-¢: i=1,...,N}.

Here, W is the hyperoctahedral group ZY x Sy, the multiplicity k con-
sists of 2 constants, the Weyl chamber C' may be chosen as C¥ from the
introduction, and the generator in (6.2) is just the generator of the Bessel
process of type By introduced in (1.5).

We now consider the freezing of Dunkl processes similar to that of Bessel pro-
cesses in the preceding sections. For this we fix some root system R and write the
multiplicity function k& : R — [0, co[ as k = (8-k¢ with some fixed multipicity function
ko and a varying constant 8 > 0. For an Dunkl process (X, x);>0 on RY associated

1

with R and k, we now also study its renormalized version (Xt,k = \/BXt’k)tZO

which then has the generator

Lio () = 3580 @) + 3 k(o)

aERy

Vi) a oo(2)) — flz
oo Sloala) 1)) (g
o (a-x)
for f € C2(RY). Clearly, this is also the generator of some Feller semigroup for
B = oo. Associated Feller processes then will be called frozen Dunkl processes

associated with R and ky. These processes are pure jump processes.

Example 6.2. In the next section we study frozen Dunkl processes for the root
system By . Here we choose the fixed multiplicity kg, which consists of 2 parameters,
as ko = (1,v) with v > 0. In this case, we denote the frozen Dunkl processes on
RN by (X;.)i>0. The associated generator Eko,oo according to (6.3) will now be
denoted as L, for simplicity. We then have

o 2 v v - uloir) —u(x)
Lyu(z) Z(Z 222 +x)uw(3«")+ QZ 72

i=1 jij#i

1 3 (U(Ui,jx)*u(x) “(U;jx)_“(“;)>

Jr —
(2 — ;) (2 + ;)

5 2. (6.4)

4,51 jF#

for u € C%(RY) with the reflections oy, 0; ;, o, (i#j)on RY where o; changes the

sign of the i-th coordinate, o; ; exchanges the coordinates i, j, and o, ; exchanges
the coordinates 7, 7 and changes the signs of these coordinates in addition.

The Dunkl Laplacians Ly, 5 from (6.3) for the root system By with ko = (1,v)

will be denoted by EN,,, g in the next sections.

7. EMPIRICAL LIMIT DISTRIBUTIONS FOR FROZEN DUNKL PROCESSES OF TYPE B

In this section we study the empirical distributions of frozen Dunkl processes
(Xt)i>0 of type B on RY with the generators L, defined in (6.4). We assume
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that these processes start in deterministic points in RY. Moreover, we denote the
components of Xy, by X;,, for j=1,...,N.
Similar to Sections 2 and 4 we study the (random) normalized empirical measures

1
aNew = Ox, v e 0y vR) € M'(R). (7.1)

of the processes (X ,)i>0 of dimension N for N — oo. For this we study their
moments

1
SN,Z,V(t) = W(X{’t’u + cee + Xﬁ\[’t’y) (l 2 0). (7.2)

By the very construction of the processes (X, )¢>0, the even moments Sy o, (t) are
deterministic (and closely related to corresponding moments of the corresponding
frozen Bessel processes of type B in Section 4), while this is not the case for the
odd moments Sy 2;41,,(t) (I > 0). With the functions

w(x) =at +... + 2 (1>0)

we have

1

Snw(t) = Nz w(Xe)  (12>0). (7.3)

We now compute L,u; for [ > 0. For this we observe that all u; are invariant
under permutations of coordinates. Therefore, for all u := u,

Z(Z 2:@2 )um +;§:u (z)

i=1 j: J;éz i i=1
1 u(o; ;x) — u(z)

w1y Mo ) (7.9
2 e @it m)’

Moreover, Dynkin’s formula for Markov processes (see e.g. Section III1.10 of [RW])
shows that the processes

(ul(Xu,,) —w(Xo,) — /O t(Lyul)(Xs,V) ds) (7.5)

t>0

are martingales. Hence, for all [ > 0,

& B(u(X,)) = B((Lou) (X)) (76)

We now compute L,u; for [ > 0. We first notice that ug = N and thus L,ug =
0. Moreover, a simple computation yields that L,u; = 0. By Dynkin’s formula

(7.5) this corresponds to the well-known fact that the process (ui(Xy,))i>0 is a
martingale; see e.g. [RV1]. We next turn to the general odd case ug;y1 for [ > 1.
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By (7.4) we have

