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Abstract

Sensor measurements can be represented as points in R?. Ordered by the time-stamps
of these measurements, they yield a time series, that can be interpreted as a polygonal
curve in the d-dimensional ambient space. In this thesis we study several fundamental
computational tasks on curves: clustering, simplification, and embedding.

The Fréchet distance is a popular distance measure for curves, in its continuous and
discrete version. It is a distance measure of choice should the inner structure of the curves
be observed. The Fréchet distance lends itself naturally to the computational tasks we
investigate, in the corresponding metric spaces. One of the limitations is the inherent
complexity of the computation of the Fréchet distance, as it is widely believed that no
algorithms exist to compute either the discrete or the continuous Fréchet distance between
two curves with m vertices each, in the subquadratic running time in m. The number of
the vertices is called complexity of the curve.

In this thesis we focus on curves in the one-dimensional ambient space R. We study the
problem of clustering of the curves in one-dimensional ambient space under the Fréchet
distance, in particular, the following variations of the well-known k-center and k-median
problems. Given is a set P of n curves in one-dimensional ambient space, each of complexity
at most m. Our goal is to find k one-dimensional curves, not necessarily from P, that we
call cluster centers and that each has complexity at most ¢. In the (k,¢)-center problem,
the maximum distance of an element of P to its nearest cluster center is minimized. In
the (k, ¢)-median problem, the sum of these distances is minimized. We show that both
problems are NP-hard under both the discrete and the continuous Fréchet distance, if k is
part of the input.

Under the continuous Fréchet distance, we give (1 + ¢)-approximation algorithms for
both (k, ¢)-center and (k,¢)-median problem, with running time near-linear in the input
size for constant €, k and £. Our techniques yield constant-factor approximation algorithms
for the observed problems under the discrete Fréchet distance.

To obtain the (1 4 ¢)-approximation algorithms for the clustering problems under the
continuous Fréchet distance, we develop a new simplification technique on one-dimensional
curve. Our simplifications, called §-signatures, provide the “shape” of the curve. The
parameter ¢ relates to the minimum length of the edges of the simplified curve. The
signatures always exist, and we can compute them efficiently.

We also study the problem of embedding of the (discrete and continuous) Fréchet distance
into one-dimensional ambient space. More precisely, we study distortion of the probabilistic
embedding that results from projecting the curves onto a randomly chosen line. We show

that, in the worst case and under reasonable assumptions, the discrete Fréchet distance



ii

between two polygonal curves of complexity m in R?, where d € {2,3,4,5,6,7}, degrades
by a factor linear in m with constant probability. We show upper and lower bounds on the
distortion.

Sensor measurements can also define a discrete distribution over possible locations of a
point in R¢. Then, the input consists of n probabilistic points. We study the probabilistic
1-center problem in Euclidean space R, also known as the probabilistic smallest enclosing
ball (pSEB) problem. Our main objective is to improve the best existing algorithm for the
pSEB problem by reducing its exponential dependence on the dimension to linear.

To do so, we study the deterministic set median problem, which is a variant of the
median problem for a collection of point sets in high dimensions. The set median problem
generalizes the 1-median as well as the (probabilistic) 1-center problems. We present a
(1 + e)-approximation algorithm for the set median problem, using a novel combination
of sampling techniques for clustering problems in metric spaces with the framework of
stochastic subgradient descent.

Our (1+¢)-approximation algorithm for the pSEB problem takes O ((dn/e?) - log? (1/¢))
time. As a result, the pSEB algorithm becomes applicable to shape fitting problems in
Hilbert spaces of unbounded dimension using kernel functions. We present an exemplary
application by extending the support vector data description (SVDD) shape fitting method
to the probabilistic case. This is done by simulating the pSEB algorithm implicitly in the

feature space induced by the kernel function.
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1 Introduction

Sensors and other measuring devices are part of everyone’s day-to-day life. We actively
contribute to many measuring processes, with or without being aware of it, for example,
to our electronic fingerprint by browsing online-shops or wearing a tracking device, like a
cell phone or a smart watch. Some measurements result from observing phenomena that
happen independently of us, for example those observed at IceCube Neutrino Observatory
at Amundsen—Scott South Pole Station, or the air temperature and the wind speed and
direction. There are phenomena we can partially influence, such as the stock market and

commodities prices, or annual migration routes of various bird species.

These measurements can be one-dimensional, e.g. represented by an integer or by a
real number, or multi-dimensional, where the number of dimensions can be extremely
high. Each of the measurements can be combined with a time stamp. From recording the
measurements we can learn about the behavior of the observed object or phenomenon, and
recognize their habits, customs, or patterns. Based on the gained knowledge, we hope to
be able to predict the future behavior. If we model the measurements as points and/or
the trajectories that describe changes of the measured values as polygonal lines, then the

problems we are solving are computational geometry problems.

The sensors generate a vast amount of data every day. It is not always possible to store
everything we measure, or even to know the amount of information in advance. When the
data is stored, often only a limited number of passes over the data is allowed. It is of a
particular interest for scientists, business people, governments, etc. to be able to efficiently
analyze the recorded data. That can be done by identifying an “important” part of the
data, or by simplifying the input, or it is often enough to pick a small random sample
from the collected data, and make a good prediction for the whole set based on the chosen

sample.



2 1 Introduction

1.1 Choice of the objects observed

On deterministic points and sets

The measured position or the state of some object (e.g. a person that wears a smart watch,
or a bird that has a tracking ring) can be described by a point in the space R?, where d is a
positive integer. The dissimilarity (or the relative position) of two points can be measured
in various manners, most often by the Euclidean distance, which “naturally” describes the
straight line distance between them. One may ask, why is this distance measure “more
natural” than some other, e.g. well-known Manhattan distance? Indeed, the Manhattan
distance follows the geometry of city streets that form a rectangular grid, thus a person
with a smart watch that commutes from point A to point B has to walk along the streets
in order to reach her destination. A bird, on the other hand, can still use the Euclidean
straight path on its way from A to B. In this thesis, our choice of the distance measure
between two points in R? is the Euclidean distance.

A similar question on “naturality” can be posed for the distance between a point and a
set of points in R?. A flying bird that is currently over the sea and wants to reach the shore
as fast as possible will choose the closest point on the shore. This behavior represents the
Hausdorff distance (cf. the definition in Subsection 2.5.2). Sometimes one does not want
to know the nearest, but the farthest neighbor. This can be illustrated by an example
given by Pagh et al. [149]: if an online-shop-customer purchased a product, it is reasonable
to offer her additional products, that are related to the purchased, but rather far from
it, to increase the probability of further (successful) shopping. We address such measure

within the set median problem in Section 6.2.

On curve representation and dissimilarity measures

Next, we assume that we are no longer observing just a current position of a point, but also
the trajectories that are made by tracing the point, e.g. GPS tracking of a person during
one day. If a sequence of points wi, ..., w,, in R? is connected by straight line segments in
the order of the indices of the points, we obtain a polygonal curve in the d-dimensional
ambient space. A polygonal curve is a standard representation for the continuous real-life
curves in the computational geometry.

In the other computer science (sub)communities, e.g. in machine learning, one works
with time series instead of curves. Time series are sequences of discrete measurements
of a continuous signal, e.g. S = (w1,t1),..., (wn,tn), consisting of paired values of
measurements w; and time stamps ¢;, 1 < j < m. Examples of data that are often

represented as time series include stock market values, electrocardiograms, temperature,
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the number of newly infected persons per day, and the hourly requests of a webpage. Note
that all of these measurements are one-dimensional, but they can be multi-dimensional as
well, e.g. voters’ polling results, vital parameters of a patient, etc.

The time stamp of a point can be observed as an additional dimension of the point.
Then, a time series would have one dimension more than a curve, based on the same
measurements. However, in this thesis, we decide that a dissimilarity measure should
consider only the ordering of the measurements/points, and ignore the explicit time stamps.
Then the two notions are equivalent and of same dimension. It is the shape of curves that

counts, and not the “speed of points” along the curves.

A common approach to measure the dissimilarity between the two curves is to treat the
vertices of the curve (time series data) as coordinates of a point in high-dimensional space,
i.e. the curve wy,...,wy, and the time series (wi,t1),..., (W, ty) are treated as a point
(w1, ...,wy) in the m-dimensional Euclidean space. Using this simple interpretation of the
data, to process the input in a desired way, any algorithm for points in high-dimensional
space can be applied. Although this is a common practice (e.g. in the work of Liao [131]),
it has many limitations. One major drawback is the requirement that all the curves must
have the same number of vertices, and the measurements must be regular and synchronized.
In particular, for multiple sensors, the latter requirement is often hard to achieve.

Another option to measure the dissimilarity between the two curves is to treat the
curves as sets, and thus, to use the Hausdorff distance. Such approach seems simple, but it
completely ignores the inner structure of the curves. Namely, this approach could identify
the two curves as similar (e.g. two taxi customers are taking the same road), based only on
the fact that they consist of similar vertices, but without observing the time stamps order
(e.g. that the routes are in opposite directions). See Subsection 2.5.2 for an example.

We assume that it is “natural” to observe the inner structure of the curves when
measuring their dissimilarity, instead of simply observing the endpoints of the curves, the
closest or the farthest pair of points on the curves, etc. These goals are achieved if we
choose the (discrete or continuous) Fréchet distance. The continuous Fréchet distance was
proposed by Fréchet [85] in 1906, in the context of the study of general metric spaces. The
discrete Fréchet distance was introduced by Eiter and Mannila [75] in 1994.

The Fréchet distance intuitively describes the minimal cost of transforming one curve
into another, where the cost measure of the transformation is the maximum distance
between two points mapped to each other by the transformation of the curves! (for formal

definitions see Subsection 2.5.2). For the continuous Fréchet distance, the complete curves

Tn the literature, the intuitive introduction to the Fréchet distance utilizes a man-and-dog-on-the-leash
metapher. We opt to avoid that.
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have to be mapped to each other, while respecting the order of the points on the curves.
In handwriting identification [164], the letters can be of different size or font, but the

similarity between respective parts of a letter is decisive.

In one-dimensional ambient space, the interpretation of the continuous Fréchet distance
has another aspect. For two monotone curves in R, the continuous Fréchet distance
equals the maximum of the distances between the start- and endpoints, pairwise. This
also implies, that the continuous Fréchet distance between two functions is completely
determined by the sequence of local extrema ordered by their indices/time stamps. Thus,
when considering the continuous Fréchet distance of the curves, we view a one-dimensional

curve as a specification of the sequence of local extrema of the curve.

However, the continuous transformation measure between the two curves does not always
make sense. In biology, the proteins consist of amino acids, each containing a-carbon atoms.
The carbon atoms can be observed as vertices, whose order determines the structure of
a protein [176]. If we would measure the dissimilarity of two proteins by the continuous
Fréchet distance, two arbitrary points on the curves (proteins) could be mapped to each
other, which is biologically meaningless. Here, it is natural to consider only vertices of the
two curves for the transformation of one curve into another, in which case we have the

discrete Fréchet distance.

The cost of transforming one curve into another is sometimes not evaluated over maximum,
but over the sum of the distances between the mapped vertices. This dissimilarity measure
related to the discrete Fréchet distance is called the dynamic time warping (DTW). DTW
was (presumably) first time introduced in the context of speech discrimination and aligning
distorted speech signals by Vintsyuk [173] in 1968, and has since been popularized in the
field of data mining (cf. [62, 142]). The process of traversing the curves with varying
speeds, while summing the dissimilarity measure between the mapped vertices, is referred
to as “time-warping” in this context. DTW is known for its universality, and is applied to
describe various phenomena, such as chromosomes [129], electrocardiogram frames [104],
fingerprints [122], signature comparison [151], etc. However, DTW has some disadvantages
against the Fréchet distance. For this work, the most important one is that DTW is not a

metric, while both continuous and discrete Fréchet distance are (pseudo)-metrics.

Both versions of the Fréchet distance, as well as the dynamic time warping distance can be
computed in worst-case (roughly) quadratic time in the number of vertices of the curves by
applying dynamic programming (cf. [5, 40, 88]). On the other side, algorithms to compute
any of these three distance measures in strongly subquadratic time, even for one-dimensional
curves, do not exist under widely believed complexity theoretic assumptions (cf. [31, 33, 37]).

The faster computation is possible, if additional assumptions on the input curves are made.



1.2 Choice of the problems observed 5

For the detailed listing of the results see Subsection 2.5.3. The fast computing of these
distance measures in practice is also an active research topic (cf. [35, 36, 119]), and is of

independent interest, which is out of scope of this thesis.

On probabilistic point distributions

The measurements of positions or quantities of a point in R% can reveal that the locations
(values, amounts) get repeated, and that the frequencies of their appearing, or not appearing,
at certain locations are known. Then one could be interested in discovering the patterns
that are valid in expectation. For example, a taxi customer requires more often to be
picked up from her workplace, than from her sport club, for a ride home. But it is also
possible that she does not call on some days at all. A taxi company would like to know
where ideally to place a car, so that the expected length of a route to the customer is as
short as possible.

The problems can also be high-dimensional, e.g. in combustion, a flame reactor deals
with hundreds of reactions and species, resulting from multiple chemical components. The
reactions occur and the species appear under certain conditions and in various quantities.
They all have various influence onto the combustion scenario. It is of crucial importance for
a simulation, to identify the representative reactions/species, such that the expected result
is a good approximation of a real combustion in the reactor, that would be too expensive
to compute with the detailed chemical data [161, 162].

Therefore, if we assign to a point a discrete probability distribution over the locations in
R? where the point can appear, or be “not present”, at a moment, we have probabilistic
points. A realization of a set of probabilistic points is achieved when for each point one
location is picked. Then, a probabilistic optimization problem is to minimize the objective
function in expectation over all possible realizations of the probabilistic points. Note that
the parameters of the observed problems are: the number of distributions (say n), the
maximum number of locations in a distribution (say z), the number of realizations (say V),

and the dimensionality of the ambient space d. For formal definitions see Subsection 6.1.1.

1.2 Choice of the problems observed

1.2.1 Input reduction

To model a problem on curves, we begin with two parameters: the number of the curves
(say n), and the maximum number of vertices of each curve, called complexity, that we

denote with m. We consider two input reduction techniques: curve simplification and
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metric embedding. However, it is convenient to make a realistic assumption on the input,

that simplifies the modelling and the computation.

The realistic analysis of problems on curves is a popular research topic [64]. There are
many competing models for a problem simplification through the realistic assumptions,
where each of the models has an argument of “being closer to reality”. For one of the
problems (in Chapter 5), we utilize the concept of c-packedness, introduced by Driemel,
Har-Peled and Wenk [66], as it appears that this model attracts the most attention in the
computational geometry community (cf. [6, 34, 65, 98]). We say for a curve to be c-packed,
if its length within each ball in the ambient space is at most ¢ times the radius of the ball
(cf. Definition 2.30).

Two alternative models were introduced by Alt, Knauer and Wenk [15]: the c-straightness,
where the length of a curve between two points is at most ¢ times the Euclidean distance
between these points; and the c-boundedness, where for each two points x and y on the
curve, the part of the curve between x and y is covered by the balls of radius ¢/2 times the

distance between z and y, and centered at x and y, respectively.

Curve simplification

A general input reduction idea is the concept of curve simplification. It is often the case
that the input curves contain too much redundant or irrelevant information, increasing the
complexity of the curves, and thus of the problem. Then, given a curve, the problem is to
find a simpler curve, i.e. of smaller complexity, while having a small dissimilarity to the
original. We use the Fréchet distance as the dissimilarity measure, and develop an efficient
simplification technique to capture critical points of the curves in one-dimensional space in
Chapter 3.

Godau [86] noted that a simplification under the Fréchet distance is a bicriteria approxi-
mation. The parameters for the simplification of the curves can be either:

e the maximum allowed distance (error) between the original and the simplified curve,
where the goal is to find a simplified curve with the minimum number of vertices
within the given distance, or

e the maximum allowed complexity (size) of the simplified curve, and the goal is to
minimize its distance to the original curve over all curves of the given size.

The problems can be observed with an additional constraint that the vertices of the
simplified curves must belong to the original curve. In this case the simplification is called
strong. Agarwal et al. [7] showed that the strong simplification is a 4-approximation to the

unconstrained minimum-size problem. All of these problems are of independent research
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interest, but they are useful as a building block for the other problems as well (e.g. in

Chapter 4, or in [44]). For related work on the curve simplifications, see Subsection 3.1.3.

Through the curve simplification, we solve an additional problem — noise. For example,
physical or chemical measurements typically have measurement errors. The stock and
commodities market data contain minor transactions or short term trading, that (usually)
do not affect the general trends (cf. [7]). By having a theoretical guarantee on the

simplification quality, a better analysis of the input can be made.

Metric embeddings

The following approach to the problems on curves is a concept of metric embeddings and
dimensionality reduction. In practice, the problems on multi-dimensional curves are often
approximated by observing the coordinates separately. For example, for a stock market
index, the performance of various stocks are combined. Frequently, a certain trend can be

recognized by observing only one or a subset of stocks (cf. [7]).

A metric embedding is a mapping between two metric spaces which preserves distances up
to a certain distortion. Any finite metric space with n points can be embedded isometrically
into £7 [136], which is called the Fréchet embedding. Any bounded set in R¢ with the
metric induced by the f-norm can be embedded into the space of curves with the Fréchet
distance (see Lemma 4.24). It is not known if the Fréchet distance spaces can be embedded
into an ¢p-space using finite dimension [113]. The result of Bartal, Gottlieb and Neiman [24]
implies that a metric embedding of the Fréchet distance into an /,-space must have at
least super-constant distortion. For more results on metric embeddings and the Fréchet

distance, see Subsection 5.1.3.

We are interested in the distortion of the embeddings of the Fréchet distance spaces into
one-dimensional spaces (in Chapter 5). One such embedding was used by Sheehy [159] in
his topological work on bounds of the Fréchet distance. His embedding picks a random
point x in the original ambient space, and maps each vertex of the input curve to a point in
R representing the distance of the vertex to . However, no upper bound on such distortion

for curves in R? for arbitrary dimension d was given.

Bringmann and Kiinnemann [34] used projections to one-dimensional spaces (i.e. lines)
to speed up their approximation algorithm for the Fréchet distance. They showed that
the Fréchet distance computation can be done in linear time if the convex hulls of the two
curves are disjoint, by reducing the decision problem to the one-dimensional separated

curves.
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A solution to the problem of metric embeddings under the Fréchet distance could
serve as a building block for other fundamental computational tasks, such as clustering,

nearest-neighbor search [69, 71], and spherical range search [4].

1.2.2 Clustering problems

Given a set of input objects (points, curves, etc.), it is a natural problem to look for a set
of representatives under some given criteria, and/or to group the input objects according
to that criteria, in order to extract patterns from the given set. The idea behind is that
similar objects belong to the same group, and very dissimilar objects should be assigned
to different groups. For example, bus stations should ideally be placed close to homes or
working places in a city. Mountain huts should be evenly distributed and reachable to the
walkers on various mountain trails. A criterion for grouping can also be negative, e.g. a
diabetes warning campaign should not be placed together with a fast-food advertisement.
A process of grouping the input objects is called clustering, and is defined using a cost
function, that describes the pairwise distance between elements of the group. The groups

are called clusters, and a representative of each group is called cluster center.

There is a plethora of various clustering problems in general metric spaces, and they have
been extensively studied in many different settings. Let the maximum number of allowed
clusters be denoted as k, k € N. We will discuss two intensively investigated clustering
concepts that both have a goal to divide the input into k clusters, each with a cluster
center that serves as a representative, thus we call them k-clustering problems. The first
problem has the objective to find a set of k£ cluster centers such that the mazimum distance
to the nearest cluster center is minimized, over all input objects. This problem is known

as the k-center clustering.

The goal of the second problem we consider is to find a set of k centers, that minimizes
the sum of distances to the nearest centers, over all input objects. This problem is known
as the k-median clustering. A popular problem related to the k-median problem, which we
do not consider in this thesis, is the k-means clustering, where the distances are squared

and then summed.

The 1-center problem in its simplest form with three input points in the plane is
equivalent to the construction of the circumscribed circle to the triangle given by the three
points. This problem and a compass-and-ruler construction were given by Euclid in his
“Elements” (cf. [77] Book IV, Proposition 5) around year 300 BC. The 1-median problem
with three points was posed by Fermat, followed by a compass-and-ruler construction by
Toricelli (cf. [123]), both in 1600s.
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When the number of clusters or the dimensionality of the problem is changed, the
problems become very hard. It is known that the k-center and the k-median problem, both
in general metric spaces and in Euclidean spaces, are NP-hard to be exactly solved, and in
many cases, even to be approximated better than a constant factor (cf. [80, 101, 115, 138]).
Several lines of approximation algorithms for the k-clustering problems exist, and we
discuss some of them in Subsection 2.4.1. Some of these algorithms are limited only to the
Euclidean spaces, others are intended for the general metric spaces. Sometimes, not all
properties of metric spaces are provided, and this can actually be the case when we deal
with the curves.

Ackermann, Blomer and Sohler [3] showed, that under certain conditions a randomized
(1 4 ¢)-approximation algorithm by Kumar, Sabharwal and Sen [126] can be extended to
general distance measures. In particular, they showed that under a dissimilarity measure,
one can compute a (14 ¢)-approximation to the k-median problem if the 1-median problem
solution can be (1 + ¢)-approximated, based only on information from a random sample of
constant size, picked from the input. They showed that this is the case for metrics with
bounded doubling dimension (cf. Definition 2.12), as it is the case for the Euclidean spaces.
If the doubling dimension is unbounded, then the algorithm of [3] will remain applicable,

provided that the dissimilarity measure satisfies certain conditions on sampling.

Clustering of curves

Clustering of curves is a fundamental problem of general interest: for industry to monitor
the performance using sensor data [177], for statisticians to analyze functional [114, 156]
or longitudinal data [55], for biologists to track the animals [94], for financial analysts
to predict the market behavior [103], for data mining community [152], as well as for
the computational geometry community. Unfortunately, most approaches are oriented to
obtain a good empirical solution, and do not pursue theoretical guarantees on lower and
upper bounds.

A direct approach to curve clustering under the Fréchet distance using k-clustering
algorithms for general metric or Euclidean spaces fails on dimensionality of the ambient
spaces. There is no known embedding into £,-spaces with finite dimension [113]. As
previously said, the infinite doubling dimension of the space with Fréchet distance prevents
the direct application of the standard techniques from [3, 126].

A generalization of the approach of Alt and Godau [14] for computing the Fréchet
distance to k-clustering problems fails on dimensionality of the joint parametric space,
defined by the set of the input curves. The algorithm of [14] explores the parametric space

for a monotone and continuous mapping. If generalized to n curves, this approach leads to



10 1 Introduction

the exponential time algorithms, as it does with a search for a single representative curve
(cf. [12, 98]).

Furthermore, a representative curve under the Fréchet distance for an input of n curves
of complexity m can have complexity of O (mn) [12]. Such representative curves imply
overfitted data, which is unnecessary for the real-world modelling. Therefore it is “natural”
to introduce an additional parameter to the k-clustering problems for curves under the
Fréchet distance, and to bound the complexity of the cluster centers by a constant £. We
formally introduce the (k,¢)-clustering problems in the one-dimensional ambient space
in Subsection 4.1.1. It is straightforward to extend our definitions to curves in multi-
dimensional ambient spaces.

It is important to assume that both k and ¢ are constants, since the (k, £)-clustering
problems are NP-hard, in the case when k is part of the input (cf. Section 4.6), and
when £ is part of the input (cf. [44, 45]). For more related work on curve clustering, see
Subsection 4.1.3. In this thesis we consider the (k, ¢)-clustering problems for the curves in

one-dimensional ambient space.

Clustering of probabilistic high-dimensional points

The k-clustering problems on probabilistic points, both for the general metric and Euclidean
spaces were first studied by Cormode and McGregor [59]. They gave reductions of the
probabilistic k-median and k-means problems to weighted instances of their corresponding
deterministic problems. The probabilistic k-center problem was shown to be the most
interesting one. All these probabilistic problems inherit the computational hardness from
their deterministic counterparts. For more related work see Subsection 6.1.3.

In this thesis we consider the probabilistic version of the 1-center problem — the proba-
bilistic smallest enclosing ball (pSEB), in R?. The (probabilistic) smallest enclosing ball
problem is to find a center that minimizes the (expected) maximum distance to the input
points. Munteanu, Sohler and Feldman [145] showed that the pSEB problem in R? can be
reduced to two deterministic instances of a generalized problem, that extends both 1-center
and 1-median problem. For a formal definition and reduction details see Subsections 6.1.1
and 6.1.4.

The (probabilistic) SEB problem often occurs as a building block for complex data
analysis and machine learning tasks like estimating the support of high dimensional
distributions [169], outlier and novelty detection [166], anomaly detection [165], and
classification and robot gathering [56]. It is therefore very important to develop highly
efficient approximation algorithms for the base problem. This involves reducing the number

of points but also keeping the dependence on the dimension as low as possible.
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Munteanu, Sohler and Feldman [145] gave the first and fastest-to-date polynomial-time
(1 + e)-approximation algorithm for the pSEB problem in fixed dimension. Its running
time dependence on the number of points is linear, but exponential in the dimension. In
particular, the number of realizations sampled by their algorithm had a linear dependence
on dimension stemming from a ball-cover decomposition of the solution space. The
actual algorithm made a brute force evaluation (on the sample) of all centers in a grid of
exponential size in the dimension.

Our investigation is focused on the reduction of the dependence on the dimension, based
on [145]. This is additionally motivated by the concept of kernel functions (cf. Subsec-
tion 2.1.2). Kernel methods are a standard technique in machine learning. These methods
implicitly project the d-dimensional input data into much larger dimension D, that can
even be infinite. However, in D-dimensional space, simple linear classifiers or spherical
data fitting methods can be applied to obtain a non-linear separation or non-convex shapes
in the original d-dimensional space. The efficiency of kernel methods is usually not affected.
Despite the large dimension D > d, most important kernel functions, and thus inner
products and distances in the D-dimensional space, can be evaluated in O (d) time [155].

To make the probabilistic smallest enclosing ball algorithm viable in the context of kernel
methods and generally in high dimensions, it is highly desirable to reduce the dependence
on the dimension to a small polynomial occurring only in evaluations of inner products

and distances between two (low dimensional) vectors.

1.3 Outline and contributions of this thesis

The rest of this thesis is structured into Chapters 2 — 6, dealing with the following content

summarized below.

Chapter 2 presents the notions from, and the references on the body of the literature,
that we need for analysis of the problems in the subsequent chapters. In particular, we
give a brief overview of the metric and the normed spaces, and a sketch of the well-known
subgradient descent method for convex optimization. We review the general metric and
Euclidean k-center and k-median clustering problems and present the related work. Finally,
we formally define the curves, that are the main objective of the present study, and the
Fréchet distance to measure the dissimilarity of the curves. We close this chapter with a

brief overview of the state-of-the-art on the computing of the Fréchet distance.

Each of the Chapters 3 — 6, is structured as follows. First we give an introduction followed

by a formal definition of the problem, and an overview of the results presented in the
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chapter. A discussion on the work related to the topic of the chapter is given afterwards.
The rest of the chapter is dedicated to the analysis of the considered problem(s). Each

chapter ends with a section discussing open problems and conclusions.

Chapter 3 is dedicated to the problem of curve simplification. We introduce a special
type of curve simplification in the one-dimensional ambient space — the §-signatures. We
show several properties of signatures, and how to construct them efficiently, both in the
case when the goal error and the goal size are given. Our signatures are designed in such
way, that enables an efficient approach for other problems on curves in R, e.g. to the
clustering problems under the continuous Fréchet distance (in Chapter 4), and recently, for
the first nearest neighbor constant-factor approximation algorithm under the continuous
Fréchet distance [69].

In particular, we can use a technique similar to shortcutting, which has been used before
in the context of partial curve matching (cf. [42, 65]). We show that given an input curve,
any vertex of a clustering candidate center curve, that is not d-close to a vertex of the
d-signature of the input curve, can be omitted from the candidate curve without increasing
the distance beyond the threshold ¢. This is the main technical contribution of Chapter 3,
stated as Theorem 3.8.

Chapter 4 extends the classical k-center and k-median clustering problems to the (k, ¢)-
curve clustering problems, by adding a constraint on the number of vertices ¢ of the
chosen representative curves. The input consists of n curves, each of complexity m. The
dissimilarity measure of the curves is either the discrete or the continuous Fréchet distance.
The curves in the one-dimensional ambient space are observed, and it is shown that even
in such a setting, the observed problems are computationally hard. Under assumption that
k, ¢, and € are constants, the first (1 4 ¢)-approximation algorithms for both (k, ¢)-center
and (k, £)-median problems under the continuous Fréchet distance are given, in near-linear
time in terms of the input. Our techniques also provide a constant-factor approximation
algorithms for the (k, ¢)-clustering problems under the discrete Fréchet distance.

Our approach exploits the low dimensionality of the ambient space, using signatures of
bounded size. We show that the vertices of the potential cluster center curves need to be
close to the vertices of the signatures of the input curves. This enables us to generate a
constant-size set of candidate solutions for the (k,¢)-center problem.

In our analysis for the (k,#)-median problem, we apply the known approach of random
sampling of Kumar, Sabharwal and Sen [126] and Ackermann, Blomer and Sohler [3].

However, a straightforward application of their results is not possible, as we show that the
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doubling dimension of the metric space of the curves under both discrete and continuous
Fréchet distance is unbounded, even for the space of univariate curves.

We extend the conditions required for the application of the algorithm from [3] to take
into account the added parameter ¢, and show that one can generate a constant-size
candidate set that contains a (1 + ¢)-approximation to the 1-median based on a sample of
constant size (cf. Theorem 4.20). To achieve this, we observe that a vertex of the optimal
solution, which is not close to a signature vertex of an input curve, and which is unlikely
to be induced by our sample, can be omitted without increasing the cost by a factor of
more than (1 + ¢) (cf. Lemma 4.16).

Chapter 5 investigates the problem of the embedding of the Fréchet distance metric
spaces. In particular, the embeddings into the space of one-dimensional curves are discussed,
since for this space we have developed several efficient techniques described in the previous
chapters. We ask for both upper and lower bounds on the distortion of a probabilistic
embedding of the discrete Fréchet distance into the one-dimensional ambient space, under
certain conditions on the dimension of the original ambient space. Some of our bounds
extend to the continuous Fréchet distance, and to the dynamic time warping distance.

In our analysis we observe a realistic input class of polygonal curves — the c-packed
curves. For this class of curves, with high probability, the distortion of such an embedding
is shown to be linear in the complexity of the original curves (cf. Theorem 5.15). This may
seem as a weak bound, but it is a first such result, and it is paired with the matching lower
bound.

Chapter 6 contains a discussion on the clustering of probabilistic data. The objects
of analysis of the clustering problems in this chapter are probabilistic points, contrary to the
previous chapters that have dealt with curves. In particular, we are interested in solving an
open problem posed by Munteanu, Sohler and Feldman [145]. They gave the first FPTAS
to the probabilistic smallest enclosing ball (pSEB) problem, but under the assumption
that the dimension of the ambient space is a constant. Based on algorithm from [145], we
solve the problem for arbitrary dimension of the ambient space, by solving efficiently a
generalized deterministic problem: the set median problem, extending the 1-center and
1-median problems.

Our solution for the set median problem is based on a popular method in convex
optimization — the subgradient descent. We adapt the random sampling techniques of
Kumar, Sabharwal and Sen [126] and Indyk and Thorup [110, 168] to avoid the dependence
on the number of sets N, and keeping the dependence on the number of elements in each set

n linear. Theorem 6.15 states the main technical contribution of Chapter 6. Additionally,
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we show that the dependence on the number of elements in a set cannot be reduced to
sublinear (after reading the input), unless we sacrifice the approximation factor of (roughly)
V/2, or accept the exponential dependence on the dimension (cf. Theorem 6.16).

Our probabilistic smallest enclosing ball (1+¢)-approximation algorithm requires running
time that is no longer exponentially dependent on the dimension d of the ambient space,
but only linear (cf. Theorem 6.17). Furthermore, the linear dependence on the dimension
is needed only for the computation of the distances between the points. This enables us
to further extend the pSEB algorithm to the probabilistic version of the support vector
data description problem (SVDD). The SVDD problem is known to be equivalent to the
smallest enclosing ball problem in (potentially infinitely) high dimensional feature space,

induced by the kernel function. This result is stated as Theorem 6.19.