N 92l +1 -
Luu2l+1(93) :Z( Z m+l/ 2 1)(21+1)
i=1 jij#i 0 J
21+1 +x2l+1

-
_ Z 7(xz—|—x] —nyQ 1

ij: i
P2+ x2l+1 h 21 h
=@+1) Y, T D Z Vo
ij: A L i.j: j#i h=0 R
+ (2l + 1)Vu21_1($) — l/ugl_1($)
and thus
phg2l=h
Lyu2l+1($): 2[+1 Z 27
Z+x]
i,j: J#lh
h 2l h

Z Z 7 +.’L‘ +21V’U,21 1( )
i J

4,j: j7#1 h=0
-1
_ Z (212952" 21—2h 2(l+1)2xfh+1x?l*2h*1)

i,7: j;éz h=0
+ 2[Vu2[_1(:1:)

- ¥ (21;@”1+2x§l*2xi+(2l—2)x2l 302 4 dal e} 4

J
4,3 JFu

. 2@;10?72 + 2lm?l71) + 2lvug 1 (x)

_2(2 Zth 2l12h ZZth 2l12hl h))

1,51 j#£1 h=0 i,§: j7#i h=0
+ 2lvug—1(x)

-1
=4 Z Z(l — h)x?h;v?lfldh + 2lvug 1 (x). (7.7)

i,j: j#i h=0

As Zi,j; i $2hm?l 12— Uzh(x)u2l—1—2h(=’17) - U2l—1(17)7 lh_:lo(l - h) = l(l + 1)/2
and ug = N, we get

-1 -1
Lougiy1 = 2lvug 1 + 4 Z(l — h)ugpug—1—2n — 4 Z(l — h)ug—1
h=0 h=0

-1
= (2l + 4IN = 20(1 + 1)ug 1 +4 Y (I = h)ugptz—1-2n
h=1
-1
= 202N +v — (14 1))ug—1 +4Y (I — h)usntizi_1_on. (7.8)
h=1
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Moreover, by a similar computation we obtain in the even case for [ > 1 that
-1
Lyug = 2l(v 4+ 1+ 1)ug—o + 21 Z U2 U] —2—2h- (7.9)
h=0
If we combine (7.6) with (7.8) and use that ugp(Xy,,) is deterministic, we see that

iE(u21+1(Xt’y)) = E((Luu2l+1)(Xt,u)>

dt
= 21(2N +v— (l + 1))E(u2[71(Xt,y))
-1
+ 4 (1= hyuan(Xew) - Buz—1—on(Xe)).
h=1

Therefore, by (7.3),

AN +v—(+1) ,

d
—E(SN2111,(1)) = ~

dt (SN ,21-1,(t)) (7.10)

-1

+4 Z(l — h)SN2nu () E(SN,21—1-2n..(%)).
h=1

Moreover, in the even case we obtain in a similar way from (7.9) that
d 2w +1+1)

%SN,Zl,u(t) = N

-1
Sna1—2.,(t) + 21 Z Sn21—2—2h.(t)SN,2n(t). (7.11)
h=0
These two recurrence relation and the methods of the proofs of Lemmas 2.4 and
4.3 now readily lead to the following limit result.

Lemma 7.1. Let (znx)1<k<n C R be the starting sequences of the frozen Dunkl
processes (X, )i>0 for N € N with Xo, = (xn1,...,2N,N) such that

. . 1
¢(0) == ngnoc SN (0) = nhﬁn;o W(xllvl +...+ xlNN) < o0

exists for alll € Ng. Assume that v = v(N) depends on N with imy_, vN) _ I

N
with some constant vy > 0. Then for l € Ny,
a(t) == A}gHOOE(SN,z,u(N)(t))

exists locally uniformly in t € [0, 0o and satisfies the recurrence relations co(t) = 1,
c1(t) = ¢1(0), and forl > 1,

+ -1
cor(t) = e(0) + 2l/ (1/0021,2(8) + Z CQh(s)CQZ,Qh,Q(s)) ds, (7.12)
0 h=0

t -1
Cgl+1(t) = Cgl+1(0) + / (QZV()Cgl,l(S) +4 Z(l — h)CQh(S)Cgl,thl(S)) ds. (713)
0 h=0

Please notice that the even limit moments cg;(t) in (7.12) have the same recur-
rence relation as the moments ¢;(¢) in (4.5) in the context of Bessel processes of
type B up to an factor 2, This factor 2 is caused by by the slightly different scalings
of the emirical measures in (7.1) and (4.2).

We now proceed as in Sections 2 and 4 and obtain that under some mild con-
ditions on the initial data, the ¢;(t) (I > 0) in the lemma are the moments of
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unique probability measures p; for ¢ > 0. For this we fix some probability measure
p € MY(R) which is determined uniquely by its moments ¢; (I > 0). We now choose
(xNn)N>1,1<n<n C R with zn 1 > 2N, for 2 < n < N such that the empirical

measures
1
/J/N,O = N((Sle/\/ﬁ —|— e 633NN/\/N)

tend weakly to u for N — oo, i.e., by the moment convergence theorem, that

. . 1
Jim Sn i (0) 1= lim e (e o ay) = a (120).
For N > 2 we now consider the measures pn,, from (7.1). The proof of the
following result is now completely analogous to that of Propositions 2.8 or 4.6:

Proposition 7.2. Let € M'(R) be a probability measure for which the moment
condition (2.13) holds. Assume that with the preceding notations limy_, u%v) =
vo > 0 exists. Then fort > 0 there are unique probability measures puy € M*(R) with
the moments (¢;(t))i>0. Moreover, for allt > 0, the moment condition (2.13) holds

for pt, and py is the weak limit of the empirical measures jiy ¢, (n)y for N — o0o.

In the situation of Proposition 7.2 we now derive PDEs for the Stieltjes trans-
forms

G(t,2) :==G,,(2), GN(t,z2):= Grninin (2) (t>0, z€C,3z#0)

of the measures p; and iy, (n)- As the recurrence relations in Lemma 7.1 are
different for even and odd moments, we decompose iy and pin ¢, (n) into their even
and odd parts and study the Stieltjes transforms of these measures. We thus define
the reflected probability measures pf € M*(R) with u}(A) = us(—A) for Borel sets

A CR and
1 * 1 *
Pt even = i(ﬂt +4i),  Htodd = §(Mt — 1)
Please notice that ps 0qq usually is a signed measure, and that p; = it cven + it 0dd-

We now introduce the Stieltjes transforms
Geven(tv Z) = G#t,cven (Z)a GOdd(t7 z) = Gltt,,odd (Z)

with G = G*" + G°44.  As by the definition (2.17) of the Stieltjes transform
Gur(2) = =G, (—2), and as G, (2) = S5 a(t)z~ D for |z| sufficiently large,
we obtain that

GeUen(t, 2) :%(G(t, )~ G(t,—2)) = IZ Z@Sﬁ? = 2Gen (1, %)
=0
GO (¢, 2) :%(G(t, 2)+G(t,—2)) = i CQZl;}S) = Godd(t, %) (7.14)
=0
with the functions
Gren 2y = 3 A Gy, z) = > carlt) (7.15)
=0 =0

We use the corresponding notations and relations also for the measures iy ; ,(n)-
In the setting of Proposition 7.2 we now have:
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Proposition 7.3. The Stieltjes transforms GEV¢"™, G°% and the functions Geve", Godd
satisfy the PDEs

é;aven(t’ Z) _ —2U0G§U€n(t, Z) _ 42’@2”6”(@ Z)C;even(t7 Z) _ 26";1@1)@77,“,2)27
Godd(t, 2) = (—zuo — 4zGevent, z))égdd(t, 2) (7.16)

and

Giren(t, z) = v (

even t even t
G ( ’Z) _ GZ ( ’Z)) _ 2C‘;1€’U€’I’7,(t7 z)szen(t7 Z)

22 z

GOt (t, 2) = (f; 2Geven(t, z))ngd(t, 2) (7.17)

fort>0,z€ H.
Proof. We first consider G¢**™. Here, (7.15), %co(t) =0, and (7.12) imply that

d ~even = 1 d 1 d
A =20 e = 3 e gy
o l
=3 l+2( (+ Doea(t) +2 > L+ Dean(t)ea-an (1))
1=0 h=0
~Yeven d ~Yeven 2
= —2wp LN (1,2) — 21 (z Geven(t, z) ) (7.18)
which implies the first equation in (7.16). Moreover, (7.15), 4 gic1(t) =0, and (7.13)
lead to
d ~odd ~ 1 d = 1 d
%GO (t,2) = 1:21 F&CﬂJrl(t) = ; Wﬁcmﬁ(t)

l
—Z l+2( (L Dwocara (8) + 430+ 1= hean(B)easa-an(r))
h=0

= —2U0ngd(t, z) — 4GV (t, 2) GO (t, 2). (7.19)

Please notice that we here interchanged derivatives and summations several times.

This can be made precise by the same methods as in the proof of Proposition 2.9

by studying the corresponding approximating PDEs for the Stieltjes transforms of
the measures py ¢ ,(n)-

Finally, the equations in (7.17) follow from that in (7.16) by an easy computation.