1.4 Coauthored sources

The present thesis is based on the previous joint work and the following publications,
coauthored with Anne Driemel, Alexander Munteanu and Christian Sohler. The purpose
of this section is to comply with the rules of good scientific practice at the TU Dortmund

University [170]. For all publications with n authors, I have contributed 1/n of the work.

e Chapter 3 and Chapter 4 are based on [68],

A. Driemel, A. Krivosija, and C. Sohler. Clustering time series under the Fréchet
distance. In R. Krauthgamer, editor, Proceedings of the 27th ACM-SIAM Symposium
on Discrete Algorithms, SODA, pages 766-785, 2016

The minor flaws are corrected. The argumentation is extended and partially rewritten
to improve readability and to enhance the simplicity of verification. The differences

for the discrete Fréchet distance case are explicitly discussed.

e Chapter 5 is based on [67],

A. Driemel and A. Krivosija. Probabilistic embeddings of the Fréchet distance. In
L. Epstein and T. Erlebach, editors, 16th International Workshop on Approximation
and Online Algorithms, WAOA, Revised Selected Papers, pages 218-237, 2018

The minor errors are corrected. The argumentation is extended to improve readability.
The upper bound is extended to the cases d € {6,7} and discussed for the higher
dimensions. The possibilities in the case of the continuous Fréchet distance are

discussed.

e Chapter 6 is based on [125],
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A. Krivosija and A. Munteanu. Probabilistic smallest enclosing ball in high dimensions
via subgradient sampling. In G. Barequet and Y. Wang, editors, Proceedings of the
35th International Symposium on Computational Geometry, SoCG, volume 129 of
LIPIcs, pages 47:1-47:14. Schloss Dagstuhl - Leibniz-Zentrum fuer Informatik, 2019

The argumentation is extended to improve readability and the simplicity of verifica-

tion.

Some parts of the publications [67, 68, 125] are used and merged with other preliminaries
in Chapter 2.
All related work, that was not coauthored by the author of this thesis, is listed and

clearly denoted in the respective chapters.






2 Preliminaries

In this chapter we introduce the notions that are used throughout this thesis, and give
references for further reading. We start with a brief overview of the notation used. Later,
in Section 2.1 we make a brief review of metric spaces. In Sections 2.2 and 2.3 we state
some basic results from the convex analysis and the probability theory. In Section 2.4
we introduce the clustering problems on general metric spaces and give an overview of
the related work. We extend these problems to the space of one-dimensional curves in
Chapter 4, and to a probabilistic generalization in Chapter 6. Finally, in Section 2.5 we
define the curves and the Fréchet distance, and give an overview of the results on computing

the versions of the Fréchet distance.

We denote the set of positive integers with N, and the set of real numbers with R. We
denote the set of positive integers up to n with [n] = {1,...,n}. For any set P, we denote
its cardinality with |P|.

We use the following notational conventions:

e The calligraphic letters, e.g. H,S, are reserved for sets and spaces. Some sets are
denoted with capital Latin letters (e.g. to distinct between a set and a set of sets).
e (Curves are denoted with Greek letters o,¢, 7, v, w.

Points in R% are denoted with small Latin letters, e.g. ¢, p, q,r.

Vectors are denoted with bold letters, e.g. u,x,y.

Some Greek letters are used exclusively for parameters: ~ for probabilities, § for
distances, and ¢ for approximation errors.
The following non-standard notation is used in this thesis.

e ((a,b) = [min(a,b), max(a,b)], for any a,b € R (defined on page 47).

e [h|ls=[h—0d,h+ 0], for any h € R and § > 0 (defined on page 47).

e 1p: the indicator function of an event E (defined on page 29).

B(p,7): the ball in a metric space, centered at p with radius r (defined on page 23).
dgp(-,-): the discrete Fréchet distance (defined on page 40).

dprw (+,-): the dynamic time warping distance (defined on page 40).

dp(-,-): the continuous Fréchet distance (defined on page 38).

A: the set of polygonal curves in the ambient space R (defined on page 39).

17



18 2 Preliminaries

A,,: the set of polygonal curves of complexity m in the ambient space R (defined on

page 39).

L (7): the length of a curve 7 (defined on page 37).

max(7[t',t"]) = max{7(t): t € [t',t"]}, for a given curve 7 € A, and two parameters
t" and t”, with 0 <’ <t” < 1. Analogously, we write min(7[t’,t"]) = min{7(¢): t €
[t',t"]} (defined on page 47).

V(7): the set of the vertices of a curve 7 (defined on page 36).

2.1 Notes on metric spaces

2.1.1 Metrics and norms

Given a set X, a natural question to ask is to what extent are two elements x,y € X
(dis)similar to each other. To that end, any function d : X x X — [0, 00), such that for
any z,y € X it is d(x,y) = 0 if and only if x = y, is called a dissimilarity measure.
Additionally, we can require for any x,y € X, that it holds d(z,y) = d(y, x). In that case,
the function d is called a distance function. However, distance function properties are
not sufficient for many problems, thus, an additional condition is added, introducing a

notion of metric.

Definition 2.1 (Metric, Pseudo-metric, cf. [95] Definition 4.1). A metric space is a
pair (X,d), where X is a set, and d : X x X — [0,00) is a function called metric, having

the following properties for any three x,y,z € X:

(i) d(x,y) =0 if and only if x =y (identity of indiscernible elements);
(i) d(z,y) = d(y,z) (symmetry);
(iii) d(z,y) +d(y, z) > d(z, 2) (triangle inequality).

A function d is a pseudo-metric, if all aforementioned properties are satisfied, except

possibly (i).

Throughout this thesis we will work with the space R?, d € N, whose elements we call
points. For 2 € R? we denote its coordinates with ;, for i € [d]. Then, the Euclidean

distance between two d-dimensional points z and y is defined by
d 1/2
d(z,y) = (Z |z —in2> : (2.1)
i=1

The set R? accompanied with the Euclidean distance (Equation (2.1)) is a metric space
(cf. [95, 158]).
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A vector space V over a field F is a set of objects V (called vectors) that is closed
under addition operation, that is associative and commutative and has an identity (known
as zero vector). The set V contains additive inverses and is closed under multiplication
with scalars from the field F' (cf. [102], Section 0.1). Throughout this work we use the field
F=R.

The set R%, d € N, is a vector space over the field R (cf. [102]). We call it Euclidean
d-dimensional space. The coordinates of a vector x € R? are denoted with z;, i € [d], and
write x = (x1,...,14). A point z € R? is associated with its position vector x € RY, thus
we can overload the coordinates’ notation. In the geometric interpretation, the vector x

begins at origin in R%, and ends at the point .

A norm intuitively introduces a concept of length of the elements of a vector space.

Definition 2.2 (Norm, cf. [102] Definition 5.1.1). Let V be a vector space over the field

F. A function || -||: V — R is a norm, if, for all x,y € V and all « € F':

(i) ||/ >0 (nonnegativity);
(i) ||x|| =0 if and only if x =0 (positivity);
(iii) ||ox| = |af||x]] (homogeneity);
(w) ||x+y| < |x]+ ||yl (triangle inequality).

Sometimes the notion vector norm is used instead. In many aspects it resembles the
definition of the metric. Indeed, any norm ||-|| defines a metric d using d(x,x’) = ||x — x/||,
but the opposite does not hold (cf. [158]). The vector space equipped with a norm is called
a normed space.

We use the £,-norms, defined on the vector space V = R over the field R (cf. [102]
Section 5.2). The £,-norm of x € R, denoted ||x||,, for p € [1,00) is defined as

d 1/p
1[Iy = <Z !$i|p) - (2.2)
i=1

The limiting case p = oo is defined as [x||c = max;cig |2i|. All £,-norms satisfy the
conditions of Definition 2.2 (cf. [157]). The normed space (R%|| - ||,) is called the ¢,-space,
and compactly denoted with EZ.

The ¢1-norm is known as the sum, Manhattan, or taxicab norm. The f/>-norm is the
Fuclidean norm. The . -norm is called the maximum norm. Throughout this thesis we
mostly use the Euclidean norm, and therefore, for simplicity of notation, we write |||
instead of ||-||,. We emphasize the type of the £,-norm we use only in the case that multiple

norms are discussed in one context.
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We note that the Euclidean distance between two points x,y € R? equals the Euclidean
norm of the vector x — y, defined by their respective position vectors x,y € R?. Therefore,
it is sometimes convenient to omit the vector notation, and denote the Euclidean distance
metric (Equation 2.1) between the points x and y with the norm ||z — y||, as long as the

distinction is clear from the context.

2.1.2 Inner products, Hilbert spaces, Kernel functions

After introducing the concepts of distances and lengths, we need the concept of angles.

This is obtained through the notion of the inner products on the normed spaces.

Definition 2.3 (Inner product, cf. [102] Definition 5.1.3). Let V be a vector space over
the field F. A function (-,-) : V x V — F is an inner product if for all x,y,z € V and all
a€eF,

(i) (x,x) >0 (nonnegativity);
(i) (x,x) =0 if and only if x =0 (positivity);
(iii) (x+y,z) = (x,2) + (y,2) (additivity);
(v) {ax,y) = a(x,y) (homogeneity);
() (x,y) = ({y,x) (Hermitian property).

Since we only use the field R, the Hermitian property in Definition 2.3 becomes the
symmetry property. A vector space with inner product is called an inner product space.
Any inner product (-,-) on a vector space V defines a norm ||-|| on V, using ||z| = (z, m>1/2,
but the opposite does not hold (cf. [158]). Since every norm defines a metric, any inner
product space is a metric space.

On the Euclidean vector space (R%, ||-||,) the inner product, denoted (-, -}, is defined for
all x,y € R? as

d
(x,y)y=x"y =)z (2.3)

i=1

It is clear from Equation (2.3) that for every x € R% it is (x,%), = ||x]|5. The Euclidean
inner product on the vector space R? is the one we mostly use, thus we overload the
notation and simply write (-,-) instead of (-,-),. The only exception will be in the context
of kernel functions, where the type of the inner product will be duly noted.

The Cauchy-Schwarz inequality is an important property of all inner products. We state

it here for the Euclidean space R,
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Lemma 2.4 (Cauchy-Schwarz inequality, cf. [102] Theorem 5.1.4). Let (-,-) be the

inner product on a FEuclidean vector space R®. Then it holds that

|[(x,¥)* < (x,x){y,y) forall xy€eR% (2.4)

with equality if and only if x and y are linearly dependent, that is, if and only if x = ay

for some a € R.

The geometric interpretation of the inner product in R? is that it defines a cosine of the
angle between vectors x,y € R%. Let the angle ¢ be the angle between vectors x and y,

ie. ¢ = ZzOy. Then
(x,y)

- Tyl (25)

cos p =
for ¢ € [0, 7] (cf. [158]).

Sometimes the inner product spaces are called pre-Hilbert spaces. For the definition of
Hilbert spaces, that we will need for an application of the results in Chapter 6, we need

first to define the Cauchy sequence.

Definition 2.5 (Cauchy sequence, cf. [158] Definition B.10). A sequence {x;}ien in a
normed space H is said to be a Cauchy sequence, if for every e > 0, there exists an n € N,
such that for all n',n" > n it is ||xy — x| < €. A Cauchy sequence converges to an

element x € H if ||x, — x| = 0 as n — oo.

Definition 2.6 (Banach and Hilbert spaces, cf. [158] Definition B.11). A space H is
called complete if all Cauchy sequences in the space converge. A Banach space is a complete

normed space. A Hilbert space is a complete inner product space.

The Euclidean space R? is the simplest Hilbert space. However, the dimension of the
Hilbert spaces can be unbounded [158].

To introduce the SVDD problem in Chapter 6, we need to introduce the notion of kernel
functions. Kernel functions can be defined on any set X. In this thesis, we use X = R%. A
positive semidefinite function K : R? x R? — R is called a kernel function (sometimes
called covariance function, cf. [155] Section 4.1).

It is well known by Mercer’s theorem (cf. [155] Theorem 4.2, or [158] Theorem 2.10), that
such a function implicitly defines the inner product, denoted (-, -),,, in a high dimensional
Hilbert space H, say R”, where D > d.

This means we have K(x,y) = (¢(x), ¢(y))y, for all x,y € R?, where ¢: R — # is the
so-called feature mapping associated with the kernel. We call the space H associated

with the kernel K its feature space. The idea is to be able to work implicitly in the
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high-dimensional space H by interaction only through the inner product, and to replace
the inner product by an invocation of the kernel function K. Then, we could act as if the
function ¢ was computed explicitly, without actually computing ¢ (cf. [28] Section 5.3).
This is sometimes called the kernel trick.

Examples for such kernel functions include polynomial transformations of the standard
inner product in R? such as the constant, linear or higher order polynomial kernels, e.g.
K(x,y) = poly((x,y)). In these cases the dimension D (of the Hilbert space) remains
bounded, but grows as a function of d raised to the power of the polynomials’ degree.

Other examples are the exponential, squared exponential, Matérn, or rational quadratic
kernels, which are transformations of the Euclidean distance between the two low dimen-
sional vectors. The dimension D of the implicit feature space associated with these kernels
is in principle unbounded, e.g. for the exponential kernel function K(x,y) = e~ Ix=yl?
(cf. [155], Table 4.1). Despite the large dimension D >> d, all these kernels can be evaluated
in time O(d) (cf. [155]). For a longer introduction to kernel functions and their applications
we confer to the books by Rasmussen and Williams [155] and by Schélkopf and Smola [158].

2.1.3 Embeddings of the metric spaces

A metric embedding is a function between two metric spaces which preserves the distances
between the elements of the metric space. Definition 2.7 provides a formal definition of

metric spaces.

Definition 2.7 (D-embedding of metric spaces, Distortion, cf. [136] Definition
15.1.1). Given metric spaces (X,dx) and (¥,dy), a mapping f : X — Y is called a
D-embedding, where D > 1 is a real number, if there exists a number r > 0 such that for

allu,v e X,
L dX(U,V) < dY(f(“)v f(V)) <D-r-: dX(u,V).
The infimum of the numbers D such that f is a D-embedding is called the distortion of f.

The embedding is called isometric if distances are preserved exactly, i.e. if the distortion
of the embedding is 1.

In Section 4.6 we present an embedding necessary for our hardness result. We discuss
the distortion of embeddings of the metric spaces of polygonal curves in Chapter 5.
Moreover, for a discussion in Section 2.4 we need a following well-known result on isometric
embedding between spaces Kﬁl and @?xd)_l, for all d € N. For d = 2, Lemma 2.8 implies that

2 is isometrically embeddable into £2.
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Lemma 2.8 (cf. [111]). For any d € N, the space R? with the {1-norm is isometrically

embeddable into the space R2™" with the log-noTm.?

2.1.4 Balls, spheres, and doubling dimension

In a metric space X it is often important to identify all elements of X that are at most at

certain distance from a given element in X'. This is captured by the notion of balls.

Definition 2.9 (Ball). In a metric space (X,d), a ball of center p € X and radius r € R,
r >0, is defined as the set B(p,r) ={q € X: d(p,q) <r}.

Wherever the term “ball” is used throughout this thesis it will be clear from the context
which metric space is used. Therefore, we do not distinguish the metric space from the
notation of a ball.

In the Euclidean spaces, a d-sphere is a d-dimensional manifold that can be embedded
in Euclidean (d + 1)-dimensional space. A d-sphere is a set of points in R**! at a constant
distance r from a fixed point called center. A ball in Euclidean d-dimensional space is
called a d-ball, and it is bounded by a (d — 1)-sphere. The d-sphere is the surface or
boundary of a (d + 1)-dimensional ball.

We want to be able to quantify the volume and the surface area of d-spheres with radius
r in the Euclidean space. To do so, we need first to introduce the gamma function. It is a
known extension of the factorial function to the set of complex numbers, but here we give

the definition using the set of positive real numbers as a domain.

Definition 2.10 (Gamma function, cf. [17] Equation 5.2.1). Given positive real number

z, the gamma function is defined by

F(z):/ ¥ e .
0

The gamma function has the following properties. It holds that I'(1) = 1 and I'(n+1) = n!
for all n € N ([17] Equation 5.4.1). It is I'(1/2) = /7 ([17] Equation 5.4.6). Since for all
z>0itisT'(z+1) =2z-T'(2) ([17] Equation 5.5.1), we can conclude by induction that, for
all n € NU{0}, it is

nty qn . nl

()-8

2In the survey by Indyk [111] the goal dimension is 249, The result with 247! is proven in the lecture
notes [23] as Theorem 1.14. See https://moodle2.cs.huji.ac.il/nul5/pluginfile.php/553935/
mod_resource/content/1/METAP18_Lecture_1.pdf (visited on April 13th, 2021).


https://moodle2.cs.huji.ac.il/nu15/pluginfile.php/553935/mod_resource/content/1/METAP18_Lecture_1.pdf
https://moodle2.cs.huji.ac.il/nu15/pluginfile.php/553935/mod_resource/content/1/METAP18_Lecture_1.pdf
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Now, the volume and the surface area of a d-dimensional Euclidean ball are given by the

following lemma.

Lemma 2.11 (cf. [17] Equation 5.19.4). The volume V4(r) and the surface area Sq(r) of
the d-dimensional ball ((d — 1)-sphere) of radius r > 0 in the space (R%, ||||,) are given by

- and  Sq(r) = cpd=t (2.6)

The concept of doubling dimension of a metric space seems to be primarily of combina-
torial interest, using balls in that metric space. However, it turns out that, if the doubling
dimension is finite, it provides properties to the metric space that enable efficient clustering

algorithms, discussed in Section 2.4.

Definition 2.12 (Doubling dimension, cf. [93]). The doubling dimension of a metric
space is the smallest positive integer d such that every ball of the metric space can be covered
by 2¢ balls of half the radius.

Note that for every fixed p > 1, the doubling dimension of the space (RY, [[],) is
O(d) (cf. the work of Gupta, Krauthgamer and Lee [93]). In many applications, the
intrinsic dimension of the input data is much lower than the dimension of the space the
data is taken from (cf. Ackermann, Blémer and Sohler [3]). However, the opposite can
also be the case, as we show in Section 4.2, where the ambient space has a finite doubling

dimension, but the space of the curves has an infinite doubling dimension.

2.1.5 Notes from the real analysis

In this thesis, we use the following two concepts from the real analysis. First concept provides
a characterization of mappings between two metric spaces. The Lipschitz continuous
property, stated by Definition 2.13, is stronger than the uniform continuity property, but
weaker than the continuous differentiability property (cf. [157]). This turns out to be a
sufficient property for the subgradient optimization method to work (cf. Section 2.2), and
later for its probabilistic extension in Chapter 6, as the functions we optimize are not
differentiable.
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Definition 2.13 (Lipschitz function, cf. [157] on page 192). A mapping f from a metric
space (X,dx) to a metric space (Y,dy) is said to be M -Lipschitz continuous, provided
there is a constant M > 0 such that for all u,v € X it is

dy (f(u), f(v)) < M - dx(u,v). (2.7)

Sometimes the Lipschitz property (Equation (2.7)) is valid only within a ball B(c, R) C X,
with given center ¢ € X and radius R > 0. Then we say that f is M-Lipschitz on B(c, R).

The second concept is the Lebesgue measure. It is convenient to use the Lebesgue
measure to simplify the expressions including total length of intervals contained in the
finite or countable collection, in the one-dimensional space R.

For a set of real numbers &/ C R, we denote its Lebesgue measure with p(U) (cf. the
book by Royden [157], Chapter 2 for more details). This set function has following three
properties:

i) each interval I = [a,b] is measurable, and its measure u(I) is its length, which is

defined to be |b — a| if I is bounded, and oo if I is unbounded;
ii) measure is transition invariant, i.e. for a measurable set F and x € R, if we define
E+z={e+x:e€ E}, then it is pu(E + x) = p(x);
iii) measure is countably additive over countable disjoint unions of sets, i.e. if {E;}°; is a
countable pairwise disjoint collection of measurable sets, then p(U2 E;) = > 72, u(E;).
Since for any two measurable sets F; and Es in R it is u(E; U Ey) + u(Ey N Ey) =
w(Er) + p(Es) (cf. [157] page 47), it follows that for a finite set Z of n (possibly not
pairwise disjoint) intervals I;, ¢ € [n], the value of p(Z) = p (U1 1;) is the total length of

all intervals in 7.

2.2 Notes from the convex analysis

In Chapter 6 we use several results from the convex analysis, that are needed for the
subgradient descent method. In this section, we list these results. For a longer introduction
to convex optimization confer to the books by Boyd and Vanderberghe [29], and by

Nesterov [148]. We start with the notion of a convex set.

Definition 2.14 (Convex set, cf. [148] Definition 2.2.2). A set Q C R? is called convez,
if for any x,y € Q, their assigned vectors x,y € R%, and any X € [0,1], it holds that the
point z, representing the vector z = Ax + (1 — \)y, is in Q.
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The point z is called a convex combination of x and y. We can reduce the notation to
the points only, implying the assigned vectors. It is well known (cf. [29] Section 2.1.4), that
for any given set of points @ = {z1,...,2,} in R? its convex hull, denoted C H(Q), and

defined as the set of all convex combinations of the points in Q:

CH(Q) ={yeR%":y=) Nz, wherex; € Q) >0,) X\ =1, foralli € [n]} (2.8)
i=1 =1

is a convex set.

Definition 2.15 (Convex function, cf. [29] Equation 1.3). A function ¢ : R? — R is
called a convex function, if for all x,y € R%, and for all a, B > 0 with o+ B = 1, it holds
that

¢(az + By) < ad(x) + Bo(y). (2.9)

The link between convex sets and convex functions is made by the epigraph: a function
is convex if and only if its epigraph, defined as epi(¢) = {(z,t) € D x R: ¢(x) < t}, is a
convex set (cf. [29] Section 3.1.7).

One of the main problems in convex optimization is to solve

min{¢(z): z € Q}, (2.10)

where ¢ is a convex function, and @ is a closed convex set Q C R? (cf. [148] Equation
3.2.7). If the gradients of ¢ exist, i.e. ¢ is continuously differentiable, then there are many
methods to solve the optimization problem. However, the differentiability of the function
¢ is often not provided, and therefore, the gradients do not exist. For such general convex

functions, the notion of a subgradient is appropriate.

Definition 2.16 (Subgradient, subdifferential, cf. [148] Definition 3.1.6). Let ¢ : R —
R be a convex function. A vector g is called a subgradient of function ¢ at point x, if for
any y € R it holds

P(z) — d(y) < (g, z —y). (2.11)

The set of all subgradients of ¢ at x, denoted O¢p(x), is called the subdifferential of function
¢ at point x.



2.2 Notes from the convex analysis 27

The set of subgradients has many useful properties. For more details we refer to a book
by Nesterov [148], and state here the following two, as Lemma 2.17 and Lemma 2.18. A
convex function ¢ : D — R, D C R%, is closed, if its epigraph is closed.

Lemma 2.17 (cf. [148] Theorem 3.1.13). Let ¢ be a closed and convex function, and let

X e a point in e nterior o e aomain o . en xT 1S a non-em Set.
o be a point in the interior of the domain of ¢. Then, d¢(zo) i pty set

Since the domain of the function ¢ will be R for our applications, we can simply use
the fact that the subdifferential is always non-empty. If the zero-vector belongs to the

subdifferential of the function ¢ in some point, then that point is a (local) optimum of ¢.

Lemma 2.18 (cf. [148] Theorem 3.1.15). Given function® ¢ : D — R, D C R?, we have
that ¢(x*) = mingep ¢(x) if and only if 0 € p(x*).

The convexity of a function ¢ : R* — R implies that any local optimum of ¢ is also the

global optimum. We state this as the next lemma, followed by a standard proof.

Lemma 2.19. Let ¢ : D — R, D C R?, be a convex function, and let =* be a local
minimum of ¢. Then it is f(x*) < f(z), for all x € D.

Proof. Since z* is a local minimum, it holds for an arbitrary small € > 0, for all x € D
with ||z — z*|| < g, that f(x) > f(«*). Let there exist another point Z, that is a global
minimum of ¢, with & # x*, i.e. ¢(2) < ¢(z*). By convexity of ¢, for all o € (0,1] it is

dlai + (1 — a)”) < ag(d) + (1 — a)p(") < ad(”) + (1 — a)(a") = $(a").  (2.12)

Let arbitrarily small £ > 0 be chosen by the local minimum property. Let z, = aZ + (1 —
a)z* € D. Then it is

2o — 2" = (a2 + (1 — )z%) — 27| = [a@ — ax™[| = a|[& — 27 . (2.13)

If |z — z*|| < e, then it suffices to choose a = 1. Otherwise, let o = ¢/ ||z — z*|| < 1.
For the chosen value of a, it follows from Equation (2.13) that ||z, — 2*|| < e. But then

Equation (2.12) contradicts the assumption that z* is a local minimum. O

The subgradient descent optimization method to solve the problem of Equa-
tion (2.10) consists of a simple iterative scheme, that we describe next (as presented
in the book by Nesterov [148] Section 3.2.3). We start from some point ¢y € Q. Let
{hi}iENU{O} be a sequence, such that h; > 0, lim; ;oo h; = 0, and > ° h; = oo. The

3The statement of this lemma does not require for the function ¢ to be convex. However, the subdifferen-
tiability of the function in z* implies convexity [148].
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point ¢; 11 is computed in the i-th iteration. Let g(c¢;) be a subgradient of ¢ at point ¢;.
Then, let ¢;1 = ¢; — hi - g(c)/ ||lg(c)||, i-e. the point ¢; is translated by the unit vector
g(ci)/ |lg(ci)||, multiplied by —h;. Provided that ¢ is M-Lipschitz continuous for some
constant M (cf. Definition 2.13), this method converges toward the optimal solution point.

This is stated by the following theorem.

Theorem 2.20 (Subgradient descent, cf. [148] Theorem 3.2.2). Let ¢* € argmin, cga ¢(c),
i.e. ¢* be an optimal solution of the problem of Equation (2.10). Let cy be the chosen
starting point. Let ¢ be M -Lipschitz continuous on B(c*, R), where R = ||co — c¢*||. Then
after i iterations of the subgradient descent method, it holds that

2 i 2

i (2.14)
je{0,.0.i} 2> -0 hi

The subgradient descent method converges toward an optimal solution. However, we
can obtain a guaranteed quality of the solution after a fixed number of iterations, say ¢, by
setting h; = R/v{ + 1, for i € {0,1,...,¢}. Then, Equation (2.14) becomes

min_ ¢(c;) — b (") < a8

. (2.15)
jed0,...,¢} /+1

This strategy is also optimal for the problem of Equation (2.10) (cf. [148]).

2.3 Results from the probability theory

A probability space is a triple (2, F, Pr), containing:
e a sample space {2, which is the set of all possible outcomes of the random process
modeled by the probability space;
e a family F representing allowable events, and each set in F is a subset in €); and
e a probability function Pr : F — R, that satisfies Definition 2.21.
An element of € is called a simple event. The definition of probability spaces is taken
from [141] Definition 1.1.

Definition 2.21 (Probability function, cf. [141] Definition 1.2). A probability function
is any function Pr : F — R, that satisfies the following conditions:
(i) for any event E € F it is 0 < Pr[E] <1;
(ii) Pr[Q] =1; and
(iii) for any finite or countably infinite sequence of pairwise mutually disjoint events
{Eitiz1 it is Pr{Uis1E;] = 5 Pr[E;].
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The probability spaces that are used throughout this thesis are discrete probability
spaces, i.e. the sample space {2 is finite or countably infinite, and the family F consists of
all subsets of 2. We use the following notation. For any event E let the indicator function
be 1 =1 if E happens, and 0 otherwise. The probability of an event E € F is denoted
Pr [E]. For a random variable X and a probability distribution D, we write X ~ D to
indicate that X is distributed according to D. The expected value of a random variable
X ~ D over a sample space 2 is denoted as E[X] = > oz -Pr[X =z]. If we have a
function ¢ that depends on the randomness of two random variables X and Y, say ¢(X,Y),
then we write Ex [¢(X,Y)] to emphasize that the expectation is only over randomness of
X.

In the rest of this section we state some well-known results from the probability theory,
that are used throughout this thesis. For more results and a well-written introduction to

randomness-based algorithms see the book by Mitzenmacher and Upfal [141].

Theorem 2.22 (Linearity of expectation, cf. [141] Theorem 2.1). For any finite col-

lection of discrete random variables X1, ..., X, with finite expected values, it is

ZX] :ZE[}Q].

E

If two random variables X and Y are given on the same probability space, then the
expression E [X | Y] is a random variable f(Z), i.e. a function of the random variable Z,
that takes the value E[X | Y =y] when Y = y (cf. [141] Definition 2.7). Then, from the

linearity of expectation, we have the following lemma.

Lemma 2.23 (Law of total expectation, cf. [141] Theorem 2.7). Let X and Y be two

random variables on the same probability space. Then it holds that
Ex [X] =Ey [Ex [X]Y]]. (2.16)

The geometric random variable represents the situation where we have a sequence of

independent trials, and in each trial the success probability equals p.

Definition 2.24 (Geometric random variable, cf. [141] Definition 2.8). A geometric
random variable X with parameter p is given by the following probability distribution on
n € N:

Pr(X =n]=(1-p)" 'p (2.17)
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That is, for the geometric random variable X to equal n, there must be n — 1 failures.
For a random variable X with the distribution given by Equation (2.17), the expectation
is given by

E[X]=-. (2.18)

A simple but very useful fact, presented by the following lemma, intuitively states that
the probability that an event from a collection of events occurs is at most the sum of

probabilities of single events from that collection.

Lemma 2.25 (Union bound inequality, cf. [141] Lemma 1.2). For any finite or

countably infinite sequence of events E1, Ea, ... it holds that

i>1 i>1

The following two results relate the probability distribution of a random variable to the
expected value of that variable. The Markov inequality is often too weak, but nevertheless
a basic result for better bounds. The Chernoff inequality is a powerful result, whose bound

decreases as an exponential function.

Lemma 2.26 (Markov inequality, cf. [141] Theorem 3.1). Let X be a random variable

that assumes only nonnegative values. Then, for all a > 0,

E[X]

Pr(X >a] <
a

Lemma 2.27 (Chernoff inequality, cf. [141] Theorems 4.4 and 4.5). Let X1,..., X, be
independent 0-1 random variables, such that Pr[X; = 1] = p; and Pr[X; =0] = 1 — p;,
foralli e [n]. Let X =" | X;. Then, for 0 <n <1, it holds that

Pr(X > (1+7) -E[X]] < e 7EXI/A (2.19)
and

Pr(X <(1—n) E[X]] <e TEX)2 (2.20)
2.4 Clustering problems and coresets

Let X be a ground set equipped with dissimilarity measure d. Let n,k € N be positive
integers. Let P C X be a finite set of points with P = {p1,...,p,}. We want to find a set
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C C X of k points, that we call centers, which minimize one of the following cost functions:

costoo (P, C) = Zeglaxn} rcrélcr} d(p;,c), (2.21)

costy (P, C) ; rcrém d(pi,c), (2.22)

We refer to the clustering problem as k-center (Equation 2.21) and k-median (Equa-
tion 2.22), respectively. Furthermore, we denote with opt(l)( P), i € {00, 1}, the cost of an
optimal k-center (resp. k-median) clustering of P.

In case we have only one clustering center ¢, we will simply write cost;(P, ¢) instead of
cost;(P,{c}), for i € {o0,1}. The k-center problem for £ = 1 in Euclidean space is called
the smallest enclosing ball problem.

We will occasionally in this thesis refer to the k-means clustering problem, related to
the k-center and the k-median problems. For the same input as above, the goal is to find a

set C' C X of k points, that minimize

costa (P, C) E min d(p;,c)”. (2.23)
ceC
=1

Intuitively, given clustering problem for an input set P, a strong coreset is a weighted
set of points such that it approximates the clustering cost of the input by any k-tuple of
the cluster centers, up to a multiplicative factor of (1 4 ). We give the formal definition

according to Har-Peled and Mazumdar [97].

Definition 2.28 (Strong coreset, cf. [97] Definition 3.1). Given € >0 and k € N. For
a point set P in a metric space X, a weighted set S C X is a strong (k,€)-coreset for the

k-center (resp. k-median) clustering problem, if for any set C of k points in X, we have
(1 —¢) costi(P,C) < cost;(S,C) < (1 + ¢) cost; (P, C),

fori=o0 (resp. i =1).

The requirements of Definition 2.28 are difficult to fulfill, as they require to approximate
the distances to every potential set of centers. Sometimes it is enough to find a smaller set
that will approximate the clustering cost of the whole input only for an optimal choice of
clustering centers (up to a multiplicative factor of (1+¢)). The definition of a weak coreset
in the literature is not unique. We give the definition of the weak coreset for the 1-center

problem in R? (smallest enclosing ball), according to Bidoiu, Har-Peled, and Indyk [22],
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as their definition was also used by Badoiu and Clarkson [20, 21]. We refer to the latter

result later in this thesis.

Definition 2.29 (Weak coreset, cf. [22]). Given is 0 < ¢ < 1. For a point set P in R?,
a set S C P is a weak e-coreset for the 1-center clustering problem (smallest enclosing ball),
if the radius of the smallest enclosing ball of S is at least 1/(1 + €) times the radius of the

smallest enclosing ball of P. The center c* of the smallest enclosing ball of S satisfies that
optgoo)(P) < costeo (P, ¢*) < (1 +¢) opt(loo) (P).