O

We now analyze the PDEs (7.17) with the corresponding initial data for ¢ = 0.
Clearly, the quasilinear PDE for G¢’*" has to be solved first which then leads to
the even parts fis cyen, Of our probability measures p¢. On the other hand, the
remark after Lemma 7.1 implies that the ji; cyen, can be determined via the results
in Section 4. More precisely, this remark and Theorem 4.8 imply:

Corollary 7.4. Fort > 0, the even parts (it cven Of the probability measures i of
Proposition 7.2 are the unique even probability measures on R whose pushforwards
under the mapping x — x2/2 are given by finpy, ¢ B (Hgenyz B Peven)?. Hence,

Pt,even = (\/MMP,uo,zt B (Moo 2yt B theven)?) e, (E20). (7.20)
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Therefore, if the initial measure pug = p is even, then the associated linear PDE
for G°% in (7.17) has the solution G°% = 0, i.e., the j; of Proposition 7.2 are given
by the measures in Eq. (7.20).

We now study the case where the initial measure pug = p is not even. We
here have to solve the linear PDE of first order in (7.17) for G°% by using GV
from Corollary 7.4. This can be carried out by classical methods on PDEs; see
e.g. Section 1.2 of [St]. However, we can solve the second PDE (7.17) directly:

Lemma 7.5. Let u € M*(R) be a probability measure for which the moment con-
dition (2.13) holds. Let D C H be some non-empty open domain such that there is
some (analytical) function K with

K[Gpieyen (2) " (Gueven (2) + 0G5 (2))] =2 (2 € D).
Then, with the measures iy even from Eq. (7.20),
G(t,2) = Groua K (G ven (2) - (Gpiy ren (2) + 0G5, (2)))] + Gy e (2) - (7:21)

is the solution of (7.17) with the initial condition G(0,z) = G,(z) for z € D.
In particular, for vy = 0 this solution simplifies to

G(t,2) = Gu(GLl (G, Biiesen (2)))- (7.22)

Proof. We first notice that the Stieltjes transforms G,,, G,,.,.,, are analytic on C\R
where, by (7.15), G,.,..(w) = L +>7, iilliol) for |w| sufficiently large. This
implies that G - (Gppyen + 10Gs,) is not constant on H which ensures that
there are plenty of non-empty open domains D C H where this function admits
some analytical inverse function K.

We now analyze the right hand side of (7.21). As (2,t) — Gy, ..., (2) solves
the first PDE in (7.17) by Corollary 7.4, we only have to establish that the first
summand of (7.21) solves the second PDE in (7.17), and that the initial value is
correct. The first summand in (7.21) has the form

Heven

GOz, ) 1= F(G (2,1) - (G (2,) + 22).
Hence,
G (z,8) = F(GE(2,8) - (GE"(2,) 4 22)) - G5 (2, 1)(2G°" (2, ) + =2)
and
GI(zt) = FIGUT (=) (G () + )

.[2Geven(z7t)G§ven(z’t) + szen(z7t) . % _ %Geven(z7t)].

These derivatives yield immediately that G satisfies the second PDE in (7.17).
Moreover, a simple calculation shows that the corresponding initial value is correct.

Let us consider the special case vg = 0. Here, G, ..., = Gu__, 58p.,., and
K =(G3,,..)"". This reduces the function in (7.21) to that in (7.22). O

We now discuss an example with vy = 0 where the initial distribution p has a
semicircle law as initial even part.

Example 7.6. Let the starting distribution p be the quartercircle distribution on
[0,2] with Lebesgue density /4 — 221[p,9). Then

Heven = HMsc,2 and Hse,2v/3t H peven = Hsc,2v/2t+1"
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Moreover,
Gp..n(z) = %(z - V22 —4) and G.! (2)=2+1/z (7.23)
(see e.g. page 305 of [AGZ]) and thus
w(z) = G, pee(2) = ﬂtlﬁG#w ( \/Q:T) (7.24)
_ 72(2t1+ 3 (z — /22— 42t + 1)).

Now consider the probability measures u; for ¢ > 0 whose even parts are the
semicircle laws pi. 5 7. The puy are supported on [—2v2t + 1,422t + 1] and
admit densities f;. We recapitulate from Theorem 2.4.3 of [AGZ] that for z €
| =22t + 1,422t + 1]

-1
fi(x) = — lUm SG(¢t, x + ie) (7.25)
T €l0
where we can determine G(¢,x + i€) by Lemma 7.5. Moreover, as the even parts of
the . are already known, we can restrict our attention to z €]0,2v/2¢ + 1.
For z := x 4 ie with € > 0 we then see that
1
I ' :7(—'4215 1—2): — 2
E1&)110@ + ie) 22+ 1) x—iv/42t+1) —x w(z) =1 w (7.26)
is contained in the closed fourth quadrant with |w| = 1/4/2t + 1 < 1. In particular,
1/w is in the closed first quadrant with |1/w| > |w|, and 1/w 4+ w and 1/w — w are
also in the closed first quadrant.
We next determine
u—z

2 /4 — 52
G#(u):%/o udw.

As e.g. by WOLFRAM Alpha
/ V4 — 2?2
——dx =

N4 2 ; 9
p—— 22 + warcsin(z/2)

+ \/47u2<1n(\/(47x2)(47u2) —zu+4) fln(uf:r)> +e,

we obtain

2 V4 — u?
Gu(u)=—+ g + 7u(ln(2 —u) —In(u—2) —In(v/4 — u? + 2) —l—lnu)
7r 7r
2 V4 —u?
:7+%j: u27477u(1n(\/47u2+2)71nu>. (7.27)

T T

For w as above we now define u := 1/w+w. We then have vu? — 4 = +(1/w —w).

An analysis of the correct branch of the square root for w in the closed first quadrant
and (7.21) now lead to

lim G(t, 2 + i€) = GGy, (G, pyzBitenen (¥)) (7.28)
~24 U“’% +(w—1/w) — %(1/10 w)ln(W).
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Moreover, as 1/w = (2t 4+ 1)w, we obtain from (7.26) that

1/w+w 1+t/2
(2T “1jw)) = — 426+ 1) — a2
3( 5 + (w — 1/w)) T 1 (2t+1)—=z
and
t+1
%(w—l/w):—zzj__'_1 42t 4+ 1) — 22,

Furthermore, as

i(ljw—w)+2  i—iw?+2w  (—i)(w®+2iw—1)  (—i)(w+1)?

1/w+w 1+w?2 14+ w? (w44 (w — i)
_(Dw+i) () (wti)(@+14) (i) (w+ 1) (w+1i)
w—1 (w—1i)(w +1) |w — ]2
_wHw+i(l —ww)
- |w —i|? ’

we obtain from (7.26) that
(1/w — 2 1 —ww
QIH(M> = arctan( wzu) = arctan(2¢/x).
1/w+w w4 W

Finally, ®(w — 1/w) = 7% and

a2 () < ()

In summary, we see from arctany + arctan(l/y) = /2 for y > 0 that for = €

10,2v/2¢ + 1],

-1
fi(x) = —1lim SG(t, x + ie) (7.29)
T €l0

1 1 t+1 T
— - ¢ —) 42t + 1) — 22
(2t+1)7r(2+ o arctan op JVAQE+ 1) -

1t (2(t+1)+ 4(2t—|—1)—x2)
w2202+ 1) \2(t+1)— ARt + 1) - a2

Moreover, as the even part of y; is the semicircle law i, 5 5777, Eq. (7.29) remains

also valid for x €] — 24/2t 4+ 1,0].
In order to understand densities f; better, we define the rescaled densities

fi(@) = V2t + 1f(zv/2t+ 1)
of probability measures on [—2,2]. We then have for z € [-2,2],

ilz) = %(% 4! i L arctan(vai ¥ Ta/(26)) ) /4~ 22

ltxl( ﬁv _552)

———1In (7.30)
2 V2 A — 2
™2 2(t:-+1) a?
A Taylor expansion of the arctan- and In-term now yields that
- — 2 2\/§ V4 — x2
fi(z) = ( )+ O(1/t) (7.31)

27 32

Vit



38 MICHAEL VOIT, JEANNETTE H.C. WOERNER

for ¢ — oo where the term O(%) is independent of x € [—2,2] while the term
O(1/t) may depend on z. In particular, for ¢ — oo, f; tends to the density of the
semicircle law fis¢ 2, i.e., the influence of the asymmetric starting measure vanishes
of order O(%) Figure 1 illustrates the time-behaviour of fi(x). It is plotted for

t = 0.1 (bold black), t = 1 (dashed), ¢ = 10 (dashed small), ¢ = 100 (dotted)
together with the start ¢ = 0 and the limit ¢ — co (both grey).

-0.1

-0.2

-0.3

04

FIGURE 1. fy(z) for t =0, 0.1, 1, 10, 100 and ¢ = co.

8. LIMIT THEOREMS FOR DUNKL PROCESSES OF TYPE B

In this section we proceed to the next step and study the empirical distributions
of normalized Dunkl processes (Xt7y75)t20 of type B on RY with the generators
/31,75 = %A + L, with L, as in (6.4); see Example 6.2. On some informal level,
the processes (X;,.3)¢>0 converge for § — oo to the frozen Dunkl processes. We
assume that these processes start in deterministic points in R independent of .