2.4.1 Related work on clustering problems
Hardness results

The k-center problem in R? under the £so-norm, as well as under the ¢;- and the ¢>-norm,
is NP-hard for d > 2, as shown by Feder and Greene [80]. They have also shown that even
approximating the optimal cost within a factor smaller than 2 (under ¢, and ¢1), and a
factor smaller than 1.822 under the f5-norm is NP-hard. Some of the results of Feder and
Greene [80] can be obtained from an earlier result by Megiddo and Supowit [138]. Note
that Megiddo [137] showed that the 1-center problem in R? can be solved in linear time.
The k-center problem in the general metric spaces is also NP-hard to approximate within
a factor of 2, as shown by Hochbaum and Shmoys [101].

The k-median problem in R under the ¢1- and the fs-norm was shown to be NP-hard
for d > 2 by Megiddo and Supowit [138]. The isometric embedding of (R?, ¢1) into (R?, {s),
given in Lemma 2.8 for d = 2, implies that the k-median problem is also NP-hard under
U for d =2 (and therefore for d > 2).

For the k-median problem its discrete version is often observed, i.e. if the centers are to
be chosen from the set of the input points. The discrete version of the k-median problem
in R? was shown by Papadimitriou [150] to be NP-hard as well. This implies that both
versions of the k-median problem are NP-hard in the general metric settings as well.

Even to approximate the k-median solution by a polynomial time algorithm in general
metric spaces is not possible by a factor better than 1 + 2/e ~ 1.736 unless NP C
DTIME [nOUgloe™)]  This was shown by Jain, Mahdian and Saberi [115].

k-clustering in general metric spaces

There is a number of approximation algorithms for both k-center and k-median problems.
For the k-center problem in general metric spaces, a simple greedy 2-approximation

algorithm in time linear in the input was given independently by Gonzalez [89] and by
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Hochbaum and Shmoys [101], which is also optimal. We utilize this algorithm in Section 4.3,
and state it as Theorem 4.4.

For the k-median problem we state the approximation results for the discrete version
of the problem, as that one is mostly researched. Because of the triangle inequality, every
a-approximation for the discrete version is a (2«a)-approximation for the general version of
the k-median problem.

The first constant-factor approximation algorithm for the (discrete) k-median problem in
general metric spaces was given by Charikar, Guha, Tardos and Shmoys [53]. They obtained
the approximation factor of 6% in time polynomial in n and k. Mettu and Plaxton [140] gave
a lower bound on the running time of any (deterministic or randomized) constant-factor
approximation algorithm of Q(nk), and an O (1)-approximation algorithm. Chen [54]
presented a (10 4 €)-approximation algorithm with time linear in n, and polynomial in k.
He used strong coresets of size O (dk*¢~%lognlog(k/c)). We use the result of Chen [54] in
Section 4.3, and state it as Theorem 4.5.

The approximation factor after the result of Chen, was further improved by two recent
results, but with a running time no longer linear in n. Li and Svensson [130] gave a
(1+ /3 + ¢)-approximation in time O (n(l/ 5)2>. Byrka et al. [50] improved the result of Li
and Svensson from 2.732 + ¢ to a (2.675 + ¢)-approximation algorithm, with the running
time O (n(l/é) log(l/f:‘))_

k-clustering in Euclidean spaces

In the Euclidean space R?, one is usually interested in a (1 4 ¢)-approximation algorithm
for both k-center and k-median problems. There exists a series of such algorithms, and we
address only those with the running time at most linear in n. Many of the algorithms we
address are based on coresets. For a survey of the coreset methods we confer to the work
of Munteanu and Schwiegelshohn [144].

For the k-center problem, the first (14 ¢)-approximation algorithm was given by Badoiu,
Har-Peled and Indyk [22]. Their algorithm constructs a (weak) coreset of size O (1/?) for
the 1-center problem, and then uses this coreset to find a candidate set for the solution of
the k-center problem. The running time of their algorithm is 90((klogk)/=*) . gy For the
1-center problem, this yields an O (dn/e* + (1/ 5)0(1))—time algorithm.

Bédoiu and Clarkson [20] improved the result of Badoiu, Har-Peled and Indyk [22], by
reducing the coreset size for the 1l-center problem to [2/¢]. Badoiu and Clarkson [21]
showed that [1/e] is the optimal (weak) coreset size for the 1-center problem. The coresets
of Badoiu and Clarkson [20, 21] for the 1-center problem imply the small coresets for
the k-center problem, and yield the (1 + ¢)-approximation algorithm to the k-center
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problem in time 20((klogk)/e) . gp For the 1-center problem, the running time is reduced
to O (dn/e + (1/¢)?).

Based on the (1 + ¢)-approximation for the discrete k-median by Kolliopoulos and
Rao [120], Har-Peled and Mazumdar [97] gave a (1+4¢)-approximation algorithm without the
assumption on the centers’ choice with running time O (n + poly(k,logn) - exp(poly(1/¢))).
The algorithm of Har-Peled and Mazumdar uses (strong) coresets of size O ((klogn)/e?).
Har-Peled and Kushal [96] constructed the coresets whose size does not depend on n:
O (k?/e?). This improves the running time of the (1 + ¢)-approximation algorithm to
O (n + poly(k,logn,1/e)).

Another line of research is built upon the (1 + ¢)-approximation algorithm for the
k-median problem by Kumar, Sabharwal and Sen [126] in time O (nd : 2(’“/8)0(1)), based
on the random sampling. Chen [54] improved the result of Kumar, Sabharwal and
Sen [126] using coresets of size O (dk?lognlog(k/e)/e?), with a total running time of
O (nd + o(k/e)M g2 logh+2 n) . Feldman and Langberg [81] improved this result further us-
ing coresets of size O ((dk log k:)/52), and reducing the running time to O (nd + QPOIY(k’I/e)).
Only recently, the strong coresets for the Euclidean k-median problem of size independent of
the dimension: O ((k*log k)/e*), were presented by Sohler and Woodruff [163]. The coresets
of Sohler and Woodruff can be computed in time O ((n + d) poly(k/e) + exp(poly(k/e))).

Kumar, Sabharwal and Sen [126] showed that a small uniform sample of a constant
number of input points, independent of n: O ((1/5)0(1)), is sufficient to construct a
candidate set of size O (2(1/ 5)0(1)>, that contains a (14 ¢)-approximation for the 1-median.
Indyk and Thorup [110, 168] showed that a uniform sample of size O ((1/€?) - logn) is
sufficient to approximate the discrete metric 1-median on n points within a factor of (1+¢).
Ackermann, Blomer and Sohler [3] showed how this argument can be adapted to the metric
spaces with finite doubling dimension, which include the continuous Euclidean space Eg.

We adapt these ideas to find a (1 4 €)-approximation in Section 6.2.

Ackermann, Blomer and Sohler [3] showed that a (1 + ¢)-approximation to the k-median
problem in general metric spaces can be efficiently found, if a (1 4 €)-approximation to the
1-median can be found by taking a random sample of constant size, and exactly solving
the 1-median problem on the sample. This result holds not only for the metric spaces with
finite doubling dimension (e.g. ¢4), but also for the (not necessarily metric) spaces, whose
dissimilarity measure satisfies the sampling property (cf. Theorem 4.14). We utilize this

result for our clustering algorithm in Section 4.5.
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Subgradient descent method and the Euclidean 1-clustering problems

The stochastic subgradient descent is a popular and often only implicitly used technique
in the coreset literature, and a method for solving the 1-center (smallest enclosing ball)
and the 1-median problem. It is derived from convex optimization, and we give a brief
overview of this method in Section 2.2.

One of the first coreset constructions using stochastic subgradient descent was given
in the uniform sampling algorithm of Badoiu, Har-Peled and Indyk [22] for 1-median. In
each iteration a single point is sampled uniformly. Moving the current center towards that
point, for a carefully chosen step size, improves the solution with high probability. Each
step can be seen as taking a descent in a uniformly random direction from the subgradient
which roughly equals the sum of directions to all points. The result is a set of candidate
solutions of size 0(2(1/5)0(1)

input of n points in RY,

-logn) to (1 + e)-approximate the 1-median problem for the

The coreset construction of Badoiu and Clarkson [20] for the 1-center problem on an
input set P C R? collects the candidate centers during a subgradient descent. Starting
from an initial center, the current point of their algorithm is iteratively moved a little
towards the input point that is farthest away. In their algorithm, the next point included
in the (weak) coreset is the one maximizing the distance to the current best center. Note
that a suitable subgradient at the current center points exactly into the opposite direction.
More precisely, if ¢ € P is a point that is farthest away from the current center ¢, then
(c—q)/llc — q|| € Omaxpyecp ||c — p||. The algorithm of [20] can thus be interpreted as a
subgradient descent minimizing max,cp ||c — p||. The authors of [20] also gave a more
explicit application of the subgradient descent to the problem with a slightly larger number
of iterations.

First application of the subgradient descent to solve the 1-median was done by Weiszfeld
[174, 175] in 1937. He gave an algorithm for the 1-median problem with O(1/¢) subgradient
iterations, and obtained an additive O(e)-error. For the review of the results based on the
Weiszfeld method we confer to the work of Beck and Sabach [25], who emphasized the
importance of bounding the Lipschitz constant of the cost function for the optimization
process.

More recently, Cohen et al. [57] developed one of the fastest (1 + ¢)-approximation
algorithms to date for the 1-median problem, using stochastic subgradient methods, with
running time O (nd + d/e?). We note that in the publication [57] the running time is
stated without the O (nd)-part, which is needed to read the input. Two further crucial
steps to turn the additive error into a relative error are finding a suitable starting point

that achieves a constant approximation, and estimating its initial distance to the optimal
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solution. We generalize these approaches for the 1-center and the 1-median problem to
minimize the cost function of the set median problem, that extends both 1-center and
1-median, in Section 6.2.

Further related work on clustering of the curves is described in Subsection 4.1.3. Related

work on the clustering of the probabilistic data is described in Subsection 6.1.3.

2.5 Curves and their dissimilarity measures

2.5.1 Curves

A curve in the Euclidean space R, for d € N, is a continuous function 7 : [0,1] — R,
The domain [0, 1] is chosen for the simplicity of the argumentation and presentation. It
can be replaced by an arbitrary interval [a, b], with a,b € R and a < b, using an arbitrary
homeomorphism that maps [a,b] to [0,1], and the fact that the composition of two
continuous functions is a continuous function (cf. [157], Chapter 9.3). A homeomorphism
is a function mapping two topological spaces, that is a bijection, continuous and its inverse
function is also continuous (cf. the book by Royden [157], Chapter 11).

A polygonal curve is a curve such that there are the values 0 =t <ty < ... <t =1,
with w; = 7(t;) that we call vertices, and such that for all i € {1,...,m — 1} each curve

segment between 7(¢;) and 7(t;41) is affine, i.e.

T T

> (i) + —— - T(tis1)s

tiv1 — 1

T(ti +x) = <1_tz‘+1—tz‘
for all z € [0,¢;41 — t;]. The polygonal curve segments between two consecutive vertices wj
and w;41 are called edges, and denoted with w;w;11.

We identify the curves with their images, i.e. with 7(]0,1]) € R?, when it is clear from
the context. In this work we consider only polygonal curves, and we will simply refer to 7
as a curve. When defining a curve, we may write “curve 7 : [0,1] — R? with m vertices”,
or “curve T = wi,...,wy” . We say that such a curve 7 has complexity m. We denote
its set of vertices with V(7).

An alternative view to the curves is provided by the data mining community, that analyzes
the signal measurements. A time series is a series (w1,t1), ..., (W, t;,) of measurements
w; € R of a signal taken at times t; € R. We assume 0 =t} < to < ... < t, =1 and
m is finite. A time series may be viewed as a continuous function 7 : [0,1] — R by
linearly interpolating w1, ..., w,, in order of ¢;, ¢ = 1,...m, thus being a polygonal curve
in the ambient space R. This notation does not specify the points of time at which the

measurements are taken. This is justified by the choice of the dissimilarity measures we work
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with, that are formally introduced in the next subsection. In the one-dimensional ambient
space R these dissimilarity measures depend only on the ordering of the measurements
(and their values), but not on the exact points of time when the measurements are made.
As our study concentrates on one-dimensional ambient space, we are not going to make a
distinction between the notions of univariate time series and curves in R. Throughout
this thesis we use the notion curve only.

For any t; < t; € [0,1], we denote the subcurve of 7 starting at 7(¢;) and ending at 7(¢;)
with 7[t;, t;]. For one-dimensional curves we define min(7[t~,¢*]) = min {r(¢) : ¢t € [t~,t7]}
and max(7[t~,t"]) = max{r(t) : t € [t~,t"]}, to denote the minimum and maximum
along a (sub)curve.

Given polygonal curve 7 = wy, ..., w, in R?, we define the length of the curve L (1)
as L(7) = > qciem1 L @WiW0is1) = D 1<jem_1 llwi — wit1||. For two curves 7 and o it is
L(tUo)=L (;')_4— L (o). (Itis neither_re_quired that the curves 7 and o do not intersect,
nor that they are concatenated.) Then for a set S C R? £ (7N S) is the length of the
part of the curve 7 that is contained in S. Such part of the curve 7 can consist of multiple
(sub)curves. Note that here we want to take in count multiple instances of the same line
segment separately, and not just once, as it was the case with the Lebesgue measure for
the length of the possibly intersecting intervals (cf. Subsection 2.1.5).

We need the notion of curve length to define a class of realistic input curves. The
c-packed curves were introduced by Driemel, Har-Peled, and Wenk in [66], who wrote that
the parameter ¢ should measure how “unrealistic” the input curves are. The c-packedness

of curves is formally defined as follows.

Definition 2.30 (c-packed curve, cf. [66]). Given ¢ >0, a curve T € R? is c-packed if
for any point p € R? and for any radius r > 0, the total length of the curve T inside the
ball B(p,r) in the metric space (R, || - ||2) is at most c-r, i.e. L(TNB(p,r)) <c-r.

We utilize the c-packed curves to obtain better bounds on embeddings of the curves in
Chapter 5. A brief discussion on computing of the distances of c-packed curves is given at
the end of Subsection 2.5.3.

2.5.2 Dissimilarity measures on curves

Given are two curves 7 : [0,1] — R% and o : [0,1] — R?. In some literature, the curves are
observed as sets of points, and thus a dissimilarity measure defined over sets can be used.
One such measure is the Hausdorff distance.

Let 7(t), t € [0,1], be a point on 7. Let the dissimilarity measure of the point 7(t)
to the curve o be defined as d(7(t),0) = minsc(o 1 [[7(t) — o(s)[2. By extending this
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|

Figure 2.1: Two differently structured curves 7 and ¢ that have small Hausdorff distance.
The Hausdorff distance of these curves is small, but their Fréchet distance is
much greater. A similar figure was given in [64, 66].

dissimilarity measure to the case of two curves, we have directed Hausdorff dissimilarity
measure?, defined as:

d(7.0) = max min [I7(t) — o(s)]>.

Since for the two curves 7 and o it may hold that d(7,0) # dz (0, 7) (see Figure 2.1 for
an example), we overcome this obstacle by defining the (undirected) Hausdorff distance
as:

du(r,0) = max{dz(7,0),dz(0,7)}

The Hausdorff distance does not consider the inner structure of the curves and the possible
curve orientation. This comes from observing the curves as sets, thus there exist curves
whose structure differs a lot, but whose Hausdorff distance is small (see Figure 2.1). The
distance measures of two curves that do not have such a problem, and that represent
the cost of transforming one curve into the other are Fréchet and dynamic time warping

distance.

Let H denote the set of continuous and monotonically increasing functions f : [0, 1] —
[0,1] with the property that f(0) = 0 and f(1) = 1. Note that the functions in H are
bijections. The functions in H are called reparametrizations. For two given functions
7:[0,1] = R% and o : [0,1] — R?, their continuous Fréchet distance® is defined as

dp(7,0) = ot e I7(t) = o (f())ll2, (2.24)

The Fréchet distance between the two curves is defined as the Fréchet distance of their

corresponding continuous functions. Note that any f € H induces a bijection between the

4This dissimilarity measure is usually called “directed Hausdorff distance”, but we defined that a distance
function must be symmetric.
5Usually called simply “Fréchet distance”.
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two curves. We refer to the function f that realizes the Fréchet distance as a matching.
We say that the matching witnesses the Fréchet distance between the two curves.

It may be that such a matching exists in the limit only. That is, for any € > 0, there
exists a f € H that matches each point on 7 to a point on o within distance dp(7,0) + €.
In particular, there is a continuous function f’ : [0,1] — [0,1], that is monotonically
non-decreasing, with max;c(o 1) [|7(t) —o(f'(t))ll2 = dr(7,0). By aslight perturbation of f’
we have a bijection f € H with max,c(o 1) [|7(t) — o(f())|l2 = dr(7,0) + ¢, for arbitrarily
small € > 0.

Clearly by the definition of the Fréchet distance the interval [0, 1] can be adapted to
any domain interval. The Fréchet distance is invariant under reparametrizations by an
arbitrary homeomorphism.

It is well-known that the Fréchet distance is a pseudo-metric (cf. [14]), i.e. it satisfies
all properties of a metric in the ambient space R, except that there may be two different
functions 7,0 : [0,1] — R such that dp(7,0) = 0. To resolve this, we observe all such
functions to be equivalent, and consider the equivalence classes that are induced by functions
of pairwise distance 0 represented by a single function.

In this thesis, particularly in Chapter 3 and Chapter 4, we work with curves in one-
dimensional ambient space R, i.e. with univariate time series. We represent the curves
as an ordered list of measurements, without explicit time-stamps. We notice that only
the ordering of the measurement values w; is relevant and that under Fréchet distance
two one-dimensional curves can be considered of being identical, if they have the same
sequence of local minima and maxima. Therefore, we can assume that a curve is induced
by its sequence of local minima and maxima and we will use the term “curve” throughout
this work to describe the equivalence class of curves with pairwise Fréchet distance 0.

Therefore, we obtain a metric space (A, dr), defined by the set A of all (equivalence
classes of) one-dimensional curves and the continuous Fréchet distance. We denote with

A, the set of all one-dimensional curves of complexity at most m.

The continuous Fréchet distance requires for a reparametrization for the complete domain
interval [0, 1]. A related dissimilarity measure is the discrete Fréchet distance, which requires
only for a mapping between vertices of the input curves. For simplicity of the notation,
we adapt the domain of the functions: let the polygonal curves o : [I,m"] — R? and
7 : [1,m'] — R? be given by their sequences of vertices 0 = v1, ..., Vp and 7 = w1, ..., Wy
We may assume that the parameters of the curves are chosen in such manner that for all
i€ [m”], it is 0(i) = v;, and for all j € [m/], it is 7(j) = w;.

A traversal T of o and 7 is a sequence of pairs of indices (7, j) of vertices (v;, w;) € o x T
such that
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i) the traversal T starts with (1,1) and ends with (m”,m’), and
ii) the pair (i,j) of T can be followed only by one of (i + 1,7), (i,7+ 1) or (i + 1,5+ 1).
We notice that every traversal is monotone. If 7 is the set of all traversals T' of ¢ and T,

then the discrete Fréchet distance between o and 7 is defined as

dgr(o,7) = min max ||lv; — w;l|2. 2.25

or(ov7) = min max [ (2:25)
The discrete Fréchet distance is a metric on the set of polygonal curves in R? (cf. [75]
Proposition 1). In particular, the difference to the continuous case is that two curves can

be at the discrete Fréchet distance 0 if and only if they are equal.

A related dissimilarity measure between the two curves to the discrete Fréchet distance
is dynamic time warping distance. It considers the sum of the used distances in the
traversal (instead of the maximum distance). Formally, for the two curves o and 7 from

the ambient space R?, as given for the discrete Fréchet distance, we define:

dpr (o, 7) = min > i — wjlla: (2.26)
(i-)€T

The dynamic time warping distance is not a metric, as it does not satisfy the identity of

indiscernible elements and the triangle inequality.

2.5.3 Computing the Fréchet distance

To compute the continuous Fréchet distance, the algorithm of Alt and Godau [14] is
commonly used. We give a brief overview of the algorithm next.
For two curves 7 : [0,1] — R% and o : [0, 1] — R? their parametric space is [0, 1] x [0, 1].

Then for a given parameter © > 0, the ©-free-space of 7 and o is defined as
Fo(r,0) ={(t,s) € [0,1] x [0,1]: [|7(t) — o(s)[]2 < O} (2.27)

The parametric space can be divided into a grid called the free-space diagram. The vertical
lines of this grid correspond to the vertices of 7, and the horizontal lines correspond to the
vertices of . Every free-space cell in this grid corresponds to a pair of edges, one from
the polygonal curve 7 and another from the polygonal curve o. For a fixed ©® > 0 the
free-space has properties utilized by the algorithm of Alt and Godau, and which we state

as Lemma 2.31.

Lemma 2.31 (cf. [14] Lemma 3 and 4). Given are two polygonal curves T and o and a

parameter © > 0. For each pair of edges from T and o, the free-space in the corresponding
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free-space cell is the intersection of the cell rectangle with an ellipse (possibly degenerated
to a line), and is thus convex. It is dp(1,0) < O if and only if there exists a curve within
corresponding free-space diagram Fo(t,0) from (0,0) to (1,1) which is monotonically

non-decreasing in both coordinates.

Using Lemma 2.31 for two curves 7 and o of complexities m’ and m” respectively we
can decide (using dynamic programming) in time O (m'm”) if dp(7,0) < ©. The value of
dp(1,0) can be computed using a parametric search technique over the critical values, for
which the structural changes happen to the free-space diagram, and thus obtaining the

following lemma.

Theorem 2.32 (Alt and Godau algorithm cf. [14] Theorem 6). For given polygonal
curves T and o, with complexities m' and m”, respectively, there is an algorithm that

computes the (continuous) Fréchet distance dp(1,0) in time O (m/m” log(m'm”)).

To compute the discrete Fréchet distance and the dynamic time warping distance, it
suffices to use dynamic programming. We state the result for the discrete Fréchet distance,

provided originally by Eiter and Mannila [75].

Theorem 2.33 (Eiter and Mannila algorithm, cf. [75] Theorem 7). For given polygonal
curves T and o, with complexities m' and m”, respectively, there is an algorithm that

computes the discrete Fréchet distance dgp(T,0) in time O (m'm”).

Theorem 2.33 holds for the dynamic time warping distance as well. The DTW distance
can be computed in time O (m'm”) using dynamic programming (cf. [88]).

These algorithms, although a quarter of century old, remain almost state-of-the-art
and are frequently algorithms of choice. Let us assume that both input curves have
complexity m. For the continuous Fréchet distance, there is an algorithm of Har-Peled
and Raichel [98] that has the same asymptotical running time as the algorithm of Alt and
Godau (Theorem 2.32). The advantage of this algorithm over the algorithm of Alt and
Godau is that it avoids using the parametric search technique, that can generate large
constants during execution. The best known algorithm to compute the continuous Fréchet
distance was given by Buchin, Buchin, Meulemans and Mulzer [40], which has expected
running time O (mQ\/m (loglog m)g/ 2) using real RAM model, and expected running
time O (m2 (log log m)2> using word RAM model.

For the discrete Fréchet distance, the best algorithm was given by Agarwal, Ben Avraham,
Kaplan and Sharir [5], and has the running time O (m2 loglogm/ log m) using word

RAM model. The dynamic time warping distance can be deterministically computed in

SFor distinction between two RAM models we refer to [40].
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(@) (m2 log log log m/ log log m) time using real RAM model. This was shown by Gold and
Sharir [88].

The only known lower bound for both the discrete and the continuous Fréchet distance
was given by Buchin et al. [38]. They showed that the time (mlogm) is needed for the
problem of deciding whether the (continuous or discrete) Fréchet distance of two curves in
the space R? is at most a given value. Alt [13] conjectured that the decision problem of
continuous Fréchet distance is 3SUM-hard. Since Alt’s conjecture, both affirmative (by
Grenlund and Pettie [90]) and negative (by Buchin, Buchin, Meulemans and Mulzer [40])
arguments were presented. However, a definite answer is not yet known.

More fruitful was research on conditional lower bounds for the Fréchet distance problem
based on the Strong Exponential Time Hypothesis (SETH), conjectured by Impagliazzo,
Paturi and Zane (cf. [108, 109]), that we state next (as it was presented by Bringmann [31]).”

Hypothesis 2.34 (SETH, cf. [108, 109]). There is no n > 0, such that there is an algo-
rithm for all k, with running time O ((2 — n)N>, that answers if a formula in conjunctive
normal form with N variables and whose each clause is limited to at most k literals, is

satisfiable.

Bringmann [31] showed that, unless SETH fails, there is no O (m?™") algorithm to
compute the (continuous or discrete) Fréchet distance for any 1 > 0, in the ambient space
R?, d > 2. This result was extended by Bringmann and Mulzer [37] for the discrete Fréchet
distance and for d = 1. For the continuous Fréchet distance in one-dimensional ambient
space, no lower bounds are known. Buchin et al. [43] stated that the computing of the
continuous Fréchet distance problem has a special structure in one-dimensional ambient
space. It was independently shown by Bringmann and Kiinnemann [33] and by Abboud,
Backurs and Williams [2], that there is no algorithm for the dynamic time warping distance
in time O (n2_’7) for any n > 0, unless SETH fails.

If an approximation scheme for these distance measures is of interest, the following results
have been reported. Bringmann [31] showed that the (continuous and discrete) Fréchet
distance cannot be approximated better than the factor 1.001 by an algorithm with running
time O (m2_77), for any n > 0, unless SETH fails. This was improved for the discrete
Fréchet distance by Bringmann and Mulzer [37], who showed that any 1.399-approximation

algorithm in time O (m2*’7) in one-dimensional ambient space violates SETH.

"Besides SETH, in [108, 109] Exponential Time Hypothesis (ETH) was introduced. ETH asserts that
3-SAT problem has no 2°™-time algorithm. SETH is stronger than ETH. Bringmann [31] stated that
ETH is not suited for proving polynomial time bounds, since it does not specify the exponent.
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However, there are some positive approximation results. A simple greedy algorithm
by Bringmann and Mulzer [37] provides a 29(™)-approximation of the discrete Fréchet
distance in time O (m). This algorithm extends to the continuous Fréchet distance case,

with the same approximation guarantee and the running time.

Bringmann and Mulzer [37] gave an a-approximation algorithm for the discrete Fréchet
distance as well. It has a running time O (m logm + m2/a), for any 1 < a < m. This
implies that if & = m/logm, then the a-approximation is obtained in time O (mlogm).
An (m")-approximation is obtained in time O (m2_’7), for any 0 < 1 < 1. Therefore, a
much better approximation compared to the greedy algorithm is obtained, at the cost of

the running time.

If additional assumptions on the input curves are made, then faster algorithms are
possible. Recently, it was reported by Kuszmaul [127], that dprw (7,0) between two
curves 7 and ¢ of complexity m in general metric ambient space X can be computed in
time O (m - dprw (7, 0)). The result of Kuszmaul has a caveat, that the smallest non-zero
distance between two points in X is normalized to 1. This is not a problem if the input

are two strings, but for the curves in R? this assumption is not negligible.

For the realistic class of curves we consider in this thesis — if the curves are c-packed for
some constant ¢ > 0, then efficient (1 + ¢)-approximation algorithms for all three of these
distance measures exist. A (1 + ¢)-approximation to the continuous Fréchet distance can
be computed in O (em/e 4+ emlogm) time, as shown by Driemel, Har-Peled, and Wenk
[66], by exploring the complexity of the free-space diagram. Their result was improved
by Bringmann and Kiinnemann [34], who gave an O ((cm/\/€) - log?(1/¢) + cmlogm)-
time (1 + &)-approximation algorithm. The result of Bringmann and Kiinnemann [34] is
actually optimal in high dimensions, unless SETH fails. This follows from the result by
Bringmann [31], who showed that for d > 5 there are no (1 + €)-approximation algorithms
for the continuous Fréchet distance between two c-packed curves in time O ((em/y/2)'™")

for any n > 0, unless SETH fails.

The algorithm of Bringmann and Kiinnemann [34] extends for the discrete Fréchet
distance. The running time of their (1+¢)-approximation algorithm for the c-packed curves
in the discrete case is O ((em/+/2) - log(1/e) + emlogm). Analogously to the continuous

case, this is near-optimal, except in the low dimensions.

A (1 + e)-approximation for the dynamic time warping distance of two c-packed curves
was given by Agarwal, Fox, Pan and Ying [6]. Their algorithm runs in O ((em/e) - logm)

time. It is not known if a (conditional) lower bound for this problem exists.
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2.5.4 Notes on the concatenation of curves

As we are going to construct new matchings of curves to maintain the Fréchet distance, we

formally define the notion of concatenation of two curves in R

Definition 2.35 (Concatenation). Let two curves 71 : [a1,b1] — R%, 0 < a1 < by <1,
and T : [ag,bs] — R, 0 < ay < by < 1 be given, such that 71(b)) = m(az). The

concatenation of 71 and T2 is a curve T defined as T =11 & 12 : [0,1] — Rd, such that

T1(a1 + (b1 —a1 + by —as) -t ift< bi—ar
)= (momn)@ =] @O matkwe) TS e
72(62_(b1_a1+b2—a2)'(1—t)) th>b1 1—a1

—a1+ba—asz”

We are going to use the following simple lemmas in Chapter 3, often without explicitly

referring to them. We present their proofs for completeness.

Lemma 2.36. Let two curves 7 : [0,1] — R% and 7 : [0,1] — R? be the concatenations of

two subcurves: T =11 @ ™ and ™ = w1 P ™o, then it holds that
dF(T, 7T) S max{dp(ﬁ,m) ,dF(TQ,WQ)}.

Proof. Let the parameter ¢ € [0,1] be such that 7(¢) = 7(¢) for all 0 < ¢ < t, and
7(t) = m2(t) otherwise, as in Definition 2.35. Let the matchings fi, f2 : [0,1] — R witness
dp(m1,m) and dp(12,m2), respectively. Let the mapping f : [0,1] — [0, 1] be defined as

f) ift<t

f(t) = .
fo(t) ift>1i.

This mapping is a continuous and monotonically increasing mapping from 7 to w. It
witnesses that the Fréchet distance between 7 and 7 is at most max{dp (11, m1) ,dp(72,m2)},

as claimed. 0

Lemma 2.37. Given two edges aias and biby with a1, a2, by, by € ]Rd, it holds that
dp(araz, bibs) = max{|ay — b, laz — ba|}.

Proof. The Fréchet distance between the two edges is at least ¥ = max{|a; — b1}, |az — ba|},
as the endpoints must be pairwise matched. But the Fréchet distance has the value 1 at
most. Namely, by Lemma 2.31, any free-space diagram of the edges a1as and b1by is the

intersection of rectangle (the only cell) and an ellipse, and thus is a convex set. Since both
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pairs (0,0) and (1,1) are in the ¥-free-space, by convexity, the straight line connecting the
endpoints (0,0) and (1, 1) is in the ¥-free-space. This line is monotonically non-decreasing
in both coordinates, and thus dg (alag, b1b2) < 9. ]

Lemma 2.36 holds for the discrete Fréchet distance as well, by the same argument over
traversals instead of the matchings. Lemma 2.37 holds for the discrete Fréchet distance by

definition.






3 Curve simplification under the Fréchet

distance

3.1 Introduction

The curve simplification problem has been studied under different names, for multidi-
mensional curves and under various error measures, in many scientific domains, such as
cartography [63, 154], computational geometry [86], data mining [118], pattern recogni-
tion [153], and structural biology [78]. In some of these areas, a large body of work is
commited to a search for a fast heuristic or a solution that works well for an average case.
However, a mathematically provable worst-case analysis is always welcome.

Given a curve 7, a simplification o of 7 is a curve which has a lower complexity than the
original curve, and which is similar to the original curve. The dissimilarity between 7 and
o is measured by a distance measure d, where the error d(7,0) needs to be small. There
are many variants of this problem. Some of them require vertex-constraint simplifications,
i.e. that the vertices of ¢ come from the set of the vertices of 7, and additionally, that they
respect the same order in 7 and o, and/or that the endpoints are kept. If there are no
conditions on the vertices of o, such simplifications are called weak.

In this chapter we introduce a special type of the curve simplification — the signatures.
A signature is a vertex-constrained simplification of the given polygonal curve in the
one-dimensional Euclidean ambient space. The error of a signature is measured by the
continuous Fréchet distance. The exact definition of the signature (cf. Definition 3.3) is
somewhat cumbersome. However, as it will turn out, such a definition provides exact prop-
erties to prove the technical lemmas, and consequently, that enable us to construct efficient
clustering algorithms for the curves in one-dimensional ambient space (cf. Chapter 4). The
signatures are envisioned to be a tool, that is not bounded only to the usage in clustering
problems, and as such of independent interest. Unfortunately, they are bounded to work
only in one-dimensional space, as their properties heavily depend on the features of the
space R.

In this chapter we use the following non-standard notation:

e Let (a,b) = [min(a,b), max(a,b)], for any a,b € R.

47
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e Let [h]s =[h —d,h + 0], for any h € R and 6 > 0.
e For a given curve 7, and two parameters ¢’ and t’, with 0 <t < ¢’ < 1, we denote
max(7[t',t"]) = max{7(t): t € [t',t"]}, and min(7[t',t"]) = min{7(¢): t € [¢',t"]}.