We denote the components of X; , g by th,yﬁ for j = 1,..., N, and similar to
Sections 3 and 5 we study the random normalized empirical measures

1
HUNtv,B = N(éxtl,u,ﬁ/\/ﬁ +...+ 5)25“’13/”) S MI(R) (8.1)

of the processes (thyﬁ)tzo for N — oco. We claim that the measures pn .
converge to the same limit as the normalized empirical measures of the expectations
of the frozen Dunkl process of the previous section. For this we study the moments

1 ~ -
SNiwp(t) = W((Xt{yﬁ)l +.+ XN H =0, (8.2)



LIMITS OF BESSEL AND DUNKL PROCESSES AND FREE CONVOLUTIONS 39

By the construction of the processes (Xt )t>0, the even moments Sy 27, 5(t) are
closely related to corresponding moments of the Bessel processes of type B, and
for them we can proceed as in Section 5. The odd moments however are different
due to the additional jump components. We proceed as in Section 3 with a Lemma
concerning the symmetric monomials my and refer to the notation there.

Lemma 8.1. Let (zn)n>1 = (ZNnn)N>1,1<n<nN C R be a family of starting num-
bers with N p—1 > TNy, for 2 <n < N, for which

lim ma(zN)

N N N2 S

exists for all A € P. 3
Let 8 € [1/2,00], v > 0, and (Xy,.8)1>0 the renormalized Dunkl processes with
start in (Tn1,...,ZNn). Then, for all X € P, the limits

_ B(mx(Xi,.5))
NI TN N2

exist locally uniformly in t and are independent from .

Proof. We prove this statement by induction on |A|. For A = 0 we have my(z) = N!
and thus the claim. For A = (1,0,...,0) we have my(xz) = (N=1)!- (z1+...+zN).
Thus, by It6’s formula for Dunkl processes in Corollary 3.6 of [CGY]

N o N 1N N 4 N N
ZXtZ,u,ﬁ:Z$N7i+ﬁZBz+@ZMZ+ZZZMt”_, (8.3)
i=1 i=1 i=1 i=1

i=1 j##i

where, by Eq. (50) of [CGY], the jump components of the normalized Dunkl process
M? and M¥  associated to the different roots are given by

, —V2X¢ t
M, = Z Ml(f}?i £Xi ) +/ #ds
=R A e
t
- - _ 1
M7 = —(Xi_ s+ X )1, zi +/ — — ds.
t ; ( e ) 71/’5) (= Xiw s X p) 0 X;—,Vﬁ JFXg—,V”@

Notice that in the RHS of (8.3) the additional sum S := 2 Zfil >t M7 with

t
g g oy 1
M — i e N .
t Z (Ko — 3—»V7ﬂ)1(X§,u,B7’éX§7,u,ﬁ) Jr/o Xi X7 ds

s<t wB T Fs—w,B

appears for which S = 0 holds. As the M{, M;”  are martingales by [CGY], the
claim follows for |A\| = 1.

Now let A € P with |A] > 2; assume that the statement is already shown for
partitions with weight at most |A| —1. It&’s formula in Corollary 3.6 of [CGY] yields

N t t
v 1 dm,\ > ; ~ ~
X - — I X B X
mx(Xtw,8) mA(ﬂCNH\/B;/O dzz—( s,8)d S+Mt+/0 (Lo,pmr)(Xs,0,5)ds
(8.4)
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with

i, P — (=Xi, o) XID)
M_Jijz/ o) s w00 aME (8.5)

TeSN =1

O(X], N0 — (=X}

—,v, s—,v,B
XY [ =

v B)Aﬂj) (_ng,u,ﬁ)kw(i)

i)

)
TESN ©,J: jFL s—,v,0 + XS*,Vﬁ
. L
«XiimmdM?
B (L T I
Xt . -X!
TESN i,5: j#i s—,v,3 s—,v,B3

. (X:'(A) ) sz]

where (z™*); and (x”(’\))i,j denote the multivariate products as in Section 3 where
the factors involving z; or in addition j are omitted respectively.

The diffusion parts f ZZ 1 Ot ddTZ* (Xs.,5) dB! in (8.4) are martingales by the
same arguments as in the proof of Lemma 3.1, taking into account that the sum of
the squared components is again a one-dimensional Bessel process as all contribu-

tions from the jump components vanish. This yields

E i/tdm*(f(syﬁ)dBi =0 (t>0).
= Jo dxi - ) -

Moreover, the integrals w.r.t. (M7);, (M7 );, (M;?); are also martingales and hence
their expectations equal to zero. This follows easily from the representation of these

martingales (M), (M7 )¢, (M), as compensated sums of jumps as on p. 125 of
[CGY]' for instance, for (M}); we have

P = (=X, )Y (XTI 5)

S— V,,B V8 s—,v,B/1 i
ﬂ;lv Z; / N JrdM!

_ Ar(i X Ar(i vy - -
- Z ZZ s— ’Vﬁ © - (_ng’y,ﬂ) ( ))(XS*-,VJ’)11(_X§,u,ﬂ¢X§—,uﬁ)

TeSn i=1 s<t

—|—V/ Z Z o z/,,(i’ 10! _( Xz . 7B)>\7r('i>)( :E),\Z,B) ds.

meSy i=1

We finally turn to the drift term of the RHS in in (8.4). We there observe that by
the theory of Dunkl operators (see e.g. [DX]) £~y7 pmy is a homogeneous polynomial
of the order |\| —2. Moreover, by the definition of £, 5 in Section 6, it can be easily
checked that it also symmetric and that it has the form %Q A + Ry with

Z ZA 71'(7, 71)( ) T 2( ()\))i

meSy i=1
and with some symmetric homogeneous polynomial Ry of order |A| — 2 which only
depends on v, but not on . The methods of the proof of (3.8) show that Q) is
a linear combination of the mj5 with Al = |A| — 2 with coefficients independent, of
N > L(\). Moreover, as in the proof of Lemma 3.1, Ry is a linear combination of
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the mj; with |A| = |A| — 2 with coefficients c5 such that the terms c; /N converge to
some limits for N — oco. As in the proof of Lemma 3.1, these assertions together
with the induction assumption now lead to claim for A. O

Remark 8.2. The proof of Lemma 8.1 shows that for fixed 8 and A, the limit in
Lemma 8.1 has order O(1/N).

Lemma 8.1 has the following application to the moments Sy ;(t):

Corollary 8.3. Let (znn)N>1.1<n<n C R be starting numbers with xy n—1 > TN n
for 2 < n < N, for which the convergence condition in Lemma 7.1 holds. Let
B € [1/2,00], v > 0, and let for N > 2, (Xt,u,ﬁ)tzo the renormalized Dunkl
processes starting in (Tn1,...,TNn). Then, forl € Nog and ¢;(t) from Lemma 7.1,

E(Snu(t) — alt) for N — oo

Proof. This follows from Lemma 8.1 analogous to the proof of Corollary 3.3. O

Corollary 8.3 can be extended to an a.s. result:

Theorem 8.4. Consider the Dunkl processes (Xt,u,ﬁ)tzo with 8> 1/2, v >0 and
with starting sequences (rni)i>1 C R as before such that for 1 >0,

L 1 ! l
¢(0) == ng}noo SN,w,p(0) = ﬂh_)rr;o W(xN’l +. Fay ) < oo
exists. Let v = v(N) with vy := limy_, 0o V(N)/N > 0. Then, forl € Ny,
Cl(t) = lim SNJ’V’ﬁ(t)
N—o0

exists a.s. locally uniformly in t € [0,00[. Furthermore, the ¢;(t) satisfy the recur-
rence relation from Lemma 7.1, i.e., co(t) =1, ¢1(t) = ¢1(0), and for 1 > 1,

t -1
ca(t) = c2(0) + 21/ (Voczz—z(S) + Z CQ}L(S)CQl—Qh—Q(S)) ds,
0 h=0

t -1
Cor+1(t) = o141 (0) + / (211/0021_1(8) +4 Z(l — h)Cgh(S)Cgl_zh_l(S)) ds.
0 h=0

Proof. Again, by It6’s formula for Dunkl processes in Corollary 3.6 of [CGY], we
obtain for [ > 1

N
Z tuﬁ Zm +Dl Z/ syﬁl ldB; (86)
i=1
(X‘Zfllﬁ) 7(7X571/,8) ;
- / : LB fud M
i:ZI 0 szfuﬁ

N i J J X7 l

(Xs—,V,B) - ( Xs—yﬂ) (Xq—uﬁ) - (_Xs—,u,B) i

Y[ et o
i=1 j#£i Y0 s—,v,B s—.uv,8
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with the drift term

i=1 j#i 5,0, 51,8
N t
(=1 o
#3  r T )
i=1"0
+2 /t EN: CHmd) = o)
2 0 =1 (X;:—,uﬁ)Q
e e R () = Rl
2 0 (Xg—,V,B+Xg—,V7ﬂ)2

Please notice that here the sums of the integrals w.r.t. the M* are zero and thus
omitted. As in the proof of Lemma 8.1, the integrals with respect to B?, M*, M%—
in the RHS of (8.6) are martingales. For simplicity we denote them by ALl A%l A3!
respectively. We also notice that the covariations between the jump processes as-
sociated to different roots are zero by Eq. (49) in [CGY].