3.1.1 Definition of the signatures

In a general setting, the curve simplification problem is not bounded by any requirements.
The simplification is a bicriteria optimization problem. The quality of the solution is
measured by two parameters: error and size. Minimizing each of them separately defines
an optimization problem. We state these problems as Definition 3.1 and Definition 3.2, as

it is done in the standard literature.

Definition 3.1 (Minimume-error /-simplification). A curve 7 is a minimum-error
L-simplification of T if the complexity of w is at most £ and for any curve ©' of at most ¢

vertices, it holds that dp (7', 7) > dp(m, 7).

Definition 3.2 (Minimum-size e-simplification). A curve © is a minimum-size e-
simplification of T if dp(m,7) < & and for any curve 7' such that dp(7',7) < e, it holds

that the complexity of @' is at least as much as the complexity of .

The signatures are none of these two, but provide a good approximation of the optimal
solutions for both the minimum-error and the minimum-size simplification problems. Our
definition aligns with the work by Pratt and Fink [153] on computing important minima
and maxima in the context of time series compression. Intuitively, the signatures provide
us with the “shape” of a curve (in their work Pratt and Fink call the curve time series) at
multiple scales. A signature has a parameter 0 > 0. This parameter intuitively describes
the minimum-edge-length of the simplified curve (more than 26 for the edges not including
the endpoints), as well as the maximal direction-preserving discrepancy (on how far can
two vertices of the input curve be, to be safe to ignore them in the simplified curve). The

formal definition of a §-signature is provided by Definition 3.3.

Definition 3.3 (0-signature). Given are a curve 7 : [0,1] — R and a parameter 6 > 0.
The §-signature of the curve T is a curve o : [0,1] — R defined by a series of values
0=t <---<tg=1 as the linear interpolation of T(t;) in the order of the indez i, and
such that for 1 <i < ¢ —1 the following conditions hold:
(i) (non-degeneracy property) if i € [2,€ — 1] then 7(t;) ¢ (T(ti—1),7(tix1)));
(ii) (direction-preserving property)
if T(ti) < T(tigr) fort <t € [ti, tiya]: 7(t) — 7(t') < 20, and
if T(t;) > T(tigr) fort <t € [ti,tip1]: 7(t) — 7(t) < 20;
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(#ii) (minimum-edge-length property)
if i € 2,0 — 2] then |T(tiy1) — 7(t;)] > 25, and
if i € {1,0 — 1} then |7(tiz1) — 7(t;)| > 6;

(iv) (range property) for t € [t;, tiy1]:
if i € [2,0 — 2] then 7(t) € (T(t;), T(tix1))), and
ifi=1and £ > 2 then 7(t) € {7(t;), 7(tix1)) U (7(t;) — 9§, 7(t;) + 9)), and
ifi=0—1and ¢ > 2 then 7(t) € (T(ti), 7(tix1)) U (7(tix1) — 6, 7(tit1) +9)), and
ifi =1 and = 2then7(t) € {(7(t1), 7(t2) JU{T(t1) =0, 7(t1) +0) U7 (t2) =0, 7(t2)+0).

It follows from the properties (i) and (iv) of Definition 3.3 that the parameters ¢; for
i € [{] specify vertices of 7. Furthermore, it follows that the vertex 7(¢;) is either a minimum
or maximum on 7[t;_1,t;41] for 2 <i < —1.

For a signature o we will simply write signature o : [0,1] — R with £ vertices or signature
o ="v1,...,v, instead of signature o : [0,1] — R, with vertices vi = o(s1),...,ve = o(sg),
where 0 = s1 < ... < sp = 1. We assume that the parametrization of o is chosen such that

o(sj) = 7(sj), for any j € [(]. An example of a d-signature is provided in Figure 3.1.

\J

Figure 3.1: Example of a §-signature o of a curve 7. The vertices of o are colored red.
The ranges of width 26 centered at the signature vertices are colored light blue.
Note that the ranges of two consecutive signature vertices do not intersect,
except possibly for the start- and endpoint.

In this chapter, and subsequently in Chapter 4, we make the following general position
assumption on the input curves: for every input curve 7 we assume that no two vertices
7 have the same coordinates and any two differences between coordinates of two vertices of
7 are different. This assumption can easily be achieved by symbolic perturbation. This is
a well-known technique to cope with degenerate cases in geometric algorithms given by
Edelsbrunner and Miicke [73]. Furthermore, we assume that 7 has no edges of length zero
and its vertices are an alternating sequence of minima and maxima, i.e. no vertex lies in

the linear interpolation of its two neighboring vertices.®

8See page 4: the continuous Fréchet distance between two curves in R* is completely determined by the
sequence of local extrema of the two curves.
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3.1.2 Results in this chapter

In Section 3.2 we show that the curves similar to the input curve 7 : [0, 1] — R need to be
similar to its d-signature o, regarding both the continuous Fréchet distance to 7, and the
complexity of such a curve. The main result of Section 3.2 is Theorem 3.8. This theorem
claims that for a given curve 7 and for any curve 7 : [0, 1] — R, such that dp(7,7) < 4,
we can omit the vertices of mw, which are far from the vertices of the J-signature o of T,
while keeping the Fréchet distance of the such obtained curve to the curve 7 at most §.
Theorem 3.8 follows from Lemma 3.7. As the proof of Lemma 3.7 is long and consists of a
comprehensive case analysis, it is separated into Section 3.3, for the sake of readability.
The signatures always exist. In Section 3.4 we give an algorithm to compute signatures
efficiently. For a given parameter § and a given curve 7 of complexity m, it is possible to
construct a d-signature of 7 in time O (m) (cf. Theorem 3.40). Our signatures have a unique
hierarchical structure. This structure allows the construction of a data structure in time
O (mlogm) and that uses space O (m), such that given a parameter ¢ € N it is possible
to compute a signature of complexity ¢ in time O (¢log{) (cf. Theorem 3.39). We show
that our signatures are a constant-factor approximation solution to the minimum-error

{-simplification problem in Lemma 3.41.

3.1.3 Related work

Historically, the first minimal-size curve simplification algorithm was a heuristic algorithm
independently suggested in the 1970’s by Ramer [154] and Douglas and Peucker [63] and it
remains popular in the area of geographic information science until today (e.g. for marine
traffic pattern recognition [178]). It uses the Hausdorfl error measure and has running time
O (m2) (where m denotes the complexity of the input curve), but does not offer a bound
to the size of the simplified curve. Recently, worst-case and average-case lower bounds on
the number of vertices obtained by this algorithm were proven by Daskalakis, Diakonikolas
and Yannakakis [60]. Imai and Iri [107] solved both the minimum-error and minimum-size
simplification problem under the Hausdorff distance by modeling it as a shortest path
problem in directed acyclic graphs. For both algorithms: of Douglas and Peucker, and
of Imai and Iri, it was shown by van Kreveld, Loffler and Wiratma [172] that they may
produce far-from-optimal results.

A concept similar to the simplification, called segmentation, of time series has been
extensively studied in the area of data mining [27, 100, 167]. The standard approach for
computing exact segmentations is to use dynamic programming which yields a running
time of O (mQ)
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Curve simplification using the Fréchet distance was first proposed by Godau [86]. Guibas
et al. [92] gave an O (m2 log? m) time algorithm for computing the minimum-size weak
simplification under the continuous Fréchet distance in R?. Such a simplification assumes
that the vertices of the simplification curve do not necessarily come from the original
curve. The current state-of-the-art approximation algorithm for (weak) simplification under
the Fréchet distance was suggested by Agarwal et al. [7]. This algorithm computes a 2-
approximate minimal-size simplification in time O(mlogm). They also gave a simplification
that has at most the complexity of an optimal simplification with an 8-approximation of
the error.

Recently, van de Kerkhof et al. [171] showed that a weak simplification with twice the
complexity of an optimal solution and a (1 + &)-approximation of the error can be found in
time O (m2 log m log log m) For the problem of a vertex-restricted simplification under
continuous Fréchet distance, Bringmann and Chaudhury [32] gave an O (m?) time solution,
and simultaneously, a conditional cubic lower bound. This improved a previous polynomial

time algorithm of van Kreveld, Loffler and Wiratma [172].

Driemel and Har-Peled [65] considered the computing of the Fréchet distance with
shortcuts, i.e. with local simplifications. They showed how to preprocess a polygonal curve
in near-linear time and space, and introduced the concept of a wvertex permutation, such
that, intuitively, any prefix of this permutation represents a bicriteria approximation to
the minimal-error curve simplification, with respect to the continuous Fréchet distance. In
Section 3.4 we will use this concept to develop an efficient algorithm for our simplification
curves.

Assuming c-packedness of a curve and that the shortcuts start and end in the vertices
of the curve, Driemel and Har-Peled [65] gave a near-linear time (3 + ¢)-approximation
algorithm. A more general variant of the problem where the shortcuts can be taken at any
point of the curve is NP-hard, as shown by Buchin, Driemel and Speckmann [47]. They

also gave a 3-approximation for the decision variant of the problem, in O (m3 log m) time.

Bereg et al. [26] gave an O (mlogm) time algorithm for the minimum-size e-simplification
problem, and a O (m¢log mlog(m/¢)) for the minimum-error ¢-simplification problem under
the discrete Fréchet distance. Confer to Lemma 4.9 where the latter result is formally
stated.

For two given curves, simplifying them independently does not necessarily preserve their
resemblance. Bereg et al. [26] considered the problem of two simultaneously simplified

curves, using vertices of the original curves. This problem is called chain pair simplification,
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and its two variants are studied: CPS-2H - where the error of the simplifications to
the original curves is measured by the Hausdorff distance, and the distance between
two simplifications is measured by the discrete Fréchet distance; and CPS-3F, where all
three distances are discrete Fréchet distances. They showed that the CPS-2H problem is
NP-complete, and hypothesized the same for the CPS-3F problem.

Wylie and Zhu [176] considered the protein chain pair simplification under the discrete
Fréchet distance. The polygonal curve (called chain) alignment and comparison with
respect to the proteins is a central problem in structural biology. Proteins’ alignment
was previously studied using root mean square deviation (RMSD). The discrete Fréchet
distance is a natural choice option for alignment of the vertices, that represent carbon
atoms in proteins. On contrary, the continuous Fréchet distance would map arbitrary
points on the curves, which is biologically not meaningful. They gave a 2-approximation
algorithm to the CPS-3F problem.

Fan et al. [78] showed that the chain pair simplification (CPS-3F) problem is polynomially
solvable — in time O (m5) The general chain pair simplification problem, when the vertices
of the simplification curve are not limited to the vertices of the original curves, was
considered by Fan et al. [79], who gave both an exact algorithm with O(m7) running time,

and an approximation algorithm, with O (m4) running time.

In reality, the curves or even their complexity do not have to be known completely
in advance. The streaming scenario describes the case when the vertices of the input
curve are presented one at a time. The curve simplification algorithm under the Fréchet
distance in a streaming fashion was first studied by Abam et al. [1]. They considered
simplification of general paths in R? under the Fréchet distance, using the framework of
Imai and Iri [107]. The authors of [1] obtained an algorithm that, for any fixed € > 0,
produces (41/2+¢)-competitive streaming algorithm, that uses O(¢2/,/) additional storage
and processes each input point in O(¢log(1/¢)) amortized time. Their algorithm allows
resource augmentation, more precisely, it uses a 2¢-simplification, but compares its error
to the optimal f-simplification. A similar assumption was previously used by Agarwal
et al. [7].

The result of Abam et al. [1] was improved by Driemel, Psarros and Schmidt [70], who
obtained an 8-approximation to the optimal ¢-simplification of the input curve from R¢ in the
streaming scenario under the discrete Fréchet distance, and without resource augmentation.
Their algorithm needs time O (df) per update, and uses space O (df). Recently, Filtser
and Filtser [83] gave, based on a minimal enclosing ball streaming algorithm, a (1.22 + ¢)-
approximation algorithm to the optimal ¢-simplification in a streaming fashion, using space

that is linear in both ¢ and d, and almost linear dependency on 1/¢. Additionally, they
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gave a (1 + €)-approximation to the optimal ¢-simplification in a streaming fashion, but at

the cost of additional (1/¢)°(4 space required.

Recently, our -signatures have found the first application area outside of our work ([68]),
where they have been originally introduced. Driemel and Psarros [69] used signatures
to construct a (2 + ¢)-approximation to the approximate near neighbor problem for the

one-dimensional polygonal curves.

3.2 On properties of signatures

In this chapter, for given two curves 7 and 7, we analyze a matching of these curves,
i.e. the function that realizes the Fréchet distance dp(7,7). By the definition of the
(continuous) Fréchet distance in Equation (2.24), such a matching f is a bijection between
parametrizations of 7 and 7. The bijection that realizes dp(7, 7) does not always exist, but
it is obtained only in limit, since in the definition there is infimum instead of minimum.
In the literature it is well-known and commonly used?, that a proper bijection can be
obtained by a slight perturbation, such that for any € > 0 this bijection realizes the Fréchet
distance dp(7,m) + . Without loss of generality we will thus construct matchings which
are not bijections, but can be perturbed into one.

In this section we prove several useful properties of the signatures. These properties will
be crucial for the application of signatures to the clustering of curves in one-dimensional
ambient space. First we show that a J-signature o of a given curve 7 is indeed a curve
simplification with bounded error, which approximates the original curve well, since its

Fréchet distance to 7 is at most §. This is claimed by Lemma 3.4.

Lemma 3.4. It holds for any d-signature o of T that dp(1,0) < ¢

Proof. Let 0 = 51 < ... < sy = 1 be the series of parameter values of vertices on 7
that describe 0. We construct a matching between each signature edge e; = 7(s;)7(si41),
1 < < ¢, and the corresponding subcurve 7; = 7[s;, s;4+1] of 7, in a greedy manner.
Assume first, for simplicity, that it holds 7(s;) < 7(s;+1) (i-e. the edge of the signature
is directed upwards at the time) and none of its endpoints are endpoints of 7. We process
the vertices w; of the subcurve 7; while keeping a current position v on the edge e. The
idea is to walk as far as possible on 7 while walking as little as possible on e;. We initialize
v = 7(s;), and match the first vertex w; = 7(s;) of 7; to v (i.e. to itself). The invariant
that each vertex w € 7; is at distance at most § to the matched point v is satisfied. When

processing a vertex w; € 7;, we update v to max(v, w; — d), and match w; to the current

9A proof can be found in the paper by Buchin, Driemel and Rohde [46].
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position v on e;. The invariant remains valid by induction over vertices w; and by the
direction-preserving property in Definition 3.3. At the end we match 7(s;4+1) to itself. By
Lemma, 2.37, every subcurve of 7; is matched to a subsegment of e; within Fréchet distance
0. Lemma 2.36 implies that dp(7;,e;) < 9.

If, for the edge e;, it holds that 7(s;) > 7(s;+1) (edge directed downwards), the construc-
tion can be done symmetrically by walking backwards on 7; and e;. If the first vertex w; of
7; is 7(0), we start the construction above with the first vertex wj, that lies outside the
range [7(0) — J,7(0) 4+ 6]. The skipped vertices (from w; to w;) can be matched to 7(0),
being all at distance at most §. In the remaining case: if the last vertex of 7; is an endpoint
of 7, we can again walk backwards on 7T and e; from 7(1), and the case is analogous to the
case of 7(0).

Joining all edges of o, and all subcurves of 7, by Lemma 2.36 we have that dp(7,0) < 4,

as claimed.

A signature does not only provide a good approximation to the original curve, but also
provides a description for all the curves that are similar to the original curve. That is, any
curve that is close (i.e. at small Fréchet distance) to the curve 7 has to have vertices close

to the vertices of the signature. This is formally stated by Lemma 3.5.

Lemma 3.5. Let 0 = vy,...,v; be a 0-signature of T = w1, ..., Wy, Let R; = [v;—0,v;+7],
for 1 < i < ¥, be ranges centered at the vertices of o ordered along o. It holds for any
curve 7 that if dp(T,7) < 0, then m has a vertex in each range R;, and such that these

vertices appear on w in the order of i.

Proof. For any i = {3,...,¢— 2}, the vertices v;_1,v; and v;41 satisfy that |v; —v;—1| > 2§
and |v;+1 —v;| > 24, by the minimum-edge-length property. This implies that R;_1NR; =0
and R; N R;y1 = 0. Let 7(p;) be the point matched to v; under a matching that witnesses
dp(r,m), for all 1 <7 < /. It holds that 0 = p; < pa < ... < py = 1. Therefore, the curve
7 visits the ranges R;_1, R;, and R;y1 in the order of the index 1.

Since v; ¢ (vi—1,v;4+1) the curve m must change direction (from increasing to decreasing
or vice versa) between visiting R;_1 and R;;;. Furthermore, m cannot go beyond R;
between visiting R;_1 and R;;1, i.e. there is no point x € 7 [p;_1, pi+1] such that it holds
that = ¢ R; and there is an ordering v;—; < v; < v;+6 < x or v;_1 > v; > v; — > z. This
follows from v; being a local extremum on 7. Therefore, the change of the direction of 7
takes place in a vertex in R;.

For i = 2 we use a similar argument. Note that 7(0) has to be matched to v; by the
definition of the Fréchet distance. As before, 7 has to visit the ranges Ro and Rs in this
order and it holds that Ry N R3 = (). Either the first vertex of 7 already lies in Ry, or 7 has



3.2 On properties of signatures 55

to change direction again, and therefore needs to have a vertex in Rs. The case i = ¢ — 1
is symmetric. The fact that the points 7(0) and 7(1) have to be matched to 7 (0) and (1),

respectively, closes the proof. O

The following corollary is a direct implication of Lemma 3.5 and the minimum-edge-
length property in Definition 3.3, since o is a d-signature and there has to be at least one

vertex in each of the ranges centered in vertices which are not endpoints of 7.

Corollary 3.6. Let o be a signature of T with € vertices and dp(o,7) < §. Then any curve

7w with dp(m,7) < 6 needs to have at least £ — 2 vertices.

In order to prove the main result of this section we need to prove the following lemma,
which is a slight variation of the main result (Theorem 3.8) and which simplifies the case
when the Fréchet distance is obtained in the limit. Its proof is, as said in the introduction

to this chapter, quite long, and we separate it into the next Section 3.3.

Lemma 3.7. Let 0 = v1,...,vp be a 0-signature of T = w1, ..., wy. Let Rj, 1 < j </,
be ranges centered at the vertices of o ordered along o, where Ry = [v1 — 46, v1 + 4],
Ry = [vg — 40,v¢ + 4], and Rj = [v; — 0,v; + 0] for 2 < j <l —1. Let 7 be a curve with
dp(r,m) < 0, and let " be a curve obtained by removing some vertex w; = w(p;) from m
with w; ¢ U< j<, Rj. For any e > 0, it holds that dp(7,7') <0 +e.

From Lemma 3.7 we obtain Theorem 3.8 — our main result of Section 3.2. Intuitively
it states that for a given curve 7 and its signature o, a curve 7 that is close to 7 can be
adapted by omitting vertices which are far from the vertices of the signature ¢. By doing
such an adaptation, the distance of the adapted curve to the curve 7 will remain bounded

by the distance the curve had before the adaptation.

Theorem 3.8. Let 0 = v1,...,vp be a d-signature of 7= w1, ..., Wy. Let R;, 1 < j <4,
be ranges centered at the vertices of o ordered along o, where Ry = [v1 — 49,v; + 46],
Ry = [vg — 40,v¢ + 4], and Rj = [v; — 0,v; + 0] for 2 < j <l —1. Let 7 be a curve with
dp(r,m) <4, and let " be a curve obtained by removing some vertex w; = 7w(p;) from

with u; & Uy <<, Rj- 1t holds that dp(7,7") < 6.

Proof. Given are curves 7 and 7, and a parameter § > 0, such that dp(7,7) < §. By the
definition of the Fréchet distance it holds for any € > 0 that dp(7,7) < d+e. Let 0’ = d+¢
for some £ > 0 small enough such that:
(i) the d-signature of 7 is equal to the ¢’-signature of 7. Such a signature always exists,
since there is an arbitrarily small € > 0, such that J- and §’-signatures are equal. This

is shown by Lemma 3.34 in Section 3.4.
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(ii) any vertex u; of 7 satisfying the conditions in Theorem 3.8 also satisfies the conditions
of Lemma 3.7 for §’.

Now we can apply Lemma 3.7 using ¢: let m be a curve with dp(7,7) < ¢, then for the

curve 7’ it is dp (7, 7') < 6’ + & = 0 + 2¢. Since this is implied for any € > 0 small enough,

we have dp(7,7") = lim.0 dp(7,7’) < lim._, (0 4+ 2¢) = 4§, as claimed. O

Theorem 3.8 implies that a search for vertices of a curve, which is close to the curve 7,
can be done in areas close to the signature vertices, while the rest can be ignored. But

first we need to prove Lemma 3.7.

3.3 The proof of Lemma 3.7

Let f denote the matching from 7 to 7 that witnesses dp (7, 7). It maps each point on 7 to
a point on 7 within distance §. Such a matching f exists since dp (7, 7) < d. Intuitively, we
removed u; and its incident edges from 7 by replacing the incident edges with a new “edge”
connecting the two subcurves that were disconnected by the edge removal. The obtained
curve is called /. We want to construct a matching f’ from 7’ to 7, based on f to show
that their Fréchet distance is at most 6 +¢. We are actually going to construct a mapping f’
between 7’ and 7 that is not a bijection, but continuous and monotonically non-decreasing.
However, this mapping f’ will be a bijection between the respective subcurves of 7’ and 7.
Each of these bijections will witness the Fréchet distance at most 6. Then, it is well known
that f’ can be slightly perturbed to become a bijection between 7’/ and 7, i.e. a matching
that witnesses the distance at most § + € for arbitrarily small € > 0.

Because of the continuity of the curves, we have to formally describe the “edge” con-
necting disconnected parts. Let 7(p;—1) and 7(p;+1) be the endpoints of the disconnected
components. Let 7[p~,p"] denote the subcurve by which 7 and 7" differ. We call this
subcurve a missing part. In particular, p~ and p™ are such that 7’ can be written as a
concatenation of a prefix and a suffix curve of m: 7/ = 7[0,p~| @ 7[p™, 1] and p; is contained
in the open interval (p~, p™). Note that w(p~) = 7(p™) (i.e. it is the same point, with two
different time stamps). Furthermore, it is clear that 7w[p~, p™| consists of two edges with u;
being the minimum or maximum connecting them, since we work in the one-dimensional
ambient space. If u; would have been neither a minimum nor a maximum on 7, then
7[p~, p*] would be empty. In this case the claim would hold trivially.

The new “edge” 7'[pi—1,pi+1] consists of three parts: the edge 7[p;—1,p~|, the point
7[p~| and the edge w[p™, p;+1]. This is illustrated by Figure 3.2.

In the construction of f’ we need to show that the subcurve 7[f(p~), f(p™)], which we

call a broken part, and which was matched by f~! to the missing part, can be matched
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Figure 3.2: The removal of the vertex m(p;) from 7. The curves w[p~,p™] and 7'[p~, p*]
are marked red

to some subcurve of 7/, while respecting the monotonicity of the matching. The proof
is a case analysis based on the structure of the two curves. The structure of the proof
is roughly as follows: we consider first the trivial case (Case 1), where the missing part
matching can be repaired by a point. Then we introduce some basic tools to bound the
extent of the repairing of the missing part. This is done in Subsection 3.3.1. Once these
tools are established, based on behavior of the curve m we analyze three non-trivial cases in
Subsection 3.3.2. However, there still remains Case 5, where an iterative scheme occurs on
m, but it can be solved using the techniques from the three previously analyzed non-trivial
cases. This is done in Subsection 3.3.3. Finally (in Subsection 3.3.4), we consider the case
of the first/last signature edge. That is, the removed vertex u; was matched by f to a
point on the subcurve of 7, whose endpoints are either the first two or the last two vertices
of the §-signature of 7.

In order to focus on the essential arguments, we first make some global assumptions
stated below. The first two assumptions can be made without loss of generality. We also

introduce some basic notation which is used throughout the rest of the proof.
Assumption 1. We assume that w(p;) is a local minimum on .

If Assumption 1 would not hold, we could first mirror the curves 7 and 7 across the
horizontal time axis to obtain the property of Assumption 1 without changing the Fréchet
distance.

Let the minimum point on the broken part of the curve 7 be denoted

Zmin = argmin  7(t).

te[f(p~).f(pT)]

Let 7[s;, sj+1] be the subcurve of 7 bounded by two consecutive signature vertices, such

that zmin € [Sj,Sj.H].lO

Assumption 2. We assume that 7(sj) < 7(Sj4+1)-

10The statement of Lemma 3.7 uses vertices v; of the signature o of the curve 7. However, throughout the
proof we work with parameters s;, with v; = o(s;) = 7(s;) (see page 49).
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If Assumption 2 would not hold, we could first reparametrize the curves 7 and « with a
new parametrization ¢(t) = 1 — ¢, i.e., we reverse the direction of the time axis, to obtain
the property of Assumption 2 without changing the Fréchet distance. Note that this does
not interfere with Assumption 1, i.e. does not change the property of 7(p;) being a local

minimum.
Assumption 3. We assume that neither s; =0, nor s;11 = 1.

The cases omitted by Assumption 3 are boundary cases, that will be handled at the end of
the proof in Subsection 3.3.4.
For simplicity of presentation, we state the characteristics of the curve 7 and its 6-

signature o, that we obtain from Definition 3.3 under Assumption 2, in the following

property.

Property 1 (Signature). We can assume that
(i) T(sj+1) — 7(s5) > 26;
(ii) 7(s}) = min(rls; 1, s;1);
(iii) 7(sj+1) = max(7[s;, sj+2]);
(iv) T(t') =28 < 7(t") fors; <t/ <t”" <sji1;
(v) T(s541) — 7(sj42) > 20.
By the general position assumption, the minimum 7(sj) and the maximum 7(s;j41) are

unique on their respective subcurves.
From the condition that dp(7,7) < § we have the following property.

Property 2 (Fréchet). Any two points matched by f have distance at most § from each
other. In particular, for any two 0 < p < p’ <1, it holds that

(i) T(f(p)) — 6 < 7w(p) < 7(f(p)) +9,

(i) min(r[f(p), f(p")]) — ¢ < min(x[p, p]) < min(r[f(p), f(P")]) +
(iii) max(7[f(p), f(P")]) — 0 < max(w[p,p']) < max(r[f(p), f(p’)])

Our proof is structured as case analysis. We consider first the case 7(zmin) > 7(p~) — 9.
This is illustrated by Figure 3.3. In this case, the whole broken part of 7 can be matched

to a point.

Case 1 (Trivial case). 7(zyin) > 7(p~) — 9

Claim 3.9 (Correctness of Case 1). If the conditions of Case 1 are satisfied, then it is
dp(r',7) < 4.
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7(2min)

fp) Zimin f*)

Figure 3.3: Example of Case 1. The broken part of the matching f (the broken part of T
and the missing part of ) is indicated by thick colored lines.

Proof. In this case, we can simply match 7(p~) to the subcurve 7[f(p~), f(p™)] and the
remaining subcurves 7[0, p~] and 7[p™, 1] can be matched to the respective subcurves of 7,

as it was done by f. By the case distinction it is

min(7[f(p7), f(p)]) = 7(2min) = 7(p7) =4, (3.1)

and by Property 2(iii) it is

max(7[f(p~), f(p")]) < max(z[p~,pT]) + 0 =n(p”) + 0. (3.2)

From Equations (3.1) and (3.2) follows that

{r(t) : te[f), I} Cx@ )]s
Thus, by Lemma 2.36 it holds in this case that dp (7', 7) < d, as claimed. O

For the rest of the proof we can make the following assumption.

Assumption 4 (Non-trivial case). We assume that T(zmin) < 7(p~) — 9.

3.3.1 Bounds on the matching

Intuitively, we want to extend the subcurves of the trivial case in order to fix the broken
matching. The difficulty lies in finding suitable subcurves which cover the broken part
7[f(p™), f(p™)] and whose Fréchet distance is at most . Furthermore, the endpoints need
to line up appropriately such that we can re-use f for the suffix and the prefix curve
7[£(0), f(p7)] and 7[f(p™), f(1)], respectively.

The next two claims settle the question to which extent signature vertices 7(s;), 7(s;+1),

and 7(s;42) can be included in the subcurve 7[f(p~), f(p™)] for which we need to fix the
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broken matching. It holds that only the vertex 7(s;41) can belong to the subcurve, the

other two vertices cannot.

Claim 3.10. If s;41 € [f(p™), f(pT)] then

Furthermore, it is sj1o ¢ [f(p7), f(p1)].

Proof. We have to prove that

min(7(sj1, f(p)]) = 7(sj+1) — 26 and max(7[sj41, f(pT)]) < 7(s541).

The subcurve 7[p~,p"] consists of two edges 7(p~)m(p;) and 7 (p;)w(pT), where 7(p;)
is the minimum of the subcurve. For the lower bound we distinguish two cases: p~ <
S 7H(sj41) < pi and p; < f(s511) < pT.

If p~ < f~Y(sj4+1) < pi, then since zmin < 8j+1, the subcurve w[p~, f~1(sj41)] is
decreasing (by Assumption 1). Thus, by Property 2 it holds that

7(2min) = min(7[f(p”), sj41]) = min(x[p~, f~ (sj11)]) = = 7(f " (s541)) =0
Z T(Sj+1) — 20. (33)
From the definition of zyin, it follows that

(3-3)
min(7[s;1, £ (p™)]) = min(r[f(p7), f(PT)]) = 7(2min) > 7(sj41) — 20.

If p; < f71(sj11) < pT, the subcurve 7[p~, f~'(s;4+1)] is increasing. Then by Property 2

min(7[s;41, f(pT)]) = min(x[f ' (sj41),pT]) = 6 = 7(f " (sj41)) — 6 > 7(s541) — 20,

and the lower bound on min(7[s;j41, f(p™)] is proved.
Furthermore, by Property 1(v) it follows from the lower bound on min(7[s;41, f(p™)],
that

min(7[sj41, f(p7)]) > 7(s541) — 26 > 7(s542),

and therefore ;12 ¢ [f(p™), f(p™)].
The upper bound follows from Property 1(iii):

max(7[sj1, f(pT)]) < max(7[sjy1,s542)) = 7(5541)-
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This closes the proof. O

Claim 3.11. It holds that sj ¢ [f(p~), f(pT)].

Proof. For the sake of contradiction, assume the claim is false, i.e. s; € [f(p™), f(pT)]. We
have (by definition)

Zmin € [f(p_)’ f(p+)] N [Sj’ Sj+1]'

Furthermore, by definition 7(2min) = min(7[f(p~), f(p™)]), and by Property 1(ii), we have
7(s;) = min(7[sj_1,;+1]). The assumption s; € [f(p7), f(p")] would imply that

T(2min) = min {7(t): ¢t € [f(p7), f(p )] N [s5, 8541]} = 7(s;)-
By the lemma statement is 7(p;) ¢ [7(s;)]s = [7(2min)]s. However, by Property 2, we have

m(p;) = min(r[p~,p*]) € [min(r[f(p7), f(2")D]s = [T (zmin)ls = [7(s;)]s,

a contradiction. O

We now introduce some additional notation which will be used throughout the proof.
Let

tmin = argmin  7(¢),
te[f(p~),sj+1]
v = max{p € [0,p7): 7(p) = min{r{tuin) + 6, 7(551) — 1},
Pmax = argmaxm(p),
pE[z,p~]
y = min{t € [tmin, 1]: 7(t) = 7(Pmax) — 9}

In the next few claims we argue that these variables are well-defined. In particular, that

x and y always exist in the non-trivial case (Claim 3.12 and Claim 3.13, respectively).

Clearly, i, is well-defined. It holds that 2z, < tmin. To see this, we observe two cases

on Sj41.

sj+1 € [f(p7), f(pT)]: By the definition we have that zmin < $jt+1, and thus zmin €
[f(p™),sj+1]. This implies that zmin = tmin-

sit1 ¢ [f(p7), f(pT)): Tt is either tmin € [f(p7), f(p™)], implying Zmin = tmin, OF tmin €
[f(p"),s;+1], in which case we have Zmin < tmin-

We also derive some bounds along the way, which will be used throughout the later parts

of the proof.
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Claim 3.12 (Existence of z). It holds that
(i) min{7(tmin) + 6,7(sj41) — 6} € {w(p): p € [f 1 (s5),p71};
(#1) min(w[z,p~]) > min{7(tmin) + 0, 7(sj41) — 6} = w(x);
(111) 7(s5) < T(tmin)-

Proof. We first prove part (i) of the claim. We show that there exist two parameters p;
and ps, with f_l(Sj) < p1 < po < p~, such that

7T(p1) < min{T(tmin) + 4, T(Sj+1) — 5} < 7T(p2). (34)

Since the curve 7 is continuous, this would imply the claim, and also imply the existence

of . Indeed, we can choose p; = f~1(s;) and ps = p~. If 5541 > f(p"), we have
m(p2) = m(p”) > 7(2min) + & > 7(tmin) + 9, (3.5)

since we assume the non-trivial case 7(zmin) < m(p~) — d. Note that the last inequality
in Equation (3.5) holds independently of the case assumption s;+1 > f(pT). Other-
wise, if sj11 < f(pT), it is 7(sj41) = max(7[f(p7), f(pT)]) by Property 1(iii), since
[f(p7), f(p1)] C [sj, sj+2]. Then by Property 1 and Property 2, we have that

m(p2) = 7(p~) = max(n[p~,p*]) > max(7[f(p7), f(pT)]) — 6 = 7(sj41) — 0.

Thus, in both cases, it holds that m(p2) > min{7(tmin) + 6, 7(sj11) — d}.
As for pq, by Claim 3.11 and the definition of ¢min, we have 0 < 55 < f(p™) < tmin < 8j41-
By Property 2(i), it is
m(p1) = 7(f 7 (s5)) < 7(s5) +.

It follows by Property 1(ii) that 7(p1) < min(7[s;j—1,sj4+1]) + 0 = 7(tmin) + J, and by
Property 1(i) that 7(p1) < 7(sj41) — 0. Thus, 7(p1) < min{7(s;j4+1) — J,7(sj41) — 0}, and
the part (i) of the claim is proved.

The part (ii) of the claim follows directly from Equation (3.4). It is min(n[z, f(p7)]) =
7(x), since m(x) is defined as the last point along the prefix subcurve 7[0,p~| with the
specified value, and 7 is continuous. The part (iii) follows from the Property 1(ii), implying

7(sj) = min(7[sj—1, sj+1]), and the definition of 7(tmin) = min(7[f(p~), sj4+1])- O

Claim 3.13 (Existence of y). It holds that
(i) 7"-(pmatX) -d€ {T(t): te [tminv 5j+1]};
(it) max(7[tmin,y]) < 7T(Pmax) — 0 = 7(y);
(iti) T(Pmax) < 7(8j41) + 6.
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Proof. To prove part (i) of the claim, which will also imply the existence of y, we show

that there exist two parameters ¢; and to, with ti, <t <t2 < sj41, such that
7(t1) < T(Pmax) — 0 < 7(t2).

We choose t1 = tyin and 2 = s;j41. Since we have the non-trivial case, we know that

(3.5)
7T(pmax) —0> W(p_) —0> 7—(Zmin) > 7_(tmin) = T(tl)-

(3.4)
Now, for ty, we know that s; < f(z) < f(pmax) < f(p™) < sj41. By Property 2 and by

Property 1(iii) it is

W(pmax) -6 < T(f(pmax)) < T(5j+l) = T(t2)' (3'6)

Since the subcurve is continuous, there must be a parameter ¢ < ¢ < to which satisfies
the claim, and the part (i) is proved. The part (ii) of the claim also follows directly, since
7(y) is the first point along the suffix subcurve 7[tmin, 1] with the specified value, and since
7(y) > 7(tmin). The part (iii) follows from Equation (3.6). O

The following claim follows directly from Claim 3.12, the definitions of z and y, and
Claim 3.13, respectively.

Claim 3.14. It holds that s; < f(x) < f(Pmax) < f(P7) < tmin <y < Sjy1-

The following claim will be used throughout the proof, drawing the relation between

T (Pmax) and m(x).
Claim 3.15. It holds that 7(pmax) — 20 < m(x).

Proof. We need to show that
T(Pmax) — 26 < min{7(tmin) + 0, 7(sj41) — 6}

Claim 3.13 immediately implies 7(pmax) — 20 < 7(sj41) — 0. On the other hand, by
Claim 3.14 and the definitions of pyax and tyin, it is

84 < f($) < f(pmax) < f(pi) < tmin < Sj+1-
By Property 2 and by Property 1(iv), we have

T(Pmax) — 20 < 7(f (Pmax)) + 0 — 20 < 7(tmin) + 0. (3.7)
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Thus, the claim is proved. O

The next two claims (Claim 3.16 and Claim 3.17) show that our choice of z and y is
suitable for fixing some parts of the broken matching: the subcurve 7|z, p~| can be matched
entirely to 7(y) (by Claim 3.16), and the subcurve 7[f(z),y| can be matched entirely to
7(x) (by Claim 3.17). After that, it remains to match the subcurve w[p™, f~1(y)]. For this,

we have the case analysis that follows from Section 3.3.2 on.
Claim 3.16. {7(p) : p € [z,p"]} C [T (Pmax) — 20,7 (Pmax)] = [T(y)]5-
Proof. By Claim 3.12 and Claim 3.15, respectively, we have that

min(7(z, p~]) > min{7(tmin) + 6, 7(sj41) — 0} > T(Pmax) — 20.

On the other hand, by the definition of pyax, we have max(7[z, p~]) = T(Pmax). The latter
equality of the claim follows directly from the definition of y and from Claim 3.13 (y is
well-defined). O

Claim 3.17. {7(t) : t € [f(z),y]} C min{7(tmin) + 5, 7(sj+1) — 0}]s = [7(2)]5.

Proof. We first prove the lower bound on the minimum of the subcurve 7[f(z),y]. By

Property 2, and by Claim 3.12, we have
min(7[f(z), f(p7)]) = min(x[z,p”]) — 6 = min{7(tmin), 7(s54+1) — 20} (3.8)

By definition, 7(tmin) is @ minimum on 7[f(p~), sj41). Thus, for y < s;41, which is ensured
by Claim 3.14, we have that

min(7[f(p™),y]) = min(7[f(p7), 8j+1]) = 7(tmin) = in{7 (tmin), 7(s541) — 20} (3.9)

Equations (3.8) and (3.9) imply the lower bound.

We now prove the upper bound on the maximum of the subcurve 7[f(z),y]. Since by
Claim 3.14, s; < f(2) < tmin < Sj+1 and, since by Property 1(iv), 7[s;, sj41] may not
descend by more than 24, it follows that

max(7[f(2), tmin]) < 7 (tmin) + 20. (3.10)
By Claim 3.13, Claim 3.15, and by the definition of z, it is

maX(T[tmina y]) < 7T(pmaux) —-0< 7T(:L’) +6< T(tmin) + 26. (311)
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For y < sj41, which is ensured by Claim 3.14, and by Property 1(iii), we also have that

max(r[f(z),y]) < 7(sj+1). (3.12)

Equations (3.10), (3.11), and (3.12) together imply the upper bound. The last equality of the

claim follows directly from the definition of z and from Claim 3.12 (z is well-defined). [

3.3.2 Non-trivial cases

Now we have established the basic setup for our proof of Lemma 3.7. Since for any
0<p <p, np) and 7(f(p')) were already matched by f, witnessing dp(m,7), the
matching of the prefix curves 7[0,p'] and 7[0, f(p’)] can be reused from f. An analogous
claim can be made for the suffix curves. In the rest of the proof we use the notation
m[a,b] < T[c,d] to denote that these two subcurves are matched to each other by the new
matching (between 7" and 7).

In the following, we describe the case analysis based on the structure of the two curves
7 and 7. Consider walking along the subcurve m[p™,1]. At the beginning of the subcurve,
we have 7(pT) € [m(2), 7(pmax)]. One of the following events may happen during the walk:
either we stay inside this interval, or go above T(pmax), or we go below 7(z). Let ¢ denote
the time at which one of these events occurs for the first time. Formally, we define the

intersection function g : R — [p™, 1] U {peo}, as

(3.13)

{gm) = min({p € [p*,1]: 7(p) = h} U {px}),
q = min{g(ﬂ-(pmax))?g(ﬂ-(x))}?

where po > 1 is some fixed constant for the case that the suffix curve 7[p™, 1] does not
contain the value h. We distinguish the following main cases. In each of the cases, we devise
a matching scheme to fix the broken matching. For each case, our construction ensures
that the extended subcurves cover the subcurve 7[f(p~), f(p™)] and that the subcurves
line up with suitable prefix and suffix curves, such that we can always use f for the parts
of m and 7 not covered in the matching scheme. We need to prove in each case that the
Fréchet distance between the specified subcurves is at most §. If this is the case, we call
the matching scheme valid. By Lemma 2.36 it will follow that dp (7', 7) < §, and thus,
that Lemma 3.7 is correct.

We have to make further distinction between the case when f(p*) < y and the case
f(pt) > y. If f(p™) <y holds, the three aforementioned events are described by Case 2,
Case 3 and Case 4. If it happens that f(p™) > y, it becomes more complicated to repair

the matching. This is discussed in Case 5, which is separated into Subsection 3.3.3.



66 3 Curve simplification under the Fréchet distance

Case 2 (7 stays level). p* < f~1(y) <q.

Case 2 is the simplest non-trivial case, as the curve m does not reach outside of the
interval [7(x), 7(pmax)] on the subcurve 7[p™, f~!(y)]. Confer to Figure 3.4 for an example.

We intend to use the following matching scheme:

|, p~] < 1(y) (3.14)

A

T (Pmax)

W(pmax) - 6
T(tmin) + 0

T (tmin)

Figure 3.4: Example of Case 2. The broken part of the matching f is indicated by thick
lines.

Claim 3.18 (Correctness of Case 2). Let the conditions of Case 2 be satisfied. Then
the matching scheme given by Equation (3.14) is valid.

Proof. Claim 3.17 implies that the Fréchet distance between 7[f(x),y] and 7(z) is at most
0. Claim 3.16 implies that the Fréchet distance between 7[z,p~] and 7(y) is at most 9.
Finally, by our case distinction and by Claim 3.15 it is

{TI'(p) i pe [p+7f_1(y)]} - [W(x)7w(pmax)] - [W(pmax) - 26’7r(pmax)} = [T(y)]5

Therefore, also the Fréchet distance between w[p™, f~!(y)] and 7(y) is at most &, implying
that dp(n’,7) < 6. O

Case 3 (7 tends upwards). ¢ < f~1(y) and ¢ = g(7(Pmax))-

In Case 3, let

y =max{t € [0, f(q)]: 7(t) = 7(y)} and z=max{p", f7()}. (3.15)
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Confer to Figure 3.5 for an example. We intend to use the following matching scheme:

() & 7[f(2), Y]
mlz,p”] & 1Y)

3.16
nlpt,z] < 1) ( )
7(2) < Tly, f)).

Ify' > f(p™), then the last line of the matching scheme in (3.16) is simply neglected. Then
it is z = f~1(y/), and the suffix curves n[f~1(y'), 1] and 7[y/, 1] are matched. Otherwise, if
y < f(p"), then 2z = p*, and we can match w[p™, 1] & 7[f(pT),1].

T (Pmax)

7 (Pmax) — 0
T(tmin) + 0

T (tmin)

Figure 3.5: Example of Case 3. The broken part of the matching f is indicated by thick
lines.

Claim 3.19 (Correctness of Case 3). Let the conditions of Case 3 be satisfied. Then
the matching scheme given by Equation (3.16) is valid.

Proof. We first argue that 3’ exists. To do this, we show that there exist two parameters
t1 and to, with 0 < t; < t3 < f(q), such that

T(tl) < T(y) = 7"-(pmax) —0< T(t2)~ (3.17)

We choose t; = zpyin and ta = f(g). Such a choice is fine, since by the definitions of zpi
and g, it is zmin < f(pT) < f(q). Now, by Property 2 and the case distinction,

7(t2) = 7(f(q)) = 7(q) — § = T(Pmax) — 0.

Since we are assuming the non-trivial case,

T(tl) = T(Zmin) < 7T(p_) -0< 7T(prnaux) — 4.
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Thus, since 7[0, f(q)] is continuous, by Equation (3.17) ¢’ must exist, and it holds that
(3.17)
f(»7) < zmin < ¢'. It remains to prove that the matching scheme is valid. Since

y' < f(q) <y, Claim 3.17 implies that the Fréchet distance between 7[f(z),y'] and 7(x) is
at most 0. Claim 3.16 implies that the Fréchet distance between [z, p~] and 7(y') is at

most d. For the last two lines of the matching scheme we distinguish two subcases:

(i) If v/ > f(p™), then z = f~1(3/), and we need to prove that
{zp) : ™ W} S 7 W)ls.
By Case 3 distinction and by Claim 3.15
{n(p) = pelp.dl} C[r(2), T(Pmax)] € [T (Pmax) = 20,7 (Pmax)] = [7(y")]s.
Since f~1(y") < g, this implies the validity of the matching.
(i) If ' < f(p*), then z = p*, and we need to prove that

{r@t) : tely,feM]} (@)

On the one hand, since y' € [f(p™), f(p™)] by the choice of ¢; and the subcase
distinction, we have, by Property 2, that

max(7[y, f(p7)]) < max(x[f (), p?]) + 6 = max(x[p~,p*]) + 6 = 7(p*) + 6.

On the other hand, since ¢y < f(p™) < f(q) by the subcase distinction and the
definition of ¢, we have, by the definition of 3/ as the last point along the prefix
subcurve 7[0, f(q)] with the specified value, that

min(7[y’, f(p7)]) = 7(y') = 7(Pmax) — 8 > 7(p™) - 4.
Thus, our matching scheme of Case 3 is valid, and it is dp(7’,7) < 4. O

Case 4 (7 tends downwards). ¢ < f~(y) and ¢ = g(7(x)).

In Case 4, let
y" = min{t € [f(pmax), 1]: 7(t) = 7(y) }.
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T (Pmax)

7 (Pmax) — 0
T(tmin) + 0

7 (tmin)

Figure 3.6: Example of Case 4. The broken part of the matching f is indicated by thick
lines.

Confer to Figure 3.6 for an example. We intend to use the following matching scheme:

T(Pmax) < 7[f(Pmax), ¥"]

T[pmax,p~] & 7(y") (3.18)
m[pT, q] < 7(Y")

m(q) < 1l f(9)].

Since pmax < p~ and ¢ > pT, we can reuse the matching f to match the respective prefix

and the suffix curves.

Claim 3.20 (Correctness of Case 4). Let the conditions of Case 4 be satisfied. Then
the matching scheme given by Equation (3.18) is valid.

Proof. Clearly, y” exists in the non-trivial case, since 7 is continuous and it is

T(f(Pmax)) = 7(¥) = 7(2min)  and  f(Pmax) < f(P7) < Zmin.

We prove the validity of the matching scheme line by line. Note that by definition
7(y") = 7(y) = m(Pmax) — 6. For the first matching, by the definition of y” and by
Property 2, we have that 7(f(pmax)) > 7(¥") = min(7[f (Pmax), ¥”]) = T(Pmax) — 9. On
the other hand, it is also max(7[f (Pmax), ¥"]) = 7(f (Pmax)) < T(Pmax) + 9. If there would
exist ¢’ € [f(Pmax), ¥"] with 7(t') > 7(pmax) + 9, then it would contradict Property 1(iv).

Therefore, it is

{r(t) © t € [f(Pmax):¥"]} C [7(Pmax)]s-

The validity of the second matching follows from Claim 3.16 since pmax > x. For the third
matching, by Case 4 distinction and by Claim 3.15, it is

{W(t) s te [p+7CI]} - [7T(=T)a77(pmax)] - [W(pmax) - 25>7T(pmax)] = [T(yﬂ)]é-
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As for the last matching, since f(x) < f(pmax) < y” <y, and since by Case 4 distinction it
is f(q) <y, Claim 3.17 implies

{r@®) + te " f@]} S{r(t) : te[f(2), fWI]} C [m(2)]s = [7(@)]s.

Therefore, our matching scheme is valid, and it is dp(7',7) < ¢ O

3.3.3 The matryoshka case

Up to here we explored the case where f(p™) <y, and showed by Claim 3.18, Claim 3.19,
and Claim 3.20 that, in this case, Lemma 3.7 is correct. However, if f(p™) > y, the repairing
of the broken matching becomes more complicated. We call this case the matryoshka
case, since it contains an iterative matching scheme, that metaphorically resembles a

matryoshka doll.
Case 5 (The matryoshka case). f(p™) > y.

In the previous cases we have already established a suitable set of tools to handle this
case. We devise an iterative matching scheme and prove an invariant (stated in Claim 3.21)
to verify that the Fréchet distance of the matched subcurves is at most §. We first define

ngi)n = Zmin, tgi)n = tmin, 2 = x, and y(l) =1y. Now, fora =2,... let

= argmin  7(t),
tefye=1, f(pT)]

tr(‘zi)n = argmin T7(t),

te[y@=1 s;41]
7@ = min {p € [, pras]: 7(p) = min{r(t$,) + 8,7(s;11) ~ 5}
y@ = min {t € [tl(ﬁi)n, sj+1]: 7(t) = T(Pmax) — 5} :

We describe the intended matching scheme. We begin by matching 7[0, 2()] < [0, f(z(M)]
and m(zM) & 7[f(z1),yV]. The first matching is reused from f, while the validity of

the second matching follows from Claim 3.17. We continue with the following subcurves:

{mw—w,m & Ty ) (319)

m(z(®) & 7yl Y@,

where the last two matchings are repeated while incrementing a (starting with a = 2). We
call the part of the matching stated by (3.19) the iterative part. After each iteration, we
are left with the unmatched subcurves 7[z(®),p~] and 7y, f(pT)].
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Case 5(i) (Trivial subcase): It is f(p*) > y, and for some a > 2, it holds that:

m(p7) < (%) 16, (3.20)

min

In this case the matching scheme can be completed easily, since this is equivalent to the

trivial case (Case 1). We complete the matching with the following scheme

(3.21)

{W[x(“),p‘] & 1(y),
m(p*) & Y@, fpt)).

For the suffix curves w[p™,1] and 7[f(p™"), 1] we reuse the matching f. In order to prove
the correctness of this (sub)case (Case 5(i)), we extend Claim 3.17 as follows. The next

claim will be used in the non-trivial (sub)cases as well.

Claim 3.21. It holds that

{r@) : te ™y @1}  [rlh) . min{r(tn,) + 26, 7(s51)}] € (@)

Proof. By Claim 3.14 and the definition of 3@, it is s; <y < yla—) < ylo) < sj+1. By
the definition of t*)

min(7[y@ Y, y@]) > min(r[y@ Y, s;41]) = 7(£Y). (3.22)

Let us assume there exists ¢ € [y(®~ Y y(@)], such that 7(#') — T(tg;)n) > 20. By the
) (a)
t

definitions of 3(® and tfﬁin, it is max(7[t,%  y@]) = 7(y), thus ¢’ € [y@ Y £ ]. But

’ “min

this contradicts Property 1(iv), therefore, we have that
(a-1) , (a) (a)
max(7[y Y ) < T(tg,) + 20 (3.23)
By Property 1(iii), we also have that

max(7[y @Y,y @]) < 7(sj41). (3.24)

Equations (3.22), (3.23), and (3.24) prove the first part of the claim. For the second part

we use the definition of 7(z(®)) = min{T(tI(ffi)n) +0,7(sj4+1) — 0}, which implies
() 2 (@) -9
min{r(t,) + 26, 7(s;1)) = w(@) +9,
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as claimed. 0

Claim 3.22 (Correctness of Case 5(i)). If for some value of a, a > 2, it holds that

m(p~) < T(zﬁr?itl)) + 0, then the matching scheme given by Equations (3.19) and (3.21) is

valid.

Proof. By Claim 3.16 the first row of (3.19) is valid, since for all values of a it is 7(y(*)) =
T(Pmax) — 0, and [2(¢~D 2(@)] C [z, p~]. The second row of (3.19) is valid by Claim 3.21.
Thus, the iterative part of the matching scheme is valid.

It remains to prove the validity of the matchings in (3.21). By Claim 3.16, it is

{F(p) L pe [l‘,p_}} - [W(pmax) - 257W(pmax)] = [T(y)]é = [T(y(a))]é-

Since z < (%) < p~, this implies that the Fréchet distance between 7[z(®), p~| and 7(y(®)

is at most 0. For the second row in (3.21), we have by our case distinction (3.20), that

min(r[y@, f(p1)]) = 7(z1%D) > 7(p7) — 4, (3.25)

min
while (by Property 2) the matching f testifies that

max([f(p”), f(p7)]) < max(a[p™,p"]) + 5 =m(p”) +0. (3.26)

Since f(p~) <y <y < f(pt), Equations (3.25) and (3.26) imply

{r®) : te Wy, s} < FGO = FEOs,

as claimed. Note that the proof holds both if 5,41 < f(p™) or sj11 > f(p™), which is the

distinction we will make in the non-trivial subcases. O

From now on, we will assume the non-trivial (sub)case, i.e. 7(p™) > T(ZI(I?;U) +90.
Our matching scheme is based on a stopping parameter @, which (intuitively) depends on
whether f matched some point on the missing subcurve 7[p~,p"] to a signature vertex

T(8j+1) of 7.

Definition 3.23 (Stopping parameter a). If s;41 > f(pT), then let a be the minimal
value of the index a satisfying f(pt) < y\@. Otherwise, let @ be the minimal value of a
such that y(® = y@+) < s 4.

We show that the stopping parameter is well-defined by the following claim.

Claim 3.24. The stopping parameter @ (cf. Definition 3.23) is well-defined, and the
iterative part of the matching scheme (Equation (3.19)) is valid for a < a.
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Proof. We first argue that there must be a value of a such that tl(giil) = y@ = yO® for any
b > a. Recall that by our initial assumptions, we have chosen the signature edge, such that
Zmin € [Sj,8j+1], and thus zmin < tmin < sj4+1. As a consequence, Claim 3.13 testifies that
in the non-trivial case, the point 7(y) exists and is well-defined. We defined y® =y and

for a > 1 we defined
@) = min{t [tl(gi)n, Sj41): T(t) = T(Pmax) — 0}
Since by Claim 3.13, 7(s;11) > 7(Pmax) — 6 = 7(y(®), there must be a value of a, such that

min(7[y'¥, s;41]) > 7(y\¥).

(@+1) _ y@.

min

Let this value of a be denoted a. In this case, it follows by definition that ¢
This further implies that y(@+1) = y(@ and #@+2)

s = @+l . Therefore, by induction it
is y@ = y® for all b > a. Now, if ;41 < f(p*), then the above analysis implies that the
stopping parameter a is well-defined.

However, if 5,41 > f(p*), we defined @ to be the minimal value of a such that f(p) < y(@).
Now it might happen that y(® < f(pT) < sj41. In this case, there exists no value of a,
such that f(pt) < y(@, thus @ does not exist. We can reduce this case to the trivial
case (Case 5(i)) as follows. By Claim 3.13, 7(sj+1) > T(Pmax) — 0 and by Property 1(iii),
(@)
min>

T <ZI(Ilal)Il> =T (tg)n> = 7(y V) = 7(pmax) — 6 > w(p~) — &, which is Case 5(i) (the trivial

(sub)case).

7(5j+1) must be a maximum on 7(sj, sj+2]. Thus, by definition of ¢ we would have

Therefore, in the non-trivial case, @ is well-defined. The validity of the iterative part of
the matching scheme (Equation (3.19)) for a < @ follows from Claim 3.16 and Claim 3.21,
as in the proof of Claim 3.22. O

It remains to complete the matching scheme for the unmatched subcurves 7[z(®, p~]
and 7[y(@, f(p*)]. In order to set up a case analysis with a similar structure as before, we
define

¢ = min{g(r(pmax)), 9(r (1) +9) |
" = min {g(m(Pmex)), 9(7(5541) — 6)}

The exact case distinction is specified in Table 3.1: (i) trivial case (see Claim 3.22), (ii)
stays level, (iii) 7 tends upwards, (iv) 7 tends downwards, (v) unmatched signature vertex

and 7 tends upwards, (vi) unmatched signature vertex and 7 tends downwards. We have
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to formally prove that the case analysis is complete, and to prove correctness in each of

these subcases.

case | definition intended matching
51) | Ja:w(p7) < T(zr(lfi:l)) +9 wlz®,p7] & r(y@)
m(p*) & vy, f ()]
5(ii) | pt < fY@) <d m[e@,p7] <7y )
pt T YP)] & Ty @)
B i) p <q < f~Yy@) and This case can be reduced
qd =g(r ( max)) to Case 5(i)
5 (i) pt < ~1(y@) and mlz@ D p7] < T(y(f_l))
¢ =g(r ( mm) +9) [t q] & (y@ )
(q) < [y, f(d)]
pt > (™) and ¢ = g(n(Prmax)) _ ~
2@, 2] & 7(y@)
5(v) | For the matching scheme, let (') & 1y @, ]
' =min{p € 2D, ppa]: 7(p) = 7(sj341) — 6} 2, p] ey
Y = max{t € [0, f(¢"): 7(t) = () wota] )
¢ = maxlp® W) il el St
5(vi) p:' > f~1(y®) and mla@ p7] & T(y(f))
¢" = g(7(sj41) = 9) wbt.d"l e Ty @)
m(q") e 7l f(¢")]

Table 3.1: Subcases for Case 5: (i) trivial case (Claim 3.22), (ii) 7 stays level, (iii) 7 tends
upwards, (iv) 7 tends downwards, (v) unmatched signature vertex and 7 tends
upwards, (vi) unmatched signature vertex and 7 tends downwards. Examples of
these cases are shown in Figure 3.7 and Figure 3.8.

Claim 3.25. The case distinction of subcases of Case 5 (cf. Table 3.1) is complete.

Proof. We assume that we do not have the trivial case (Case 5(i)), i.e. 7(p™) > T(zr(g;l))+5,
for all @ > 2. If f(pT) < y@ (also f(pt) < y@ < sj41), we get one of Case 5(ii)-(iv).
Note that if ¢ = ps, then we have Case 5(ii). Thus, this part of the case distinction is

complete.

Otherwise we have f(p*) > y@ (also f(p*) > sj41 > y@). In this case, we get one of

Case 5(v)-(vi). To show the completeness, we need to show that there is no case omitted.
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In the following, we argue that, if the subcurve of 7 specified by the parameter interval

[f(p™), f(p)] contains the signature vertex at s;41, it must be that
7(sj+1) =0 € {m(p) : p€[p".1]} (3.27)

and thus, ¢” # ps. Equation (3.27) implies that 7(¢”) is one of {7 (pmax), 7(sj+1) — 9}
From sj41 € [f(p™), f(pT)] it follows that 7(p™) > 7(f'(s;j4+1)). By our initial assump-

tions it is

max(w[p~,p"]) = w(p™).

Assume that s; 4o # 1, i.e., the next signature vertex after 7(s;41) is not the last signature
vertex. In this case, by Property 1(i) and Property 2, we have

7(p*) > 7(f T (s41)) 2 T(s541) = 8 > 7(s12) + 0 > w7 (s542))-

Since 7 is continuous, this implies that there must exist a point 7 (t), with p* < ¢ and
7(t) = 7(sj4+1) — 0, i.e. such that Equation (3.27) is satisfied.

Now, assume that s;y2 = 1. In this case, we have by the theorem statement that
7(pi) & [7(Sj+2)]as- It must be that either 7(s;j41) > 7(pi) > 7(sj42) + 40, or m(p;) <
T(8j42) — 40 < 7(sj41) — 56. The second case is not possible, since by Claim 3.15 and by
Property 2 we have

) = TG)) =02 i) 5 > 7 (pm) — 40
> w(p") =40 > w(f (s541)) — 40 2> 7(s541) — 50.

Thus, 7(sj41) > 7(sj42) + 46, and, as in the case s;;2 # 1, we have that
7(p") 2 w(f7H(sj41)) 2 7(8541) = 8 > T(sj02) +30 2 w(f 7 (s42)) + 26 = 7(f7 (s542))-

By the continuity of 7, there is a point on 7 that satisfies Equation (3.27). Therefore, one

of Case 5(v)-(vi) occurs, as claimed. O

The cases with f(pt) < y@ < Sj+1

We prove now the subcases (ii), (iii), and (iv) of Case 5 (cf. Table 3.1), where the signature
vertex 7(s;41) does not belong to the subcurve of 7, that was matched by f to the missing

part of 7.
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Claim 3.26 (Correctness of Case 5(ii)). Assume y < f(p*) < y@ < s;41 and
pt < F Yy @) < ¢ (Case 5(ii)). Then the matching scheme given by Equation (3.28) is

valid.

Proof. We want to use the matching

{W[M, ] = 7(y), (3.28)

Tt ) e (@),

and for the suffix curves 7[f~1(y®),1] and 7[y®, 1] we reuse f, since y@ > f(p*). By
Claim 3.16, the Fréchet distance between 77[3:(5), p~| and T(y(a)) is at most §, implying the

validity of the first row of (3.28).
(@-1)
min

the definition of tl(gi)n, that

Since t always exists, due to y(1) < sj+1 by Claim 3.14, we have by Claim 3.15 and

)8 2> 7t ) 8 2 Tltmin) +8 > (@) > T(punax) — 26.

min

T(t(a)

min
By our case distinction, it is pt < f~1(y®) < ¢, and thus

{T) : pep* DN} S PR + 8T Pua)] S Ir(t5,") + 6.7 (pmax)]

c [ﬂ-(pmax) - 26377(pmax)] = [T(y(a))]zs-
This implies that also the second matching of (3.28) is valid, as claimed. O

Claim 3.27 (Correctness of Case 5(iii)). Assumey < f(p*) < y@ < 5.1, and let in
this case pT < ¢ < 71y @) and ¢ = g(7(pmax)) (Case 5(iii)). Then the conditions of
Case 5(1) are satisfied.

Proof. By the case definition it is f(pT) < f(¢') < y® and ¢ = g(7(pmax)). We can
reduce this case to Case 5(i) (the trivial case) as follows.

Let b be the maximal value of a such that f(q¢’) € [y(“), y(a)]. By Property 2 it must be
that 7(f(¢')) > 7(¢) — 6 = T(pmax) — 0 = 7(y¥)). By the definition of 3@, for any a, 7
goes upwards in T(y(a)), then intersects m(pmax) — 0 downwards, and goes upwards again
in 7(y@+1)). Thus, by the choice of b, it is min(7[y®, f(¢')]) > 7(pmax) — 0.

By our case distinction and the choice of b, f(pT) € [y®, f(¢')]. Thus,

(20D = min(r[y®, £(p*)]) = min(r[y®, £(¢)]) = 7 (Pmax) = = 7(p7) =6,

and we are again in Case 5(i). O
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Claim 3.28 (Correctness of Case 5(iv)). Assumey < f(p*) < y@ < 541, and let in
this case p* < ¢ < fHy@) and ¢ = g(T(tffi)n) +6) (Case 5(iv)). Then the matching

scheme given by Equation (3.29) is valid.

Proof. By our case distinction, it is pT < ¢ < f~1(y@) and ¢’ = g(T(tfgi)n) +4). In this
case, we rollback the last two matchings of the iterative part of the matching scheme
(Equation (3.19)), and instead end with @ = @ — 1. Thus, we are left with the unmatched

subcurves 7[z(@ D p~] and 7[y@ V), f(pT)]. We intend to use the following matching:

2@V p7] e r(y@h),
T, ] & r(y@v), (3.29)
m(¢) & 7y f(d)],

and to complete the matching scheme with the suffix curves «[¢’, 1] and 7[f(¢’), 1], reusing
the matching f, since p™ < ¢'.

The validity of the first matching in (3.29) follows directly from Claim 3.16, since
(@1 > 2. By the definition of @ and Property 1(iv), it has to hold

min

7'(25(6)

min

) +20 > T(y(a_l)) = 7T(pmax) — 4. (3.30)

Then, by the definition of ¢’ and our case distinction, it is

() : et d]) C D) + 6 ()] & [ (pmas) — 85 = [r(y@ D).

This proves the validity of the second matching in (3.29). Finally, Claim 3.21 implies
the validity of the third matching in (3.29), since [y@ b, f(¢)] € [y@Y,5®], and
7(¢) = T(t(a) ) + 0. This closes the proof of Case 5(iv). O

min

We have now analyzed Case 5(i)-(iv), and showed by Claim 3.22, Claim 3.26, Claim 3.27,
and Claim 3.28 that, in these cases, Lemma 3.7 is correct. Examples of these cases are
shown in Figure 3.7. We now move on to prove correctness of the remaining cases Case 5(v)
and Case 5(vi), where the signature vertex 7(sj;1) was in the part of the matching f that

needs to be repaired.

The cases with f(pT) > 5,41 > y(@

Claim 3.29 (Correctness of Case 5(v)). Let f(pt) > s;11 > y@ > y and assume
q" = g(m(Pmax)) (Case 5(v)). Then the matching scheme given by Equation (3.31) is valid.
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Figure 3.7: Examples of Case 5(i)-(iv). The broken part of the matching f is indicated
by thick lines. The indices in the exponents are written without brackets for
simplicity.
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T(trlnin + 6)

T(tllnin)

Case 5(vi) (a = 2)

Figure 3.8: Examples of Case 5(v)-(vi). The broken part of the matching f is indicated
by thick lines. The indices in the exponents are written without brackets for
simplicity.
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Proof. By our case distinction, it holds that f(pt) > y® and ¢’ = g(m(Ppmax)). We

introduce the following additional notation:

¢ = minfp € @, pud: 7(p) = 7(s501) — 5},
Y = max{t € [0, £(¢")]: 7(t) = (y)},
2 = max[pt, W)}

We intend to use the following matching scheme

2@ 2] < 7(y@)

(') & 7Y@,y

wle',p7] & 1Y) (3.31)
Tlpt. 2] e T(Y)

7[2] & Tly, f(pT)]

Observe that in this case ¢’ = ¢ = g(m(Pmax)), as in Case 3 (cf. Equation (3.13)).
Therefore, 3y and z are the same as in Case 3 and they must exist (cf. Equation (3.15)).
We argue that 2’ must also exist. Recall that by our case distinction f(p~) < s;+1 < f(p™).
By Property 1(iii) and Property 2, it follows that

7(sj41) = 8 = max(r[f(p), (D)) = 6 < max(nlp",p']) < 7). (3:32)

By the definition of z(®) it is #(*) < 7(s;j41) — 6, for all @ > 2. Thus, 7(z®) < 7(s;11) —
(3.32)

0 < 7(pmax), and by the continuity of 7, 2’ has to exist.
Now we need to prove the validity of the matching scheme (3.31). The first line follows

from Claim 3.16, since (@ > z. For the second line in (3.31), we need to prove that
{7 t ey} € [r(s41) = 26, 7(550)] = ().