As for the even moments of order 2[ all terms associated with the jump compo-
nent of the Dunkl process vanish, we are left with the terms of a Bessel process of
type B, and the claim follows by the results of Section 5.

Hence it remains to prove the claim for the odd moments. Here we proceed
similar to the proof of Theorem 3.4 where we now apply the Burkholder-Davis-
Gundy inequality with exponent four in order to get a sufficiently fast convergence
of the bound leading to a.s. convergence in the end. In fact, (8.6) together with
the Markov inequality, Burkholder-Davis-Gundy inequality with exponent 4 and
the inequality (a + b+ ¢)? < 3(a? + b2 + ¢?) for a,b,c € R show that for all I € Ny,
€ >0 and T > 0 and some universal constant ¢ > 0,

N N
1 ~ .
sup P(’W(Z(X;MB)QIH — Zx%il — Dflﬂ)‘ > e) (8.7)
2 i=1 i=1

s<T —
< i=

1 1 1,2041 2,214+1 3,2141 4
< B (sup (G (A1 + AP 422 ) ) )

€ s<T

;]\Mll%E<<zg:[Ai,zl+1’ Ai,21+1]T) 2)

i=1

IN

3
3¢ 1 1 i
TNz :E(N4z+4 AT, A ’2”1]2T)
i=1

3c 1 B
P DNT2041-
et N2 +

IN

We next prove

=1
> ~2 By < oo (8.8)
N=1

For this, we show that limy_,oc By 1,214+1 < 00, which holds if

1 . )
Jim B (AP AR ) <00 for i=1,2,3.
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We consider these expectations separately with the aid of Corollary 8.3.

The Brownian martingale A»?*! can be handled as in the proof of Theorem
3.4; in fact, Holder’s inequality and Corollary 8.3 yield that

1 12041 41,2041 (20 + i
E(N4l+4[A LAV = <5N4z+4 Z s,8) ds ) (8.9)

—(;é\;tzizx (NZ(/ §u54ld5)2>
o 5

T(20+1)
= (T/ E(SNAL,,’Q(S)) ds — 0
0

for N — oco. For A%2+1 we use Eq. (48) from [CGY], Hélder’s inequality, and
Corollary 8.3 again and conclude that

1 22141 42,2141 4[ 2
E<N4l+4[A A ]T) N4l+4 Z 37116 (,‘51\4Z Ml] ) )

)il ds)2
= N4l+4 (NZ/ é—uﬁ ds) )
V Xsf v B) st
4Tﬁ Z E(/o NAHT ds)
i=1
remains bounded for N — oo; notice here that v/N tends to vy. Moreover, using

the polynom division as in (7.7) and Hoélder’s inequality three times, we see from
Lemma 8.1 that

1
E(N4l+4 [A3’2l+1,A3’2l+1]%)
. 2 . . 2
IC==10Y / (Re )KL, ) diaes™ 277),)°)
1,j:j A4
4 i N2 2
S Nt ( N -1) Z / X up) (ng,uﬁ)m h) ds) )
i,J:j74
AT T 2l -, -
= N4 ( N-1) Z / s—,u,ﬁ) (XZ_V,B)QI h)4ds)
i,J: 71

Xi ) (XJ )8174h

T 21
3 s—,u B s—,v,08
<A4T(214+1) ( N2 E / N2h+1 N4 —2h+1 ds)
1,j:j7#%

also remains bounded for N — oco. This completes the proof of (8.8).

Looking at the drift term D2?*1 of the RHS of (8.6), we obtain the recurrence
relation (7.13), where v is replaced by v + . ﬂ The desired results now follow by
the same arguments as in the proof of Theorem 3.4 using the results of Lemma 7.1,
as well as Theorem 4.8. ]
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As in Section 3, Theorem 8.4 leads to the following final limit theorem.

Theorem 8.5. Let € M'([0,00[) be a probability measure which satisfies the
moment condition (2.18). Let (Tnn)N>1,1<n<n C [0,00] such that the empirical
measures

1
/LN70 = N(éle/\/ﬁ+5mNN/\/ﬁ) (810)

tend weakly to p for N — oo. Consider the normalized Dunkl processes (X, 5)t>0
of type B with start in (xn1,...,xN,N) for N > 2. Then, fort >0 and

. v(N)
1 — =y >
Noe N vo 20,
the empirical measures
1
KNt = N(éxtl,r/,ﬁ +...+ (5;(37%13 )
VN Vas

tend weakly a.s. to the limiting measure whose Stieltjes transform satisfies the PDEs
(7.17) with the corresponding initial condition.
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