The upper bound follows from Property 1(iii), thus, max(7[y@,y']) < 7(s;j41). As for the
lower bound, by the definition of the stopping parameter (when f(p™) > s;41) and using
Equation (3.32), we have

o (@) (@ (5.32)
min(7[y'", sj4+1]) = 7(¥"") = 7(Pmax) =0 > T(sj+1) — 20. (3.33)

By Claim 3.10,
min(rfs; 1, f(pH)]) = 7(s541) — 26. (3.34)
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By Property 2 and by our case distinction (7(y’) is the last point before 7(¢”) with the

specified value), we have
min(7(f(p"),y)]) = min(r[f(p"), f(¢")]) = min(n[p",¢"]) = 0 = 7(sj41) —20.  (3.35)

Therefore, by Equations (3.33), (3.34), and (3.35), min(7[y@,y']) > 7(s;+1) — 26, and the
second matching in (3.31) is valid as well. The validity of the third matching is implied by
Claim 3.16, since 2’ > x. For the last two matchings we can apply the respective part of the

proof of Case 3 (for matching presented in Equation (3.16), cf. Claim 3.19) verbatim. [

Claim 3.30 (Correctness of Case 5(vi)). Let f(pT) > sj11 > y@ >y and assume
q" = g(1(sj+1) — 9) (Case 5(vi)). Then the matching scheme given by Equation (3.36) is

valid.

Proof. Tn this case it is f(p*) > y@ and ¢" = g(7(sj41) — §). We will use the following

matching scheme:

2@, p7] & T(y@)
Tt "l e T(y@) (3.36)
m(q") & 1Y@, f(d")]

The validity of the first matching in (3.36) follows from Claim 3.16, since @ > 2. By
Property 1(iii) and Property 2 it is 7(s;41) > 7(Pmax) — 0. Then, by our case distinction,

{m(p) : p €™ q"T} C[r(sj41) = &7 (Pmax)] C [Ty V)s).

Thus, the second matching in (3.36) is valid as well. For the third matching in (3.36) we

need to prove that
{T(t) te [y(a)yf(qll)]} C [7(sj41) — 26, 7(sj+1)] = [(q")]5- (3.37)
Again, as in Case 5(v), from Equations (3.33) and (3.34), it follows that
{70 te W@, FGN] C Ir(s501) = 26, 7(50)]. (3.38)
By Property 2 and by our case distinction

min(r[f(p"), f(¢")]) = min(x[p*, ¢"]) — & = 7(sj41) — 20 (3.39)
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Equation (3.39) also implies that f(¢”) < sj;2, by Property 1(i). Thus, by Property 1(iii),

we conclude

max(r[f(p"), f(q")]) < 7(s;11)- (3.40)
Equations (3.38), (3.39), and (3.40) together imply the correctness of (3.37), and thus, the
validity of the last matching in (3.36). O

We now proved correctness of the last two cases (Case 5(v) and Case 5(vi)), and showed
by Claim 3.29, and Claim 3.30 that, in these cases, Lemma 3.7 is correct. Examples of

these cases are shown in Figure 3.8.

3.3.4 Boundary cases

It remains to prove the boundary cases, which we have ruled out so far by Assumption 3.
There are three boundary cases:
(B1) s; =0 and sj;1 =1 (there is only one signature edge),
(B2) s; =0 and sj;11 < 1 (the first signature edge),
(B3) s; > 0 and s;41 =1 (the last signature edge).

To prove the claim in each of these cases, we can use the proof we have done under
Assumption 3 verbatim, with minor modifications. Throughout the proof, we used s; only
in its function as the minimum on the signature edge 55,11, and sj41 only in its function

as the maximum on the signature edge, respectively. Thus, let

Smin = argmin 7(s) and = Spax = argmax 7(s).
s€[sj,8541] 5€[s5,8541]

Assumption 1 and Assumption 2 remain valid. The next claim relates the point 7(f(p;)),

that was matched to the removed vertex on 7, to 7(Smin) and 7(Smax)-

Claim 3.31. In each of the cases (B1), (B2), and (B3), it holds for the removed point
7T(pi) that f(pl) € [smina Smax] and T(Smax) - T(Smin) > 49.

Proof. By the theorem statement and by Definition 3.3, it holds that
m(pi) & [vilas U [velas = [7(0)]as U [7(1)]4s, (3.41)

i.e., the removed vertex 7(p;) lies very far from the endpoints of the curve 7. At the same
time, by Definition 3.3, in case s; = 0 ((B1) and (B2)),

7(0) > 7(Smin) > 7(0) — 9, (3.42)
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and, in case s;41 = 1 ((B1) and (B3)),
7(1) < 7(Smax) < 7(1) + 6. (3.43)

For the sake of a contradiction, assume that f(p(i)) < Smin. In the case when s; # 0
(B3), by Assumption 1 it is smin = s; (a contradiction). In other two cases, by the

direction-preserving property of Definition 3.3 and by Property 2, it is
7(0) =26 < 7(f(pi)) — 6 < m(pi) < 7(f(pi)) +6 < 7(0) + 26,

a contradiction to Equation (3.41). Analogously, we conclude that it cannot be f(p;) > Smax,
and thus, it holds that f(p;) € [Smin, Smax], as claimed.
By the direction-preserving property of Definition 3.3, we conclude further, making

distinction on relation between 7(p;), and 7(0) and 7(1), that:

(i) If 7(0) +40 < 7(f(ps)) and 7(1) + 46 < 7(f(pi)), then we have in the cases (B1) and

(B2), that
(3.42)
T(Smin) +40 < 7(0) 4+ 46 < 7(f(pi)) < 7(Smax), (3.44)
and in the case (B3), that
(3.43)
T(Smin) +40 < 7(1)+46 < 7(f(pi)) < 7(Smax)- (3.45)

Equations (3.44) and (3.45) imply 7(Smax) — 7(Smin) > 49.

(ii) If 7(0) + 46 > 7(f(pi)) and 7(1) — 46 > 7(f(pi)), then in the cases (B1) and (B2)
Equation (3.44) remains valid. In the case (B3) we have

(3.43)
7(Smin) < T(f(Pi)) < 7(1) =45 < 7(Smax) — 46. (3.46)

Equations (3.44) and (3.46) imply 7(Smax) — 7(Smin) > 49.

The remaining two cases: 7(0) — 40 > 7(f(p;)) and 7(1) — 46 > 7(f(pi)), and 7(0) + 46 >
7(f(pi)) and 7(1) — 48 > 7(f(pi)), respectively, are equivalent to the two cases we analyzed

above. Thus, the second part of the claim is proved. O
We replace Property 1 with the following property.

Property 3 (Signature (boundary case)).
(1) T(Smax) — T(Smin) > 20,
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(11) T(Smin) = min(7[sj_1,sj41]) (if s; =0, then 7(smin) = min(7[0, sj+1])),
(171) T(Smax) = max(7[s;, Sjy2]) (if sj+1 = 1, then T(Smax) = max(7[s;, 1])),

() (') — 25 < 7(t") for smin <t <t < Smax,

(v) if s; =0, then T(smax) — T(Sj4+2) > 20.

Property 3(ii), (iii), (iv), and (v) hold by Definition 3.3. Property 3(i) follows from
Claim 3.31.

Instead of Claim 3.10 we use the claim

Claim 3.32. If smax € [f(p™), f(pT)], then

{T(t) s te [Smaxaf(p+)]} C [7(Smax) — 20, T(Smax)]-

Instead of Claim 3.11 we use the claim
Claim 3.33. It holds that smin ¢ [f(p7), f(p™)].

The correctness of Claim 3.32 and Claim 3.33 follows by taking the proofs of Claim 3.10
and Claim 3.11, respectively, and by replacing s; with syn, and replacing s;41 with spax.
This is enabled by Claim 3.31. The correctness of Lemma 3.7 follows in the boundary cases
(B1), (B2) and (B3), by replacing s; with smin, and replacing sj11 with Smax.

Therefore, we have proved the correctness of Lemma 3.7 in all possible cases, as well as

that our case analysis is complete.

3.4 On computing signatures

In this section we discuss how to compute signatures efficiently. Our signatures have a
unique hierarchical structure as testified by Lemma 3.34. Together with the concept of
vertex permutations (Definition 3.35), this allows us to construct a data structure, which
supports efficient queries for the signature of a given size (Theorem 3.39). If the parameter
0 is given, we can compute a signature in linear time using Algorithm 1. Furthermore, we

show that our signatures are approximate simplifications in Lemma 3.41.

3.4.1 Computing signatures of a given size

We consider first the case of computing the signatures when a size of signature is given.

Lemma 3.34. Given a polygonal curve T : [0,1] — R with vertices in general position,
there exists a series of signatures o1,02,...,0, and corresponding parameters 0 = §; <

02 < -+ < Ogt1, Such that
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(i) o; is a d-signature of T for any § € [0;,0it1),
(ii) the vertex set of oi4+1 is a subset of the vertex set of o;,

(iii) oy, is the linear interpolation of 7(0) and 7(1).

Proof. We construct the desired series of signatures by a series of edge contractions. Given
a curve o = wy, ..., wy, the contraction of an edge w;w;;1 of ¢ yields a curve ¢’, such that:
(a) if j € {2,...,¢—2}, then the vertices w;_1 and w;o are connected by an edge in o’;
the vertices w; and w;4; are deleted; the rest of the curve o’ equals o.
(b) if j € {1,¢—1}, then the vertices w; and ws (respectively, wy_o and wy) are connected
by an edge in ¢’; the vertex wy (respectively wy_1) is deleted; the rest of the curve
o’ equals o.
We start with 0; = 7, which is clearly a minimal §;-signature for 61 = 0. We now
conceptually increase the signature parameter d until a smaller signature is possible. In
general, let 0 =tg < t; < --- <ty = 1 be the series of parameters that defines o;. Let for
1> 1 be:

§i+1 = min { I7(t1) — 7(t2)], |7 (te—1) — T(te)|, min |7(t)) —;(tm)! } _ (3.47)

We contract the edge where the minimum is attained to obtain o;41. By the general

position assumption, this edge is unique. See Figure 3.9 for an example.

of O4+1

Figure 3.9: Edge contraction from Lemma 3.34. The contracted edge is marked dotted.

We show by induction over i that o; is a d;-signature. The claim for 4 = 1 holds by
definition. We assume that for some ¢ the induction hypothesis holds, and prove that it
remains valid for ¢;11 and ;1. We distinct two cases: whether the contracted edge of o;

to obtain ;41 is an internal edge, or is connected to an endpoint.

Case 1: 7(t;)7(tj11) is the contracted edge, with 2 < j < ¢ — 2. Observe that

7(t), T(tj+1) € (T(tj—1), T(tjt2))- (3.48)
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If Equation (3.48) would not hold, say 7(t;) > 7(tj4+2) > 7(t;—1) (i.e. the case that

7(t;) is a local maximum, the other three cases are analogous), then the contracted

edge 7(t;)7(tj4+1) would not minimize the expression in (3.47). We prove that o;11

satisfy the conditions of Definition 3.3.

(i)

(iii)

(iv)

(non-degeneracy): Assume for the sake of contradiction that this property
does not hold, i.e., either that 7(t;_1) € (7(tj—2),7(tj+2))), or that 7(t;42) €
(T(tj—1),7(tj+3)). We assume the first case. Then, Equation (3.48) would
imply that 7(t;_1) € (7(tj—2),7(j))), which contradicts the non-degeneracy
property of ;. The second case is symmetric to the first, and follows by
analogy.

(direction-preserving): Since d; < d;11, we have to prove this property only
for the newly established edge 7(t;_1)7(tj12) of oi41 (for the other edges it is
inherited from o;). The contracted edge was the shortest interior edge of o;

and by construction we have that
7(t5) = 7(tj41)] = 2641 (3.49)

For any s,s" € [tj,tj41], s < &, it holds that |7(s) — 7(s’)| < 2d;41. Indeed, by
induction, the range condition held true for the contracted edge (of o;), and
by Equation (3.49) its length was 20;11. For any s,s" € [t;_1,t;], s < &, the
direction-preserving property of ¢;4+1 holds by induction, and the same holds
for the case s, s € [tj41,tj42]. The remaining case is s, s’ € [tj_1,tj42], s < &,
where the points 7(s) and 7(s") belonged to different edges of ;. In this case,
the direction-preserving property for o;11 follows by the range property of o;
and by Equation (3.49).

(minimum-edge-length): Equation (3.49) and the choice of the contracted edge
imply the minimum-edge-length property for o;,1.

(range): Since by induction, the range property was satisfied for o;, by the state-
ment in (3.48) the range property cannot be violated by the edge contraction,

thus it holds for ;41 as well.

Case 2: 7(t;)7(tj11) is the contracted edge, with j = 1 (the case j = £ — 1 is analogous).

For simplicity, let the first three vertices of the current signature o; have indices 1, 2,

and 3. Again, we prove the conditions of Definition 3.3.

(i)

(non-degeneracy): The non-degeneracy property on the vertex 7(t3) is not
affected by the edge contraction, since 7(t3) stays a minimum (resp. maximum)

in 0;41 if it was a minimum (resp. maximum) in o;. Otherwise, the contracted
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edge would not minimize the expression in Equation (3.47). The other vertices
of o; (except the deleted 7(t2)) are not affected by the edge contraction.

(ii) (direction-preserving): The arguments for the direction-preserving property are
the same as in the case when j > 1.

(iii) (minimum-edge-length): |7(t2) — 7(t3)| > 20,41 and |7(t1) — 7(t2)| = diy1 imply
the minimum-edge-length property for o;11, i.e. that |7(¢1) — 7(t3)] > 0.

(iv) (range): By induction, the range property and the non-degeneracy property are
satisfied for the first two edges of ¢;. Since it holds for the length of the second
edge that |7(t2) — 7(t3)| > 20,41, it must be that the union of the intervals
[T(t1) = 0it1, T(t1) 4+ 0i+1] and (7(t1), 7(t3))) spans the range of values on 7[t1,t3].
Thus, the range property is satisfied for ;1.

By construction it is clear that the vertex set of the ¢;41 is a subset of the vertex set of o;
for each i, as well as that oy, is the linear interpolation of 7(0) and 7(1). This completes

the proof of the lemma. O

We call the signatures o1, ..., o of Lemma 3.34 the canonical signatures of the curve
7. We next define the canonical vertex permutation, following the concept of the vertex

permutations of Driemel and Har-Peled [65].

Definition 3.35 (Canonical vertex permutation). Given a curve 7:[0,1] — R with
m vertices in general position, consider its canonical signatures o1, ...,0r of Lemma 3.34.
We call a permutation of the vertices of T canonical if for any two vertices x,y of T it
holds that if x ¢ V(0;) (the vertex set of 0;) and y € V(0;), for some i, then x appears
before y in the permutation. Furthermore, we require that the permutation contains a token
separator for every o;, for 1 <i <k, such that o; consists of all vertices appearing after

the separator.

A canonical vertex permutation can be computed efficiently. The idea is to simulate
the series of edge contractions done in the proof of Lemma 3.34. This is claimed by
Lemma 3.36.

Lemma 3.36. Given a curve 7: [0,1] — R with m vertices in general position, a canonical

vertex permutation can be computed in O (mlogm) time and using O (m) space.

Proof. Let wy, ..., wy, be the vertices of the curve 7. We build a min-heap from the vertices
wa, ..., Wm—1 using certain keys, that will be defined briefly. We iteratively extract the
(one or more) vertices with the current minimum key from the heap and update the keys
of their neighboring vertices along the current signature curves. The extracted vertices are

recorded in a list L (which is initially empty) in the order of their extraction and will form
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the canonical vertex permutation in the end. Before every iteration we append a token
separator to L. In this way, all vertices extracted during one iteration are placed between
two token separators in L. After the last iteration we again append a token separator and,
at last, the two vertices wy and wy,.

More precisely, let v1,...,v; (a subset of {ws,...,wy,—1}, renamed for simplicity of
notation) denote the vertices contained in the heap at the beginning of one particular

iteration, sorted in the order of their appearance along the curve o. We call the curve
0 = W1,V1, ..., Vk, W,

the current signature. For every vertex we keep pointers to the heap elements that represent
its current predecessor and successor vertices along the current signature. We also keep
these pointers to the virtual elements wy and w,,, which are not included in the heap. We

define the key W (v;) for every vertex v; in the heap as follows:
(i) if i = 1, then W(v;) = min<|w1 — v, Lg”'),
(ii) if i = k, then W(v;) = min(]wm — vk, W), otherwise
(i) W (v;) = min (gl el

Initially, the current signature equals 7 and initializing these keys takes O (m) time in total.

Building a min-heap takes O (mlogm) time. Following the argument from Lemma 3.34,
we need to contract the edge(s) with minimum length (where exceptions hold for the first

and the last edge). This is captured by the choice of the keys’ values above.

We first assume that the minimum is attained for exactly one edge with two endpoints

v; and v;41 in the heap, for some i. In this case, v; and v; 1 are the next two elements to

|vi—viy1]
Rt

to v;—1 (unless i = 1) and v;yo (unless i = k), we now update the key values of these

be extracted from the heap and their keys must be equal to Using the pointers
neighbors and update the pointers such that v;_; (respectively, w;) becomes predecessor
to vit2, and vi4o (respectively, w,,) becomes successor to v;—1. Computing the new key
value of one of these neighboring vertices can be done in O(1) time. Updating the keys
in the heap takes O (logm) time per vertex. We can charge every update of the keys and
the pointers to the extraction of a neighboring vertex, thus the extraction costs O (logm)
per vertex. Since every vertex is extracted exactly once, we need O (mlogm) time in total.

The space O (m) requirement follows from the construction of the min-heap.

If only one vertex v; or vy is extracted during the iteration, which corresponds to the
case that an edge adjacent to wy or w,, is being contracted, the presented upper bounds
remain valid. By the general positition assumption, it is not possible to have more than

one edge (and two vertices) to be extracted simultaneously. If this assumption would be



3.4 On computing signatures 89

neglected, then multiple edges of the same length would be contracted all at once. In this
case more than two vertices need to be extracted, but the (amortized) cost of extraction
per vertex (in particular, the updating of the pointers) would remain O (logm), as every

vertex is extracted exactly once. O

We have computed the canonical vertex permutation by Lemma 3.36. The running time

of Lemma 3.36 is optimal, as it is showed in Lemma 3.37.

Lemma 3.37. Given a curve T : [0,1] — R with m vertices in general position, the problem
of computing a canonical vertex permutation requires at least Q(mlogm) time.

Proof. We show the lower bound using a reduction from the problem of sorting a list of
M = mTﬁ natural numbers. This problem is well-known to require at least Q(mlogm)
comparisons in worst case (cf. a classical book by Cormen et al. [58], Theorem 8.1). Let
ai,...,ap be the elements of the list in order in which they appear in the list. We can

determine the maximal element amax in O (M) time. We now construct a curve 7 of

complexity m as follows: let x; = 2¢ - Gpmax, for 1 <i < M + 1, and let
7= 0, x1, 1 — a1, ..., Ti, Ti —Qiy ., TM,TM — QM TM+1-

The constructed curve contains an edge between z; and z; — a; of length «;, for every a; of
our sorting instance. We call these edges variable edges. The remaining edges of the curve
7 are called connector edges. All connector edges are longer than ap.x. We can consider
all the edges that would occur after extracting the two vertices of variable edges to be
connector edges.

If the claim of the lemma would not hold, a canonical vertex permutation of 7 would
provide us the variable edges (i.e. the values z; associated with these edges) in ascending

order of their length, a contradiction. ]

The following lemma testifies that we can query the canonical vertex permutation for a

signature of a given size £. Note that a canonical signature of size exactly £ may not exist.

Lemma 3.38. Given a canonical vertex permutation of a curve T, we can extract the

canonical signature of T of mazximal size V', with €' < £, in O(¢log/l) time.

Proof. Let L’ denote the suffix of the canonical vertex permutation which contains the last
¢ vertices. If there is no token separator at the starting position of L', then we remove
the maximal prefix of L’ which does not contain a token separator. In this way, we obtain
the vertices of the canonical signature o of maximal size ¢/, with ¢/ < £. We now sort
the vertices in L’ in order of their appearance along o in time O (¢log /), and return the

resulting curve. ]
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The following theorem follows from Lemma 3.36 and Lemma 3.38. Furthermore,

Lemma 3.37 testifies that the preprocessing time is asymptotically tight.

Theorem 3.39. Given a curve 7 : [0,1] — R with m vertices in general position, we
can construct a data structure in time O (mlogm) and space O (m), such that, given a
parameter £ € N we can extract a canonical signature of mazximal size £, with ¢ < {, in

time O (¢log ).

3.4.2 Computing signatures of a given error

Up to now, we have considered the problem of constructing a signature containing at most
¢ vertices, for a given value of £ € N. Now we consider the construction of a d-signature for
a given parameter § > 0. Algorithm 1 does this, as it is claimed by Theorem 3.40. This
algorithm is a greedy one, choosing the next signature vertex as the one that is out of
the covered range, while being the farthest point in the allowed direction, such that the
properties of Definition 3.3 are satisfied. The variable a counts the indices of the signature

o (as they are discovered), while the variable b counts the indices of the curve 7 seen so far.

Algorithm 1: Computing a d-signature
Data: curve 7= 7(t1),...,7(tm) with 0 =1 < ... < t,,, = 1, parameter § > 0

Result: values s; < ... < sy, such that o = 7(s1),7(s2),...,7(s¢) is the d-signature
of 7

1 j<1lia+1;5+0 /* assign first vertex 7(0) to o */

2 repeat j +— j+1
3 until 7(t;) € [7(0)]s or j > m /* scan beginning of the curve 7 */
ab«j /* 7(tp) is first point outside [7(0)]s */
5 for i < j+ 1 tomdo /* scan remaining of the curve 7 */
6 if 7(ty) € (7(sq), 7(t;))) then /* 7(t;) farther than 7(¢;), and in the same

direction */
7 ‘ b1 /* update farthest point of 7 from 7(s,) seen so far */
8 else

if |7(t;) — 7(tp)| > 26 then /* gone backwards too far */
10 a<+a+1; s, 1t /* append farthest point to o */
11 L b+ /* update farthest point (and change direction) */
12 if 7(tp) ¢ [7(1)]s then /* check if the last vertex before 7(1) gets into o */

13 La<—a—|—1;sa<—tb;

14 a+—a+1;s, 1, /* assign last vertex 7(1) to o */
15 return curve o = 7(s1),...,7(S¢)
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Theorem 3.40. Given a curve T : [0,1] — R with m vertices in general position, and
given a parameter 6 > 0, Algorithm 1 computes a §-signature o : [0,1] = R of 7 in O (m)

time and using O (m) space.

Proof. We prove that Algorithm 1 produces the values s1 < ... < sy that define a proper
d-signature o = 7(s1),7(s2),...,7(s¢) of 7 according to Definition 3.3. The algorithm
operates in three phases: (1) lines 2-4, (2) lines 5-11, and (3) lines 12-14. In the first phase,
the algorithm finds the first vertex 7(¢;) of 7 which lies outside the interval [7(0)]s (if such

a vertex exists), and assigns its index to the variable b.

In the trivial case, 7 is entirely contained in the interval [7(0)]s. In this case, the
first phase will simply run until the last vertex of 7 (j = m), the second phase is not
executed, and the condition in line 12 for the entry into the third phase evaluates to false.
The algorithm returns the correct signature, which has two vertices, s; = 0 and so = 1.
Otherwise, 7 must leave the interval [7(0)]s, and there is the index j < m of the first vertex
7(t;) outside [7(0)]s. For the rest of the proof, we assume that this happens.

We claim that the following invariants hold at the end of each iteration of the for-loop
in the phase 2 (lines 5-11):

(I1) 7(s1),...,7(sq) is a correct prefix of the J-signature;
(I2) for any z € [sq,t;] it holds:
(a) if a > 1 then 7(x) € (7(sq), 7(tp)),
(b) if @ =1 then 7(x) € [7(0) — §,7(tp)] when 7(t) > 7(0)
(respectively, 7(z) € [7(tp), 7(0) + ] when 7(t;) < 7(0));
(I3) (a) if @ > 1, then |7(sq) — T(tp)| > 20,
(b) if a =1 then |7(0) — 7(tp)| > 0;
(I4) if t; > tp, then for any x € [tp, ;] it is |7(tp) — 7(x)] < 26;
(I5) the direction-preserving property holds for the subcurve 7[s,, t3].
We prove the invariants by induction on i (i.e. over the vertices of the curve 7). The base
case happens after execution of line 4, before the first iteration of the for-loop (i.e. at the
end of the zeroth iteration). For ease of notation, we define i = b for this case. Invariants
(I1), (I3) and (I4) hold by construction. The invariants (I2) and (I5) follow immediately
from the observation that 7(¢;) is the first point outside the interval [7(0)]s.

Now we prove the induction step. During the execution of the for-loop in lines 5-11, we
implicitly maintain a general direction in which the curve 7 is moving. This direction is
upwards if 7(s,) < 7(tp) and downwards otherwise. Furthermore, we maintain that 7(¢)
is the farthest point from 7(s,) on the current signature edge (starting at 7(s,)) in the

current general direction. Note that a new vertex is appended to the signature prefix (in
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line 10) only when 7 has already moved in the opposite direction by a distance greater

than 2. Only then, we say that the current general direction of the curve has changed.
Consider an arbitrary iteration ¢ of the for-loop. There are three cases:

(i) line 7 is executed and ¢ becomes the new b
(this happens if 7 is moving in the current general direction beyond 7(tp));
(ii) lines 10 and 11 are executed and a new signature vertex is appended to the signature
prefix
(this happens if 7 has changed its general direction, as the new vertex satisfying
minimum-edge-length property was found);
(iii) no assignments were made
(this happens if 7 locally changes direction, but the current general direction does
not change, i.e. 7(ty) ¢ (7(sa), 7(t;)) and |7(t;) — 7(tp)| < 26).
For each invariant we consider each of the three cases above.

(I1) If the signature prefix was not changed in the previous iteration (cases (i) and (iii)),
then (I1) simply holds by induction. Otherwise, we argue that the new signature
prefix is correct. By induction, 7(s1),...,7(sq—1) is a correct signature prefix. The
conditions of Definition 3.3 for 7(s1),...,7(s,) follow by the induction hypothese
in the iteration step 7’ < 4, in which the last value of b was assigned. In particular,
(i) non-degeneracy follows from (I2), (ii) direction-preserving follows from (I5), (iii)
minimum-edge-length follows from (I3), and (iv) range property follows from (I2).

(I2) We distinct the two cases:

a = 1: Let 7(t,) > 7(0). Since a = 1, we cannot be in case (ii). Furthermore, once we
enter the for-loop, the current general direction is fixed until a is incremented
for the first time. Therefore, by (I2) in the (¢ — 1)-th iteration, we have for
x € [s1,t;—1] that 7(x) € [7(0) — 6, 7(ty)], where V' holds the value of b before
we entered the for-loop in the current iteration. Now, in case (i) the claim
follows immediately. In case (iii) it follows from the (false) condition in line 9,
that 7(t;) > 7(tp) — 20 > 7(0) — 9, and by the (false) condition in line 6, that
T(ti) < 7(tp). The case 7(tp) < 7(0) is analogous.

a > 1: Assume case (ii) and assume that the general direction changed from upwards
to downwards (the opposite case is analogous). Let a’ and b’ be the values of a
and b before the new assignment in lines 10 and 11. By (I2) in the iteration
when one of these values were previously assigned, we have 7(ty) > 7(x) for
any « € [ty,ti—1]. By (I4), we have 7(ty) — 20 < 7(z) for any = € [ty,t;—1]. By

the (true) condition in line 9, we have 7(t;) < 7(ty) — 25. Therefore, for any
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(I13)

(14)

x € [ty,t;], we have T(x) € [7(t;), T(ty)], which implies (I12) after the assignment
in lines 10 and 11.

Now, in case (i) and case (iii), we have by (I2) (in the previous iteration) for
T € [Sq,ti—1] that 7(x) € (7(sq),7(t;)). The correctness in case (i) follows
immediately. In case (iii), assume 7(t;) > 7(sq,). It follows from the (false)
condition in line 9 and by (I3), that 7(t;) > 7(tp) — 20 > 7(s,), and by the (false)
condition in line 6, that 7(¢;) < 7(t;). The case 7(t,) < 7(s4) is analogous.

Again, we distinguish the two cases:

i = 1: since the for-loop was started after the curve 7 left the interval [7(0)]s for the
first time, and by (I2) in the previous iteration, () is farthest point from 7(0),

and thus, the invariant (I3) remains valid.

a > 1: In case (ii), we append the parameter t;, to the signature prefix and re-initialize
b to be ¢ only after the curve has moved by a distance of at least 2§ (line 9)
from 7(tp), thus (I3) is valid. For the cases (i) and (iii), the distance (inherited
by (I3) from the previous iteration) is further maintained by (12).

is clearly satisfied in case (i) and case (ii), since b = 7 is assigned. In case (iii), when
no new assignment is done, for the curve 7 [tp,¢;—1], (I4) follows by induction from
the previous iteration. For the curve 7 [t;_1,t;], (I4) holds by the (false) condition in
line 9 that |7(t,) — 7(t;)| < 20.

holds since we assign a new signature vertex with parameter s, =t as soon as the
curve moves by more than 20 in the opposite direction (case (ii)). In the other two
cases there is no change, thus the correctness follows by induction from the previous

iteration.

By induction, we conclude from the invariant (I1) that after the phase 2 of the algorithm,

the vertices chosen into ¢ make a correct prefix of the §-signature. It remains to decide on

the last two vertices. In phase 3, there are two cases. If the range condition is satisfied

for the edge from 7(s,) to 7(1) (potentially the last signature edge), the algorithm only

appends the last vertex 7(1) of the curve 7 to the signature o. Otherwise, the algorithm

appends 7(t;) and 7(1) to the signature, since we have moved from 7(¢;) in the opposite

direction by more than §, and by (I3), we had previously a signature edge of length more
than 26. In both cases, the conditions in Definition 3.3 are satisfied for the part of the

curve we considered in phase 3 as well.

We can use a linked list to store the parameters of the vertices of the signature. Then,

the running time and the space requirements of the algorithm are linear in m, since the
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execution of one iteration of the for-loop takes constant time, and there are at most m

such iterations. This closes the proof of the theorem. O

3.4.3 Signatures as approximate minimum-error simplification

We close this section with the result that shows that signatures are a 2-approximation to

the minimum-error ¢-simplification problem (cf. Definition 3.1).

Lemma 3.41. Given a curve 7 : [0,1] — R with m vertices in general position, and given
a parameter £ € N, we can compute in O(mlogm) time a curve 7 : [0,1] — R with at most
¢ vertices, such that dp(mw,7) < 2dp(n*,7), for 7 being a minimum-error £-simplification

of T.

Proof. Let o1,...,0, be the canonical signatures of 7 with corresponding parameters
d1,...,0k, as defined in Lemma 3.34. Lemma 3.4 implies that dp(o;,7) < §;. Consider the

signature o; with the maximal number of ¢/ < £ vertices. We claim that

d S dF(ﬂ_*77—) S 5i7

| >

which will imply the claim of the lemma. The second inequality follows from dp(7*,7) <
dp (o, 7) < 6;, by the definition of 7* and the fact that o; consists of at most ¢ vertices.
To see the first inequality, consider the signature o;_1 = wvy,...,vs, with h > £. By
Lemma 3.34(i), the signature o, is a J-signature of 7 for all § € [0;—1,0;), and so for
6 = 0; — ¢, for any € > 0. By Definition 3.3, it holds for

1) 1)
Rj: [Uj—z,vj+2:|,

that for any 1 <j <h—1itis Rj N Rj11 = 0.

Repeating the proof of Lemma 3.5, but with ranges R; = [v; — 0/2,v; + 6/2] instead of
[vj — 0, vj + 0] (the rest of the proof can be taken verbatim), we conclude that any curve 7
with dp(m,7) < /2 needs to consist of at least h > ¢ vertices. Since 7* has complexity at
most ¢, the first inequality follows. We can compute the signature o; in O (mlogm) time

using Theorem 3.39. This closes the proof of the lemma O

3.5 Conclusion and open questions

In this chapter we introduced the special type of the curve simplification in one-dimensional
ambient space — the §-signatures. The advantage of signatures is that for any input curve

of complexity m, they can be efficiently computed, both if an error threshold 4, or a
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goal size ¢ is given (in time O (m) and O (mlogm), respectively). The signatures yield
a 2-approximative solution to the minimum-error ¢-simplification problem on the input
curve 7. Thus, the signatures can be incorporated as a tool into algorithms that require an
{-simplification, without requiring a large computation time.

Once we computed a d-signature of a given input curve 7, we can search for vertices of
the curves that are similar to 7, i.e. at continuous Fréchet distance to 7 at most ¢, only in
the intervals of width 2 around the signature vertices. All other possible vertices can be
“forgotten”, since we showed that by removing such a vertex from a curve that is close to 7
does not increase the distance of the curve beyond 9.

A strict restriction to the application of the signatures is the dimension of their ambient
space. It would be great to have an analogous concept in higher dimensional spaces, or
at least in the two-dimensional space. However, it is not clear how to formulate such a
simplification concept, in order to be able to repeat the proof of the crucial Lemma 3.7.

This remains the main open question of this chapter.






4 Clustering under the Fréchet distance

4.1 Introduction

Clustering of curves is an active research topic, both in algorithmic theory and in data
mining community, with results dating back to the well-known Lloyd’s algorithm from
1957 [132], which was developed for the k-means clustering. However, most of the approaches
in data mining, where the notion of time series instead of curves is rather used, lack a
rigorous algorithmic analysis. For an overview of data mining approaches and methods we
confer to the surveys of Aghabozorgi et al. [10], Jacques and Preda [114], and Liao [131].
For a more extensive discussion we refer to the book chapter by Kotsakos et al. [121] and

references therein.

A common approach to the curve analysis is to observe each vertex of the input curves
as a coordinate (or a tuple of coordinates) and thus a curve as a high-dimensional point
(cf. [131]). Upon such interpretation of data, any clustering algorithm can be applied.
Despite the practicality of such an interpretation and its simplicity, there are at least
two main drawbacks that are often hard to resolve: that all curves must be of the same
complexity, and if the vertices of the curves have embedded the time aspect, then these

need to be synchronized.

When choosing a single representative for a set of curves under Fréchet distance, the
optimal solution may have a complexity that equals the sum of the complexities of the
input curves (cf. [12]). This can cause a vast overfitting. Therefore, we opt to adapt the
classic k-clustering problems (cf. Section 2.4) by bounding the complexity of the clustering

center curves by a constant £ € N.

4.1.1 Problem definition

We define our problems for curves in the one-dimensional Fuclidean ambient space. Re-
member that A, denotes the set of the polygonal curves of complexity m in the ambient

space R (cf. to the page 39 for the definitions of A and A,,). The formulations of Equa-

97
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tions (4.1) and (4.2) can easily be extended for the curves in R%. As in Chapter 3, we make
the general position assumption'! on the input curves.

Given a set of n curves P = {7y,...,7,} C A,, and parameters k, ¢ € N that we assume
to be constants, we define a (k, £)-clustering as a set of k curves C = {1, ..., } taken

from Ay which minimize one of the following cost functions:

costoo (P, C) = legl’ayfn} ]6?1171117 }dF(TZ,Cj) (4.1)

costy (P, C) Z ?un dr(Ti, ;) - (4.2)
JE{L,...k

In case that we have only one clustering center curve ¢ (when k = 1), we will simply
write cost;(P, <) instead of cost; (P, {s}), for i € {o0,1}. We refer to the clustering problem
as (k,?)-center (Equation 4.1) and (k, /)-median (Equation 4.2), respectively. We define

the cost of an optimal solution as

@) p :
opt = min cost;(P,C),
pt{)(P) = min costi(P.C)
where the restrictions on C' are as described above and i € {oc0, 1}.
We define and analyze both problems using continuous Fréchet distance. It is of
independent interest to study both problems under discrete Fréchet distance as well. Since
parts of our analysis for the continuous case work for the discrete Fréchet distance too, we

discuss the differences and respective results at the end of each section.

4.1.2 Results in this chapter

Let 0 < e < 1. We present the first (1 + ¢)-approximation algorithms for the (k, ¢)-center
(cf. Theorem 4.13) and (k,¢)-median (cf. Theorem 4.22) problem under the continuous
Fréchet distance, for the curves in the one-dimensional Euclidean space. Both algorithms
produce a witness solution and a (1 4 €)-approximate cost for the respective problems, in
time O(mn).

In order to produce a solution for (k, ¢)-median, we have to overcome the problem that
the metric spaces we work in do not have the bounded doubling dimension, neither for the
continuous nor for the discrete Fréchet distance. We show these facts first in Section 4.2.

Both of our (1 + ¢)-approximation algorithms use the properties of signatures, presented

in Chapter 3. Unfortunately, the signatures cannot be used for the discrete Fréchet distance

1 Gee page 49 for the definition.
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case. Therefore, for the (k,¢)-center and the (k,¢)-median problems under the discrete
Fréchet distance we present constant-factor approximation algorithms, with approximation
factors of 5 and 45, respectively. The running times of these algorithms are O (mn). We
state these results as Theorem 4.10 and Theorem 4.11. Note that both of these results are
valid for any dimension d > 1 of the ambient space.

We also show that both problems are NP-hard, if k is part of the input, for £ > 2, under
both continuous and discrete Fréchet distance. The (k, ¢)-center problem is NP-hard to

approximate better than a factor of 2. Theorem 4.25 and Theorem 4.26 show these results.

4.1.3 Related work

Until recently not so much was known on computing of curves’ clustering under dissimilarity
measures that do not treat curves as sets. Dumitrescu and Rote [72] considered the problem
of simultaneous minimization of the Fréchet distance between all pairs of curves from
a set!?
O (m™logm). For this problem (under the discrete Fréchet distance), Buchin et al. [39]
showed that unless SETH (cf. Hypothesis 2.34) fails, the solution cannot be computed

significantly faster than O (m™).

of n curves of complexity m, and provided a 2-approximation solution in time

Searching for a single representative of a set of n input curves was the first clustering-like
approach. Buchin et al. [41] defined the median level curve using only parts of the input
curves. Har-Peled and Raichel [98] defined a mean curve, which minimizes the distance to
the input curves, and which can be chosen with no restrictions. Ahn et al. [12] defined
the middle curve problem, which uses only vertices of the input curves and minimizes
the Fréchet distance to the input. Both of these algorithms need exponential time in the
number of the input curves n.

On clustering of curves with multiple representative curves there were no published
results before our work, which was published in [68], and which is presented in this chapter.
These results started a series of publications that we consider in the following.

For the (k, ¢)-center problem it was later shown by Buchin et al. [44] that if ¢ is part
of the input, then there is no polynomial time approximation scheme. They reduced the
problem to the Shortest Common Supersequence (SCS) problem. The approximation
factor bound depends on the dimension of the ambient space d and on whether the Fréchet
distance is discrete or continuous. These lower bound factors are presented in Table 4.1,
and are originally from [44]. These bounds hold even if k¥ = 1. The (k, £)-median problem
is NP-hard as well, if ¢ is part of the input. This was shown by Buchin, Driemel and
Struijs [45] by reduction to the SCS problem.

2They called this the Fréchet distance of the set of curves.
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Continuous Fréchet distance | Discrete Fréchet distance
d=1 1.5 2
d>2 2.25 2.598

Table 4.1: The lower bounds for the approximation factor of an approximation algorithm for
the (k, £)-center problem, if ¢ is part of the input. These results were presented
in [44].

On the positive side, there exists a constant-factor approximation algorithm for d > 2
by Buchin et al. [44]. They adapted the algorithm of Gonzalez [89], with approximation
factor of 3 for the discrete Fréchet distance (in time O(mn)), and the factors 3 and 6 for
d =2 and d > 2 respectively, for the continuous Fréchet distance (in time O(mn + m?)).
The result for the discrete Fréchet distance was later improved by Buchin, Driemel and
Struijs [45] into a (1 4 )-approximation algorithm with running time O(mn). They also
gave an exact algorithm for d < 2 with running time O((mn)?**1).

For the (k,¢)-median problem an improvement to our result was given by Buchin,
Driemel, and Struijs [45]. They gave a (1 + ¢)-approximation algorithm for d > 1 under

dkl+1) | This result was further improved into a

the discrete Fréchet distance in time O(nm
(1 + e)-approximation algorithm under discrete Fréchet distance by Nath and Taylor [146],
with running time O(mn). Their approach extends to the k-median under Hausdorff
distance.

To find a (1 + ¢)-approximation to the (k,¢)-median clustering under the continuous
Fréchet distance for d > 1 is still an open problem. However, for d > 1 there are recent
results by Meintrup, Munteanu and Rohde [139], and by Buchin, Driemel and Rohde [45],
that both obtain a (1 + ¢)-approximation solution to the (k, ¢)-median clustering under
the continuous Fréchet distance, but with a caveat. The result of Meintrup, Munteanu and
Rohde [139] assumes that the number of outlier input curves is bounded. The result of
Buchin, Driemel and Rohde [46] has no assumptions on the input, but yields a bicriteria
approximation solution with complexity of each center curve at most 2/ — 2, in time linear
in n and polynomial in m.

We summarize the best known results for the problems we consider in this thesis in
Table 4.2.

For the (k,¢)-means problem (an extension of the known k-means problem analogous
to our extensions of the k-center and the k-median problems) and for the (k, ¢)-clustering
problem under the DTW distance there are no known results in the literature.

On problems related to the (k, £)-clustering the following is known. When the restrictions

on ¢ are lapsed, we have classical k-clustering problems: 1-center (smallest enclosing ball)
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Continuous Fréchet distance Discrete Fréchet distance
(k,0)-center d=1 || Theorem 4.13 | 1+ ¢ O(mn) [45] | 1+¢| O(mn)
d=2 [44] 3 | O(mn+m3) || 45] | 1+e| O(mn)
d>?2 [44] 6 | O(mn+m3) | [45] | 14+ | O(mn)
(k,¢)-median d =1 || Theorem 4.22 | 1 +¢ O(mn) [146] | 1+¢ | O(mn)
d>2 ? ? ? [146] | 14+ | O(mn)
bicriteria ~ d > 2 [46] l+e| O(mOWn)

Table 4.2: The best known approximation algorithms for the (k,¢)-center and the (k, ¢)-
median problems. For each result the reference, the approximation factor, and
the running time are given.

and 1-median problems are NP-hard under both discrete and continuous Fréchet distance
(cf. [45]). 1-median under DTW (and its variants) are NP-hard as well, where the result
of [45] generalizes the previous result by Bulteau, Froese, and Niedermeier [49]. Based
on technique of [44, 45], Buchin, Funk, and Krivosija [48] showed that the middle curve
problem of Ahn et al. [12] is NP-hard.

4.2 Doubling dimension of the metric space

The standard clustering techniques [3, 126] for metric spaces with bounded doubling
dimension cannot be directly applied to (k,¢)-clustering problems under (continuous
and discrete) Fréchet distance. Namely, the doubling dimension of the space of one-
dimensional curves in R, i.e. univariate time series, is unbounded. This result is presented
by Lemma 4.1. Even if we restrict the complexity of the curves to ¢ > 4, the doubling
dimension is unbounded, which is claimed by Lemma 4.2. Note that Lemma 4.2 does not
hold under the discrete Fréchet distance. We discuss this at the end of the section, together

with cases when ¢ < 4.

Lemma 4.1. The doubling dimension of the metric spaces (A,dp) and (A, dgp) is un-
bounded.

Proof of Lemma 4.1 for the continuous Fréchet distance. Assume for the sake of
contradiction that the doubling dimension of (A, dr) is bounded and equal to some d € N.

We construct an instance of 2¢ + 1 curves from A, which lie in a ball of radius % while no




102 4 Clustering under the Fréchet distance
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Figure 4.1: Examples of the constructed curves in Lemma 4.1 (left) and Lemma 4.2 (right).

two elements can be covered by a ball of radius %. But, by pigeonhole principle there must

exist two curves from the input set, such that they are covered by one ball of radius %.

Let therefore be P = {7,..., 794}, with 7; = 0,4,7 — %,2d +2, for i € [2¢ +1]. The set
P is contained in the ball B(g, %), where ¢ is the curve

1. 3 J
N R R
Y 7Z 8?Z Y ) +

7 5
< 2d 4 Z 9d 4 9,

=0 -
g ) 87 8

(ORI |
co| wt

)

An example is given in Figure 4.1 (left).
Any two curves 7;,7; € P have Fréchet distance i to each other. Now, assume that a
ball of radius 1—16 exists which contains both 7; and 7;. Let its center be denoted ¢;;. Using

the triangle inequality we get:

1
1= dp(1i,7j) < dp(7,<5) + dr(sij, 75) <

)

col

a contradiction. O

Proof of Lemma 4.1 for the discrete Fréchet distance. We follow the proof for the

continuous case. We adapt the curves of the input set P and the center curve by adding

vertices along the curves without changing the shape of the curves. Let 7; = 0,1 — i, R
1—2di—3i+3,...,2¢42 294 2 and let the center curve be
765 1. 2 3 d T aqa 6 .4 5 .4
:07777)77”'5 ST ) _7)”-72 *72 *,2 *,2 2.
CThEes T TR s Tyt Ty Tyt

The rest of the proof holds verbatim, since the discrete Fréchet distance between each two

of the input curves is %. O

Lemma 4.2. For any integer { > 4, the doubling dimension of the metric space (Ay,dF)

18 unbounded.
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Proof. The proof is similar to the proof of Lemma 4.1. This time we argue that no two
curves in the set can be covered by a ball of half the radius because there exists no suitable
center in Ay, that is, the center would need to have complexity higher than ¢. As in
the proof of Lemma 4.1, we define a set P = {71,..., 741} C Ay. For s = L%J and
i€ [2¢ 4 1], let

1 1
T = O,S(i—1)+1,s(z’—1)+5,...,5(1’—1)+j,s(i—1)+j—§,...

1
...,s(i—1)+s,s(z‘—1)+s—§,s(2d+2),

where j € [s]. Note that if ¢ is odd, the curve 7; has £ — 1 vertices. Clearly, each 7; € P is
an element of Ay, since its complexity is at most £. Figure 4.1 (right) presents an example
with £ = 8 (and s = 3). Note that the choice of the curves 7; requires ¢ > 4, otherwise our
curves would have only one vertex 0.

The set P is contained in the ball with radius } centered at ¢ = 0, s(2¢ + 2). Note that
the %—signature of any 7; € P is equal to 7; itself. Thus, by Lemma 3.5, any potential
center curve g; of a ball of radius %, such that 7; € B(gl-, %) needs to have a vertex in
each interval [w - é, w + é] for each vertex w of 7;. By construction, these intervals are
pairwise disjoint for each curve and across all curves in P (except for the intervals around
the two endpoints). Therefore, such a ball with radius % which would cover two different
curves 7;, 7; € P, would need to have the center curve with more than ¢ vertices and is
therefore not contained in Ay. Indeed, the number of pairwise disjoint signature intervals
induced by any 7, 7; € P with i # j,is 24+ 2-25 > 2( — 2 >/, since { > 4. O

We would like to have an analogous claim as Lemma 4.2 under discrete Fréchet distance,
but in that case the doubling dimension of the metric space (Ay, dgr) is bounded. We

show this in the following lemma.

Lemma 4.3. For any integer £ > 2, the doubling dimension of the metric space (Ag, dgr)

1s bounded.

Proof. Let ¢ = c1,...,¢0 be a curve in Ay, and let » > 0. Each curve 7 € B(¢, ), must
have a vertex in each of the ranges [¢; — r,¢; + 7], for all i € [¢], otherwise a traversal that
realizes dqp(s,7) < r would not exist. The curve 7 we assign to a curve ¢; = ¢j1,...,Cje
in the following manner. Let w; be a vertex of 7 that lies in the range [¢; — 7, ¢; + 7], for
i € [£]. Then, the vertex cj; = ¢; — 5 if w; € [¢; —7,¢;), and ¢j; = ¢; + § otherwise (i.e. if
w; € [¢;,c; +r]). There are 2 possible assignments, and thus at most 2¢ distinct curves ;.
Clearly T € B(gj, g), therefore the ball B(s,r) is covered with at most 2¢ balls of half the
radius. This closes the proof. d
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Under continuous Fréchet distance for small values of ¢ (i.e. £ € {2,3}) we can analogously
to Lemma 4.3 conclude that the doubling dimension of the space (Ay, dr) is bounded, since
for each center curve from Aj (respectively As) and any radius r > 0, we can cover the
ball B(s,r) with at most 2¢ balls of half the radius. Note that for £ = 2 the metric space
(Ay,dr) equals the metric space (R?,£y,), which is known to have a bounded doubling
dimension (cf. Gupta, Krauthgamer, Lee [93]).

4.3 Constant-factor approximation

A constant-factor approximation algorithm for a clustering problem is often a first step
in construction of a (1 + ¢)-approximation. The algorithm we present, first simplifies the
input curves while reducing their complexity to a constant, and then applies an existing
k-clustering approximation algorithm designed for general metric spaces. One aspect we
need to take care of for the choice of algorithms is that our clustering centers have to have
complexity ¢. This can be obtained if the used algorithms return a subset of the input,
whose curves are in Ay.

For k-center problem we use the algorithm of Gonzalez [89], here stated as in [95]. This
algorithm is a greedy algorithm, it selects an arbitrary input point as the first center, and
subsequently k£ — 1 times selects and adds into set of centers the point from the input that

is at maximum distance to the so far selected centers. This result we state as Theorem 4.4.

Theorem 4.4 ([95] Theorem 4.3). Given a set P of n points in a metric space (X,d),
there is an algorithm that computes a set of k centers, which is a subset of P, such that
it is a 2-approximation to the optimal k-center clustering of P. The running time is
O (nk - T(X)) time, where T'(X) is the time needed to compute distance d between a pair
of points in X.

Chen [54] has given a constant-factor approximation algorithm for the discrete k-median
problem in general metric spaces, i.e. when the cluster centers are selected among the
input points. Chen’s algorithm begins with the construction of a strong coreset @ (cf.
Definition 2.28) of the input set P for k-median problem, whose size depends only logarith-
mically on n. This construction is probabilistic, chooses the points among the elements of
P, and guarantees success with constant probability. Running the local search algorithm
of Arya et al. [16] on @ yields a (5 + €)-approximative k-median solution for ). Since the
local search algorithm explores the elements of () as potential solution centers, the found
solution is a subset of @, therefore it is a subset of P as well. Chen proved that it is a
(10 + e)-approximation to the optimal solution of the k-median problem on P. This result

we state as Theorem 4.5.
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Theorem 4.5 ([54] Theorem 6.2). Given a set P of n points in a metric space, for
0 < e < 1, there is an algorithm that computes a set of k centers, which is a subset of
P, such that it is a (10 + &)-approxzimation to the optimal k-median clustering of P, with

constant probability of success. The running time is O (nk: + k7% log® n)

The following algorithm provides a constant-factor approximation to the (k, £)-clustering

problems.

Algorithm 2: Constant-factor approximation for (k, ¢)-clustering

Data: curves P = {7y,...,7,}, parameters k > 0,¢ > 0
Result: cluster centers C' = {c1,...,<} and cost D
1 For each 7; compute an approximate minimum-error ¢-simplification 7; (Lemma 3.41)
2 Apply an approximation algorithm for k-clustering in general metric spaces on
P={A,..., 7} (Gonzales’ algorithm (Theorem 4.4) for k-center and
Chen’s algorithm (Theorem 4.5) for k-median)

3 return the resulting cluster centers C' = {1, ..., ¢} with approximate cost
Dy = coste(C, 13) + max dp(7,T;)
i€{1,....,n}

Dy = costy(C, ﬁ)"’ZdF(Tiaﬁ)
=1

for (k, ¢)-center and (k, £)-median, respectively

Lemma 4.6. The cost Do, (respectively, D1) and the solution C' computed by Algorithm 2
constitute a (a + B + af)-approximation to the (k,l)-center problem (respectively, the
(k,0)-median problem), where a is the approximation factor of the simplification step and

B is the approximation factor of the clustering step.

Proof. We first discuss the case of (k, ¢)-center. We have that

Dso = costoo(C,P)+ max dp(7i,7)
1€{l,....,n}

max mindp(7;,<) + max dp(7n,7;)
i€{l,...,n} s€C ie{l,....,n}

max (min dr(7i,s) + dr(m, ﬁ))

v

i€{l,...,n} \s€C

in(d 7; d ia/ji
o rggg( F(Tis <) +dp(Ti, 7))

v

> max mindp(7;
= ie{l,..n} <eC #(7ir¢)
> costeo(C, P).
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Let 0* be the optimal cost for a solution to the (k, ¢)-center problem for P = {ry,...,7,},
and let one such optimal solution be C*. If we denote the optimal ¢-simplification of 7;

with 7;*, then we have

max dp(7;,7) <a- max dp(r,77) <a- max min dp(7,w) = @,
ie{l,...,n} 1€{1,....,n} 1€{1,...,n} weC*

since dp(1;,w), w € C*, is lower bounded by the Fréchet distance of the input time series
7; to its optimal f-simplification, as the curves w € C* have at most ¢ vertices. Thus it
holds that

Doe < costoo(C, P) + ad*.

To relate an optimal solution C* to D4, we proceed as follows. Let w; € C* be the center

of this optimal solution which is closest to 7;, for 1 <7 < n. We have

(5* = max dF(TZ',wZ'>

ie{l,....,n}

> max (dp(Ti,wi) —dp(7, 7))
i€{1,....,n}

>  max dp(T,wi)— max dp(m,T)
ie{l,....,n i€{l,....,n

> costoo(C*,ﬁ) — max dp(n,7)

ie{l,...,n}

1 ~

> = B *

> 3 (costoo(C, P)) ad
1

> —(Doo —ad®) — ad”®,

B
since

costoo (C, 13) <gB- costoo(é'*,lg) <g- costoo(C'*,Zg),

where C* is an optimal solution to the (k,¢)-center problem for P. We conclude that
0* < costoo(C, P) < Do < (a+ 8 + a3)d*, as claimed.

The claim of the lemma for the (k, ¢)-median problem follows with small modifications,

that we give here for completeness. We have that

D, = Costl(C,Ig)—i—zdF(Ti,?i)
i=1

n n
_ nde(F A7 7
iz; ?élél F(Tug)'f—; F(TUT’L)
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Dy >

M-

mi(ljl(dp(ﬁ',g) +dp(7i, 7))
S

=1

> indpg(7;
> ; min dp (7, <)
> cost1(C, P).

3

Let 0* be the optimal cost for a solution to the (k, ¢)-median problem for P = {1y,...,7,},
and let one such optimal solution be C*. Analogously to the (k,¢)-center problem, it holds
that

> dp(ri, %) <ad® and Dy < costy(C, P) + ad”.
=1

An optimal solution C* is related to D as follows. Let w; € C* be the center of this

optimal solution which is closest to 7;, for 1 < i < n. We have then

5* = idp(ﬁ',wi)
=1

> Zn: dp (7, w;) — Zn: dp(Ti, 72)
i=1 i=1
> cost; (C*, P) — ad*
> ;(costl(C, ﬁ)) —ad”
> ;(Dl —ad®) — ad”.
We conclude that 6* < cost;(C, P) < D1 < (a+ 8+ af)d*, as claimed. O

Theorem 4.7 and Theorem 4.8 claim the quality and the running times of our constant-
factor approximation algorithms for (k, £)-clustering problems under the continuous Fréchet

distance.

Theorem 4.7. Given a set of n curves P = {11,..., 7} C A, and parameters k,{ € N,
Algorithm 2 computes an 8-approximation to opt,(f;)(P) under the continuous Fréchet

distance and a witness solution in time O (mnkllog(mf)).

Proof. The theorem follows from Lemma 4.6 by setting o = 5 = 2. We use Lemma 3.41 to

compute a 2-approximate ¢-simplification for each curve (in time O (mlogm) per curve).
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Then, we use Gonzales’ algorithm which by Theorem 4.4 yields a 2-approximation k-
center clustering of the /-simplifications of the curves from P. Each distance computation
in Gonzales’ algorithm between curves from A, takes O (62 log E) time using Alt and
Godau’s algorithm (Theorem 2.32). To compute the approximate cost, the distance
computations between the cluster centers (that are in Ay) and the input curves (that are
in A,,) take O (mllog(mf)) time each. Therefore, the running time of Algorithm 2 is
O (mnlogm + nkl?log ¢ + mnkllog(ml)) = O (mnkllog(ml)). O

If we would first run the Gonzales’ algorithm on the input curves, followed by the
f-simplification of the obtained cluster centers, the cost of one distance computation would

increase to O (m2 log m) and the total running time would be O (m2n log m)

Theorem 4.8. Given a set of n curves P = {11,...,m} C Ay, and parameters k,{ € N,
(1)

Algorithm 2 computes a 68-approzimation to opt, ,(P) under the continuous Fréchet

distance and a witness solution in time O ((nk + k" log® n) - mlog(mf)).

Proof. The theorem follows from Lemma 4.6 by setting o = 2 and 8 = 22. We use
Lemma 3.41 to obtain a 2-approximate ¢-simplification for each curve in time O (mnlogm).
Then, we use the algorithm of Chen (Theorem 4.5) to obtain the (10 + ¢)-approximation
of the k-median problem on the ¢-simplifications, with 0 < € < 1. Thus Chen’s algo-
rithm yields an 11-approximation to the discrete problem (where the clusters’ centers
are constrained to the input set). As we cluster the curves from Ay, each distance com-
putation within Chen’s algorithm takes O (52 log E) = O (1) time using Alt and Godau’s
algorithm (Theorem 2.32). Since the Fréchet distance satisfies the triangle inequality,
the cluster centers from Chen’s algorithm are 2-approximation to the unconstrained case
cluster centers, thus g = 22 is a correct approximation bound. The distance computa-
tions between two curves while reporting D takes O (mflog(m/f)) each. Therefore, the
running time of Algorithm 2 is O (mn logm + (nk + k"log® n) - £21log ¢ + mnk! log(mﬂ)) =
O ((nk + k" log® n) - mllog(m)). O

As in the (k, ¢)-center case, it would be more time consuming to first cluster the original
input curves from P, and then to simplify the result, since the distance computation costs

0] (m2 log m) time each.

It remains to be discussed the differences for (k, £)-clustering under the discrete Fréchet
distance. The analysis of Lemma 4.6 remains valid, up to the facts that the distance
computation between two curves is now done by the algorithm of Eiter and Mannila (Theo-
rem 2.33), and that we need a minimum-error ¢-simplification or its a-approximation under

the discrete Fréchet distance, that can be plugged in Algorithm 2 instead of Lemma 3.41.
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For that we can use the result of Bereg et al. [26], that we state as the following lemma
adapted here to our notation, and to the one-dimensional curves. The result of Bereg et al.

holds for curves in R?, for any dimension d € N.

Lemma 4.9 (cf. [26] Theorem 3). Given a curve 7 : [0,1] — RY with m vertices in general
position (for any dimension d € N), and given a parameter { € N, we can compute in
O (mllogmlog(m/l)) a minimum-error (-simplification 7 of T, under the discrete Fréchet

distance.

Using Lemma 4.9 in the proof of Theorem 4.7 we have a = 1 and # = 2. The running time
of the distance computations within Gonzales’ algorithm is O (62) using Eiter and Mannila
algorithm. In the computation of the approximation cost the distances are computed
in O (m{) each. The total running time is thus O (mflogmlog(m/€) + nkl* + mnkl) =
(@) (mnkl + mllog? m) This yields the following theorem.

Theorem 4.10. Given a set of n curves P = {71,...,7,} C A, and parameters k,{ € N,
Algorithm 2 computes a 5-approximation to opt,(f;)(P) under the discrete Fréchet distance

and a witness solution in time O (mnkl + mllog? m)

For the (k,¢)-median clustering the said adaptation of Theorem 4.8 yields a 45-approxi-
mation. The running time becomes O (mflogmlog(m/¢) + (nk + k" log® n) - £2 + mnk¢).
We get the following theorem.

Theorem 4.11. Given a set of n curves P ={ry,..., 7} C Ay, and parameters k,{ € N,
Algorithm 2 computes a 45-approximation to optgz(P) under the discrete Fréchet distance
and a witness solution in time O (m! log? m 4 (nk + k" log® n) - £2 + mnkl).

4.4 (k,l)-center (1 + c)-approximation

In order to improve from a constant-factor approximation discussed in Section 4.3 to
a (1 + e)-approximative solution to the (k,¢)-center problem, a common approach is to
perform a binary search procedure with approximative cost as a parameter. For this we
need an efficient way to generate the candidate solutions for cluster centers in Ay that
correspond to an approximation of the clustering cost, and that can be evaluated efficiently.

The number of the candidate solutions should not depend on the input size. This is
provided by Algorithm 3, where we either decide that we cannot find adequate candidates
for cluster centers (i.e. we need to adapt our parameters), or produce a set of candidate
solutions of a constant size, where this constant depends on k, ¢, and € only. Algorithm 3

uses two positive real parameters o and 8. The parameter « approximates the value of
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the cost of the optimal solution of (k, ¢)-center clustering. The parameter 5 will be used to

discretize the candidate set, and it will be related to a.

Algorithm 3: Generate candidates for (k, £)-center from signature vertices

Data: curves P = {7y,...,7,} C A, parameters o, 5 > 0, k, £ € N
Result: candidate set FZ’% (P) C Ay

1 For each 7;, let V; be the vertex set of its a-signature computed by Algorithm 1
2 Compute the union U of the intervals [v — 4o, v +4a] forv e V =i, Vi
3 if p(U) > 24akl then
4 ‘ return the empty set
5 else
6 Discretize U with resolution 3, thereby generating a set of vertices V
7 return all possible curves consisting of £ vertices from V, and denote this set
k0

Lo s(P)

Lemma 4.12. Given are a set of curves P = {11,...,7,} and parameters o, > 0,

k.l eN. Ifa< opt,(s;)(P) then Algorithm 8 concludes correctly that no solution can be
found. Otherwise (if a > opt,(;;)(P)) Algorithm 3 generates a set of candidate solutions
FZ”ZB(P) C Ay of size at most (|24akl/B] + 6k()*. The set Fi”%(P) contains k candidates
C={%,...,<} that satisfy

costeo (P, C) < av + .

Proof. Let C = {s1,...,s} denote an optimal solution of (k,¢)-center clustering problem
(00)

for P with cost opt, ,’(P), and let ¢; = 2,..., 2 denote the vertices for each cluster

center ¢; € Ay. Consider the union of intervals

R=

C =

1
[zij — 4a, 25 + 4al.
i=1j=1

Let us assume that a > optg?;)(P). Let V; be the vertex set of the a-signature of 7;
computed by Algorithm 1, for 1 <1 <n, and let V = |J;_; V;. Since for each curve 7; there
is a curve ¢, € C, such that dp(7;,¢;) < a, then by Lemma 3.5 there is a vertex of ¢, at
distance at most « to each of the vertices of V;. Thus all vertices of V are contained in R.

What can be said for the dual statement, i.e. whether the vertices z;; of the optimal
solution C' are contained in the set U, where U = U,ey [v — 4, v + 4a]? Let 7, € P be
the curve from the input which is assigned to the center ¢; in the optimal solution C, such
that it maximizes the distance dp(7;,¢;). If there exists a vertex z;; of the center curve g,

which is not contained in U, then let ¢/ be the curve obtained from ¢; by omitting z;;. Let
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C’ be obtained from C' by replacing ¢; with ¢/. From dp(74,¢;) < opt,i?;) (P) < a it follows
by Theorem 3.8 that dp(75,s]) < a. Furthermore it is costo (P, C”) < .

Therefore, let C = {1, ...,S} denote the solution where all vertices of the cluster centers
in C that lie outside U have been omitted. Clearly, U contains all remaining vertices of
cluster centers in C , and the cost of the (k,¢)-center clustering of P with centers C will
not increase beyond a, i.e. costo (P, 6) <a.

If we discretize U with resolution 3, we get the set V. Let the set Fi’é(P) consist of all
curves consisting of ¢ vertices of V. It must contain k candidates C' = {<1,...,<}, such
that dp (S, &) < B, for all 1 <4 <k, and such that

costoo (P, C) < a4 5.

Note that R consists of at most k¢ intervals and has measure at most p(R) = 8akl. The
measure of U is bounded by the sum of the measure of R (which covers the intervals
centered at signature vertices of 17) and the measure of the intervals centered at signature
vertices of V '\ V. The latter intervals are, in the worst case, centered at each boundary
point of R. Thus pu(U) < u(R) + (2k€)8a = 24akl. Furthermore, U consists of at most
[u(U)/(8a)] < 3k¢ intervals, since each interval has measure at least 8. We conclude that
in V there can be at most |24akl/B]| + 6kl vertices, where the summand 6k¢ represents
the endpoints of intervals of U. Thus the size of FI;:%(P) is as claimed.

Therefore, we have the implication o > opt,(si) (P) = w(U) < 24akl. If Algorithm 3
computes that u(U) > 24akl, this implies that o < optgj;) (P) and we conclude correctly
that with given a and 8 no candidate solution set can be found. Otherwise we have
correctly generated a candidate set FZ”%(P) which contains k candidates C' that yield the

given bound on coste (P, C). O

Now, the constant-factor approximation algorithm of Section 4.3 gives us bounds for the

choice of the parameter «, that we pass to Algorithm 3. We obtain the following theorem.

Theorem 4.13. Let 0 < € < 1 and k,¢ € N be given constants. Given a set of curves
P ={mn,...,m} C A, we can compute a (1 + €)-approximation to optg);)(P) and a

witness solution in time O (mnlogm).

Proof. We first apply Algorithm 2 (described in Section 4.3) for (k, £)-center clustering to
the input set P. We obtain a solution C' with cost D, such that by Theorem 4.7 we can

bound the optimal clustering cost by

D
Omin = 700 < Opt](;);) (P) < Doo = Omax-
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According to Lemma 4.12, by running Algorithm 3 with parameters o and 5 we either
correctly decide that the optimal solution cost is larger than «, or produce cluster centers
that (o + ()-approximate the optimal solution. We can apply a binary search procedure
on the interval [dmin, dmax] to find a (1 + ¢)-approximation solution as follows. In each
recursive step of the binary search we set o to be the middle of the current interval, i.e.

initially & = (dmax + Omin)/2. We run Algorithm 3 on P twice with parameters:
e (o, p1) for the first run, where oy = /(1 +¢/2), 51 = a1e/2, and ag + 1 = «;

e (ag, [32) for the second run, where g = a, B3 = ae/3, and g + B2 = - (1 +¢/3).

Thus by Lemma 4.12 we obtain the following knowledge, depending on the outcome of the

two runs:

i) First run returns a solution, second produces no solution — this outcome is not possible,

as it would imply a = as < opt,E:OZ)(P) < «, a contradiction.

ii) None of two runs produces a solution — this implies that o < optg??)(P), thus we rerun
the binary search on the interval [a, diax]-

iii) Both runs return a solution — thus there is a solution with clustering cost at most «,
and we rerun the binary search on the interval [din, a.

iv) First run produces no solution, but second returns a solution — we have a solution C
(from the second run) with the clustering cost satisfying a/(1 +¢/2) < optgj;) (P) <
costeo (P, C) < a - (1 + ¢/3). Thus the solution C' has the approximation factor

(1+¢/2)-(1+¢/3) <1+ e to the optimal solution, since 0 < & < 1.

The number of the binary search steps is at most O (10g((dmax — dmin)/€)) = O (1), and
each step consists of two runs of Algorithm 3, where the parameters o and 3 satisfy
a/f=0(1/e)=0(1).

One execution of Algorithm 3 by Lemma 4.12 takes O (mn) time for computing the
n signatures (using Algorithm 1), O (n) time to compute U, and O (1/8) = O (1/e) =
O (1) time to generate V. The candidate set FZ’%(P) has size (|24akl/B] + 6k0)" =
O ((kt/e)¥) = O(1). To evaluate the candidate set it takes to test (O((ki/e)e)) =0()
k-tuples of centers from the candidate set. Evaluating one candidate solution takes
kn Fréchet distance computations, where one Fréchet distance computation takes time
O (¢mlog(¢m)) = O (mlogm) using the algorithm by Alt and Godau (Theorem 2.32).

Therefore the total running time is O (mnlogm), as claimed. O

Note that the running time constants that are hidden in the O-notation in Theorem 4.13

are exponential in both input constants k and /.
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4.5 (k,/)-median (1 + ¢)-approximation

The known (14¢)-approximation algorithm for k-median clustering problem by Ackermann,
Blomer and Sohler [3] for a space with bounded doubling dimension extends into a space
X with unbounded doubling dimension, but that is equipped with arbitrary dissimilarity
measure d, such that the sampling property is satisfied, while keeping the asymptotic
running time the same (cf. [3]). The adapted result roughly says that we can obtain an
efficient (1+¢)-approximation algorithm for the k-median problem on input P C X, if there
is an algorithm that, given a random sample of constant size, returns a set of candidates
for the 1-median that contains a (1 + ¢)-approximation to the 1-median with constant
probability (over the choice of the sample).

We start with restating the sampling property by the following theorem. It was defined
by Ackermann, Blémer and Sohler ([3], Property 4.1).

Theorem 4.14 (Sampling property). We say that a dissimilarity measure d on the set
X satisfies the (weak) [e,~]|-sampling property if and only if there exist integer constants
Me and te  such that for each P C X of size n and for each uniform sample multiset

S C P of size me,y, a set I'(S) C X of size at most t. , can be computed satisfying

Pr|(3el(9) Y d(p.e) < (1+e)opt{(P)| >1-1.
peEP

Furthermore, I'(S) can be computed in time depending on €,~y, and mg only.

It is likely that the sampling property (Theorem 4.14) does not hold for the Fréchet
distance on the set of the one-dimensional curves of complexity at most m, for arbitrary
value of m. Furthermore, there is no claim given on the complexity of the candidate center
curves. In particular, we need to guarantee that the candidate set I'(S) contains only
curves from Ay;. We will therefore prove a modified sampling property, which allows the
size of the sample to depend on ¢. For that sake, we will first discuss the impact of the

input curves on the choice of a candidate center.

4.5.1 Reducing candidate solution set

The following lemma intuitively says that the curves lying far away from a candidate
median have little influence on the clustering cost with respect to the candidate median,

and thus little influence on the shape of the candidate median.
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Lemma 4.15. Given are a set of n curves P = {11,...,7,} and a curve w. Let Rg be the
union of intervals

Rs = U U [v — 4z, v+ 4],

2z .
{meP: ;<=L} veV (i)

where T; are sorted in increasing order of x; = dp(7;, ) and where o; is the x;-signature
of ; € P. Then for the curve T, obtained from w by omitting any subset of vertices lying
outside of Rg, it holds that

cost1 (P, 7) < (1 + ¢) costy (P, ).

Proof. We assume that ¢ € (0,2]. Otherwise the set Rg is empty, and the claim is obvious,
since for € > 2 it holds that % <z <xy forl1 <i<n.

By Lemma 3.5, each curve at distance at most x; to 7; has a vertex in each range
[v — x4, v + x;] centered at vertices v € V(o;). For each signature o, 1 < i < n, having at
least two vertices, it holds that the curve m has vertices in at least two such ranges, and

these vertices will not be omitted. Thus the curve 7 is well defined.

We distinguish two subsets of the curves in P: those 7; that lie close to 7 (i.e. those

that satisfy z; < 221), and the far ones (satisfying x; >

)

by Theorem 3.8 that dp (7, 7;) < ;.

2%) For the close curves, it holds

We now argue that for the curves lying farther away from 7 the distances to w will

increase by a factor of at most (1 + ¢) if we omit the “far” points (and observe 7 instead

2r1 __
€

7). Consider any index 4, such that z; > Z. By the triangle inequality, it holds that

dp(7, 1) < dp(®, 1) +dp(m,m)
< dp(m,n) +dp(m,7) +dp(m, )
<zt ta
< 2'%'%‘4—%’:(14'5)931‘-

Therefore,

costy(P,7) < Y dp(® 7))+ Y dp(7,7)

ngi JC7;>C/E\
< Y dp(mm)+ > (L+e)dp(m,m) < (1+¢)costy (P,),
;<% T;>T

as claimed. n
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Since computing Rg can depend linearly on the number of input curves n, we want to
reduce this dependency, while maintaining the approximation quality. We prove that the
basic shape of a candidate median can be approximated based on a constant-size sample.

This is stated by the following lemma.

Lemma 4.16. Given are a set of n curves P = {71,...,T,} and a curve w. There exists
an integer constant me ~ ¢ > F’f (ln% +1n Eﬂ, such that for each uniform sample multiset
S C P of size me 0, and for a curve T obtained from m by omitting any subset of vertices

lying outside the union of intervals Rg, defined as:

Rg = U U [v — 4z, v + dxy],

7S veV(o;)

where the 1; are sorted in increasing order of x; = dp(7;, ™) and where o; is the x;-signature
of 7, € S, it holds that

Pr [cost1 (P, 7) < (1 +¢)costi(P,m)] > 1 —1.

Proof. If all vertices of 7 are contained in Rg, then 7 = 7 and the claim is implied.
However, this is not necessarily the case. Let m = uq, ..., us. In the following, we consider a
fixed vertex u;, 1 < j < ¢, and we prove that it is either contained in Rg with a sufficiently

high probability, or the cost of a solution will not be increased significantly if we ignore it.

For this purpose, let T; C P be the subset of curves 7; with
uj € U [v— 4z, v+ 4x4).
UEV(O’Z')

If any curve of T} is contained in our sample S, then u; is contained in Rg.

We distinguish two cases. If T} is large enough then u; is contained in Rg with high
probability, otherwise, if 7} is not so large, then we argue that the total change in clustering

cost resulting from omitting u; from 7 will be insignificant.

Case 1: |Tj| > 5 (1} is large)

For |Tj| > 7> 1 < j < ¢, we want to choose the sample size m. , ¢ such that at least

one element of T} is contained in the sample S. For a fixed index j, it holds that

|Tj ’ et £\ Me,v,0
Nns=0<(1-24 <(1-= ,
Pr(T;NS @]_(1 - _(1 45)
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We use the union bound inequality to estimate the probability that this event fails for
at least one of the sets T} in question. We choose the parameter m, . , large enough,
such that it holds for the failure probability v that

L

J4
pr|[J7|ns=0 ZPrTﬂS <e(i-5)" " <
i=1 i=1

The last inequality can be transformed into

In £
5

Me 0 2 2 In

£
In (1 + 4@3;) - € v

using inequality In(1 + z) < z, that holds for all x > 0, and since £ > 2 and ¢ € [0, 2).

1
Mg~ 0 = F)e <1n —+1In €>-‘
€ g

to obtain that, with a probability at least 1 — v for all 1 < j < ¢ simultaneously, we

3¢

—In
€

‘
/77

Thus it suffices to choose

have at least one element of 7} in S, if [T > 5.

Case 2: |Tj| < § (T is small)

Consider the set of curves 7 = {T}: 1 < j < ¢,T; NS = (}. Following the analysis of
the first case it holds that

Pr [T Z{1;: |1 < 53| = Pr[GL e )Tl > 5] <.

Then we have that with probability at least 1 —vis 7 C {T;: 1 <j < {,|T;| < 57

For the rest of the case analysis we assume that this event happens.

Let 7 denote the curve obtained from 7 by removing all vertices lying outside Rg.
This is equivalent to removing all vertices u; with T; € 7. Namely, if for fixed u; it is

(V7 € S)uj & Uyev(o,)lv—4zi, v+4z], then (Vi € S) 7 ¢ Ty & TinS =0 & T; € T.

In the following, let Py = (Jp/c7 1" be the set of input curves that are contained in
one of the sets in 7. For any curve 7; € P\ Pr it holds that 7; ¢ T for any T; € 7.
This implies that none of the vertices u; of 7 is contained in the union of the ranges
around the vertices of the signature o;, thus by Theorem 3.8, we can exclude u; from
m without increasing the distance of the remaining curve to 7; beyond x;. Therefore,
for such a curve 7; € P\ Pr it holds that dp (7, ;) < x; = dp(7, 75).
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Let 74 be the curve in P\ Py with minimal distance to = (i.e. with smallest index q).
At least half of the input curves have to lie within a radius of r = 2 costy (P, 7) from

7 (twice the average distance of the input curves to 7). Otherwise we would have

2
costy (P, m) > Z dp(m,m) + [g] : Ecostl(P, )

dp(Ti,m)<r

> Y dp(m,w) + costy (P ),

dp(Ti,m)<r

a contradiction. Furthermore, the set Py has size less than n/2 (with probability
at least 1 — ), since T C {T}: |Tj| < §}, and there are at most ¢ “small” sets,
thus |Pr| < £- 7 < 5. Therefore with probability at least 1 — v we conclude that
zq < 2 costy (P, ) (otherwise all elements of P\ Py would lie at distance to 7 larger
than r).

Using triangle inequality we conclude that

costy (P, 7) = costi1 (P \ Py, 7) + costy(Pr, T)
< Y dp(@®mn) 4 Y (el ) + dp(T, ) + de(rg, 7))

TeP\Pr TEPT
< Y dp(m, 1)+ costy(Pr,m) + | Pr| - (dp(m, ) + dp(7g, 7))
TEP\P1

< cost1(P\ Pr,m) + costy (Pr,m) + |Pr| - 224
en  4costy (P, )

4 n

= (1 + ¢) costy (P, ),

< costq (P, m) +

with probability at least 1 — v, as claimed. O

4.5.2 Generating candidate solutions

After we have shown how to approximate the cost function based on a constant-sized
sample, we need to generate a set of candidates for the (1,¢)-median clustering center
curve, based on the sample set. This is done using an algorithm, that is similar in form to
Algorithm 3 for (k,¢)-center problem. The roles of the positive real parameters a and
are analogous to those in Algorithm 3, and will both be later related to a constant-factor

approximation solution.
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Algorithm 4: Generate candidates for (1, ¢)-median from signature vertices
Data: curves S = {7,...,7s} C A,,, parameters o, 3 >0, f € N
Result: candidate set F;’%(S ) C Ay
1 For each 7;, let V; be the vertex set of the signature of size at most
¢+ 3 (Theorem 3.39)
2 Compute the union U of the intervals [v — 8a, v + 8a] for v e V =J;_, Vi

3 Discretize U with resolution (8, thereby generating a set of vertices V

4 return all possible curves consisting of ¢ vertices from %

Algorithm 4 generates a candidate set, whose properties we prove next. The proof
of Lemma 4.17 serves as a basis for the proof of the modified sampling property in
Theorem 4.20.

Lemma 4.17. Given are a set of curves S = {m,...,7s} and parameters a,3 > 0,

dp(Ti,Ss)

-2, where g5 denotes an optimal (1,()-

e €(0,2], and £ € N, with a > mineqy, . o

median clustering center of S. There exists S € Ay with

cost1(,2) < (1 +2) opt{)(S),

l
and Algorithm 4 computes a set of candidates FL’%(S) C Ay of size (W) which
contains an element <, such that

Proof. Let 71, ...,Ts denote the input curves in the increasing order of their distance to g,
denoted by x; = dp(ss, 7). For every 7;, consider its x;-signature denoted by o;. Using the
same arguments as in the proof of Lemma 4.12, by Lemma 3.5, each vertex of ¢, lies within
distance 4x; to a vertex of some x;-signature o; otherwise we can omit it by Theorem 3.8.

Hence, we can bound our search for candidate vertices of the curve ¢; to the union the

U U [v— 4z, v+ 4]

€S veV (o)

intervals.

Since x; could be considerably large, we cannot cover this entire region with candidates.

Instead, we consider the following union of intervals:

Rg = U U [v — da;, v + 4],

{TiESZ (Esz} ’UEV(O’i)
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with 7 = 2% Now, let < be the curve obtained from ¢; by omitting all vertices that do not

lie in Rg. Lemma 4.15 implies that cost;(5,<) < (1 + ¢) cost1(5,¢s), and the first claim of
the lemma is proven.

Now we can relate the set of the candidate curves returned by Algorithm 4 to the curve
¢ (and implicitely to ¢5) as follows. By Corollary 3.6 we have ¢ > |V(s5) | > [V(oi) | — 2,
since ¢s € Ay and dp(7i,$s) = x; > dp(1i,04). Thus, it is V(o) | <€+ 2, for 1 <i < s. If
a signature of size £ 4+ 3 does not exist, then by the general position assumption, there
must be a signature of size ¢ + 2. We conclude that by Lemma 3.34, the vertices of o; are
contained in the set of signature vertices computed by Algorithm 4 (i.e. of the canonical
signatures of size at most £ + 3).

Since we have chosen @ > minj<;<s a (Tg’%), it is 20 > 22 — F. Therefore, for

e

the intervals used in Algorithm 4, it holds that [v — 4z;,v + 4x;] C [v — 4%, v+ 4%] C

[v — 8a, v + 8, with x; < Z. Hence the union U of the intervals covers the set Rg, and if
we discretize it with resolution 3, we conclude that such generated candidate set contains
a curve ¢ that lies within Fréchet distance 8 of <, as claimed. For the measure of the union
U it holds that u(U) < 16as(¢ + 3). This implies the size of the generated set Fi’%(S ). O

Before we prove the modified sampling property we need to prove the following two
lemmas. Lemma 4.18 bounds the probability that the cost of (1, ¢)-clustering of S with
center at the optimal median of P deviates significantly. Lemma 4.19 gives lower bound
on the cost of the optimal (1, ¢)-median clustering of the sample, related to the optimal
(1, ¢)-median clustering center of the whole input. The proof technique of this lemma is
inspired by a result by Kumar, Sabharwal and Sen [126] (cf. their Theorem 5.4).

Lemma 4.18. Let 0 <y < 1. Given a set P = {71,..., 17} of curves from Ay, for each
uniform sample multiset S C P it holds that

Pr [COStl(S, §) > goptgg(f))} <7,

where < is an optimal (1,¢)-median center of P.

Proof. Let S ={r{,...,7.} C P. It holds that

n n ’

Jj=1

E [cost1(S,5)] = E [Z dF(T{,g)] = ZE [dr(7],5)] =19 Z dr(75,) = @optglg(P).
i=1 i=1

Since cost1 (S, <) is a non-negative random variable, we can apply Markov’s inequality and

obtain
E [cost1 (S, )]

Pr [costl (S,¢) >
~

]S%
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which implies the claim. O

Lemma 4.19. Let 0 < v < 1. Given a set of curves P, for each uniform sample multiset
S C P of size at least [6.51n ﬂ + 2 it holds that

Pr 120pt§2(5) > ITneilIDldF(T, )| > 11—,

where s denotes an optimal (1,¢)-median clustering center of P.

Proof. We analyze two cases, depending on whether the input curves are concentrated
close to a curve in Ay or not, in particular, if there exists a curve p € Ay, such that

{r € P:dp(p,7) < r}| = 2|P|, where r = dp(p,5) /5.

Case 1: There exists p € Ay with [{T € P: dp(p,7) < r}| > 2|P|.

In this case we assume that a large fraction of P lies within a small ball far away

from the optimal center. We let
Q={r€P:dpr(p,T)<2r},

and we claim that @) has size at most $|P\. If we assume the opposite (i.e. |Q| > g|P|),
then it follows by the triangle inequality that

costy(P,<) = costi(P.p) = ) (dp(r,¢) —dp(rp)) + Y (dp(r.<) = dp(r,p))

TEQ TEP\Q
> (dr(pss) = 2dr(mp)) + Y (=dr(p,<))
TEQ TEP\Q

=101+ (dr() = 3r(0.9)) = 1P\ Q- di(p.9)

6 5 1

This would imply that ¢ is not optimal, a contradiction.

Now we analyze the event that at least one curve of P lies within Fréchet distance r
of p and at least one curve lies farther than 2r from p. If this event happens, then

we have that

insep dr(s,
optgg(S) > max dp(al,a") >r> minep dr (s T). (4.3)

o',0"€s 6

The first inequality in Equation (4.3) results from the triangle inequality. The

second inequality in (4.3) results from the event condition. If the third inequality
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would not hold, then there would exist 7/ € P with dp(p,7") < r, implying that
dp(s,7) <dp(s,p) +dp(p,7") < 5r+r = 6r, a contradiction.

From the assumptions about the size of the sets {7 € P: dp(p,7) < r} and Q, it

follows that for the ith sample curve o; € S, it is

—_

Pr(dp(oi,p) <r] > < and Pr[dp(o;,p) > 2r] >

? .

~|

In order to have
Pr [(EIU’,U” €9) dF(p, O'/) <rA dF(p, a") > 27“} >1—1,
we observe that, for the complementary event holds

Pr[(Vo; € S)(dp(p,0;) > 1)V (Vo; € S)(dp(p,0;) < 2r)] <

SORIORERONS

using union bound inequality. It suffices to take |S| > [6.51n %] +2 > (In %—i—ln %) /1n %
samples for the last inequality to hold. Thus, Equation (4.3) (that implies the claim
of the lemma) holds with probability of at least 1 — ~.

Case 2: There is no p € Ay with [{T € P: dp(p,7) < r}| > 2|P|.

Let o1 be the first sample curve and let o be its minimum-error /-simplification (see
Definition 3.1). We first note that if 12dp(o1,01) > dp(o1,5), then it holds

1200t((8) = 12dr(01,6) = 12dp(01,51) = dr(o1,6) = mindp(r,c),  (4.4)
, TE

and the claim of the lemma holds with probability 1. For the rest of the case analysis
we assume that
12dF(01,81) < dF(O'l,C). (4.5)

The case definition provides
- )
{re P:dp(oy,7) <71} < ?|P|,
for r = dp(01,5) /5. Thus, for each of the remaining sample curves o;, for 1 < i < |5/,

is

Pr [dp(al,ai) > ?”] > —. (46)

=N
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It suffices to take |S| > 3ln% +1>1In %/ In{ + 1 samples, in order to ensure that
there is at least one index i, 1 < i < |S/|, such that dp(d1,0;) > r, with probability of
at least 1 — . Let 5 be one such index, then it holds by the triangle inequality that

_ ~ ~ dr(o1,s .
dr(o1,05) > dp(oj,01) —dp(01,01) > 1 —dp(01,01) = F(51) —dp(01,01)
> dF(O'l,C) - dF(Ulaal) N dF(a-\lao'l) _ dF(Gl7<) N 6dF(01?81)
5 5 5
(g) dF(O—lag).

10

We conclude using triangle inequality, that with probability at least 1 — v, it is

100pt{’)(S) > 10 (dp(o1,) + dr(oj,<)) > 10dF (01, 0;)

> dF(Ula C) > Hél]IDl dF(Ta §) ) (47)
which completes the proof of the lemma. O

4.5.3 Modified sampling property

We are now ready to prove the modified sampling property. Note that in comparison to the
sampling property of Ackermann, Blémer and Sohler [3] (cf. Theorem 4.14) the running
time to compute a candidate set depends on the additional parameter m, but now we have

a guarantee on the complexity of the candidate curves.

Theorem 4.20 (Modified sampling property). Let ¢ € (0,2] and v € (0,1]. There
exist integer constants me ¢ and t. ¢ such that given a set of curves P = {11,..., 7y}
from Ay, for a uniform sample multiset S C P of size m ~ ¢ we can generate a candidate

set I'(S) C Ay of size t. ¢ satisfying
Pr(3q € T(S)) costi(P,q) < (1+¢) Optfg(P)] >1— 1.

Furthermore, we can compute T'(S) in time depending only on £,~, €, and m.

Proof. Let ' = T and ¢’ = §. Let ¢ denote an optimal (1, £)-median of P and let ¢, denote
an optimal (1, ¢)-median of S. We use Algorithm 2 for (k,¢)-median problem described
in Section 4.3 to compute a constant-factor approximation D; to optfg (S) and obtain an
interval [63", §1%%] which contains optgz (S). By Theorem 4.8 it holds that §§** = D,
and 5gﬂn = D;/68. We apply Algorithm 4 to S with parameters

o 125513){ El,yl(sgnin

d p—
= and [ 5 ,
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to obtain a set F}I’%(S ). We claim that the set Fi’%(S ) satisfies the properties of I'(S).

As in Lemma 4.17, we argument as follows. Let 71,...,7, denote the input curves in
the increasing order of their distance to ¢, denoted by z; = dp(s, ;). For every 7;, consider
its z;-signature denoted by ;. By Lemma 3.5, each vertex of ¢ lies within distance 4z;
to a vertex of some signature o;, otherwise we can omit it by Theorem 3.8. Hence, there

must be a (1, ¢)-median curve whose vertex set is contained in the union of the intervals

U U [v — 4z, v + 4.

TEP veEV(0y)

Let this solution be denoted ¢.

We first consider the following union of intervals:

Ry = U U [v — 4z, v + da)].

TiGS UEV(O‘Z')

Let ¢ be the median curve obtained from ¢ by omitting all vertices that do not lie in R;.

Lemma 4.16 implies
Pr [costy (P,G1) < (14 ¢€') cost(P,g)] > 1 -4/, (4.8)

if we choose |S| > h—{ (111% —HHEH.
Second, we consider the following union of intervals:
Ry = U U [v — dx;, v + 4],
{r€P: z; <z} veV(0y)

where T = 2;”,1. Let & be the median curve obtained from ¢ by omitting all vertices that

do not lie in Ry. We can apply Lemma 4.15 and obtain
cost1 (P, &) < (14 ¢€') costy (P, ¢1). (4.9)

From Lemma 4.19 follows that, if we take the set of sample curves |S| > [6.51n %] +2,

then it holds that Pr [1:1 <12 optg}g (S)] > 1 — /. Hence with the same probability it
holds that

1)
195max 12o0pt; 7, (S R
Sa=8 —5 _ >§. }"f()zs-i}:zxm, (4.10)
€ € €
since we have chosen a = 1265 = and 7 = 2;”,1. This relates the intervals of Algorithm 4

and Ry. From Equation (4.10) we have that o > 12 Optgg(S)/E/ > 12mindp(7;,5) /€.
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Therefore the conditions of Lemma 4.17 are fulfilled and its claims hold with probability
at least 1 — 4. In particular, with probability 1 — 4/, the generated set I‘;’%(S ) contains a

curve ¢ which lies within Fréchet distance 3 of &.

Lemma 4.18 implies that with probability at least 1 —~' it holds that
() LI Gy
optu(S) < costy(S,¢) < n optu(P).

Thus, with the same probability it holds that

6”/5%““1 e’y opt 852 (S) € opt 8{2 (P)

= 4.11
N .

Using union bound inequality we conclude that with probability at least 1 — 37" > 1 —~
the events of Equations (4.8), (4.10), and (4.11) simultaneously occur, and thus there exists
a candidate < € Fi’%(S) such that

(4.9)
cost1(P,3) < Z (dp(1,3) + dr(5,9)) < cost1(P,&3) + Bn < (1+¢') cost1(P, 1) + Bn

TEP

(4.8) "o (4.11) . , ) (1)
< (I+e)costi(Pg)+Bn < ((1+€)"+e)opty ,(P) < (1+¢€)opty ,(P).

The last inequality results from e € (0, 2]. The size of the sampled multiset is m. 5 ¢ = |S| =
[%Z (ln% + lnf)], since [3¢ (ln % + lnf)] > [6.51n %] + 2. Furthermore, by Lemma 4.17

£

the size of Fi’%(S ) is bounded as follows

bt S <1604]ng+3)>£ = <(16 1268 - 4%) W*?’)Y

g2y
03 1 ¢
<c- (4 (log2 — +log2€>) ,
ey Y

where c; is a sufficiently large constant. The set Fi’fB(S ) is computed in time that depends
only on ¢, v, £, and m. Namely, we need O (|S]|) time for the sampling. For a constant-
factor approximation by Algorithm 2 we need O (|S|mflog(mf)) time by Theorem 4.8.
By Theorem 3.39 we compute the signatures in Algorithm 4 in O (|S|mlogm) time.
The discretization of the ranges around signature vertices requires O (|S|/(e7)), and the
computing of the candidate curves requires O (t ) time. If we observe the parameters
g, 7, and £ as constants, then the time needed to compute I'(S) is O (mlogm). This
completes the proof of the theorem. O
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Our definition of the (k, £)-median clustering problem is in the metric space (A, dp).
However, it corresponds to the classical definition of the k-median problem (cf. Section 2.4),
if the ground set is X = A, U P, P C A,,, and the distance measure d is defined for
x,y € X as

00 ifx,y € Pand x # v,
d(z,y) =40 ifx,y € Pand z =y,

dr(z,y) otherwise.!3

Such defined distance measure d on Ay, U P is not a metric, since it does not satisfy the
triangle inequality, i.e. it does not hold d(z,y) + d(y,z) > d(z,2) if x,z € P, x # z,
and y ¢ P. Other properties of Definition 2.1 are clearly satisfied. But the analysis
of Ackermann, Blémer and Sohler [3] requires that d be only a dissimilarity measure,
and not necessarily a metric. Therefore, we can use Theorem 4.20 in the space Ay, U P,
and incorporate it (instead of Theorem 4.14) into the analysis of the k-median clustering
algorithm by Ackermann, Blomer and Sohler [3]. Their result is stated as the following

theorem.

Theorem 4.21 (cf. [3] Theorem 1.1). Given are k € N and 0 < €,7 < 1. Let X be
a ground set with dissimilarity measure d, such that it satisfies the sampling property
(Theorem 4.14). Let mey and t. g be the constants provided by Theorem 4.14. There exists
an algorithm that with constant probability returns a (1 + €)-approximation of the k-median
clustering problem with respect to d for input instance P C X, |P| = n, and that requires

at most
1 . 90 (kme sy log((k/e)m.ys..))

arithmetic operations, including evaluations of the clustering cost.

The distance computations between two points in the work of Ackermann, Blémer and
Sohler [3] required a constant time. In our case, the distances are computed between two
curves, where one has complexity at most m and another the complexity at most £. Thus
using Alt and Godau’s algorithm (Theorem 2.32) for distance computations we require
time O (mflog(mf)) per distance computation, as an additional multiplicative factor to
the running time of the algorithm of Theorem 4.21. Since k, ¢, €,y are constants, we can
hide them in the O-notation, and obtain the following theorem, which is the main result of
Section 4.5.

13The curves from P cannot be chosen to be the cluster centers (unless they have the complexity at most
£). However, the analysis of Theorem 4.20 guarantees the cluster centers to be from A,.
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Theorem 4.22. Let 0 < ¢ < 1 and k,¢ € N be constants. Given a set of curves
P={m,...,mn} C Ay, there exists an algorithm that with constant probability returns a
(1 + €)-approzimation to optgg(P) and a witness solution for input instance P, and that

has running time O (mnlogm).

4.6 Hardness of clustering under the Fréchet distance

In this section we show that the (k,¢)-center and the (k,¢)-median clustering problems
are NP-hard (if k£ is a part of the input). We reduce these problems to their classical
counterparts (cf. Section 2.4) under ¢,-norms in R%.

The hardness of both (k,¢)-clustering problems for ¢ > 6 follows from the following
lemma, stated in the survey of Indyk and Matousek [113]. The lemma is also valid for the

case of the discrete Fréchet distance.

Lemma 4.23 (cf. [113]). One can isometrically embed any bounded subset of a d-
dimensional vector space equipped with the £so-norm into Asgq equipped with the continuous

Fréchet distance .

This immediately implies NP-hardness for £ > 6 knowing that the clustering problems
we consider are NP-hard under the /., distance for d > 2. We want to extend the
NP-hardness result to hold for £ > 2. This is achieved by preserving £ = d in the metric

embedding. The following lemma describes the needed embedding.

Lemma 4.24. Any metric space (X, l), where X C R? is a bounded set, can be embedded
isometrically into (Ag,dr). Furthermore, if X is discrete, the embedding and its inverse

can be computed in time linear in |X| and d.

Proof. Given bounded set X C R%. We denote the i-th coordinate of = € X’ with z;. Let
s = mingex{z;: i € [d]} and s” = max,ex{z;: i € [d]}. Let 9 = s’ — s'. We define the
embedding f: X — Ay as follows. To each coordinate z;, i € [d], we assign the vertex
zi = xz; + (—1)" - 39. The curve f(x) € Ay is obtained by a linear interpolation of the
vertices 2 in order of the coordinate index i. The vertices of curves f(x) are alternating
local minima and maxima, and for each two consecutive vertices z;, zj_, of f(x), i € [d—1],
it holds that 59 < |2} | — x| = |Tip1 — 2 + 69| < 70,

It is clear that for any z,y € X it is dp(f(z), f(y)) < ||z — ylleo < ¥, since we can
map the vertices of f(x) and f(y) bijectively by mapping ) to y., ¢ € [d], and such
mapping witnesses the Fréchet distance of at most ||z — y||o. Let us assume for the sake
of contradiction, that 6 = dp(f(x), f(y)) < || — y|/co. Then, for each curve f(x) it holds

that it is its own d-signature. Since dp(f(x), f(y)) = 0, then by Lemma 3.5 there has to
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()

be a vertex of f(y) in each range R,”’ = [z} — §, 2} + 0], and these vertices have to appear

on f(y) in the order of i. Analogously, there has to be a vertex of f(x) in each range
Rz(y) = [y, —d,y. +4].

No two consecutive vertices y;,yj, 1 of f(y), (respectively, z},2;,, of f(x)) being at
distance of at least 59, can lie in the same range RZ@ (respectively R§y)). Since both f(z)
and f(y) have complexity d, for each vertex z, i € [d], the vertex y; has to lie in REI). But
then for the index j, such that |z; — y;| = [|* — Y|/, would hold that § > [[z — y|«, a
contradiction.

If X is discrete it is clear from the construction, that both the embedding and its inverse

can be computed in time linear in |X’| and d. This closes the proof. O

The previous proof holds for the embedding into (Ag, dgr) as well. We cannot use
Lemma 3.5, but since the discrete Fréchet distance maps vertices to vertices of the two
curves, by having that § = dar(f(2), f(y)) < [|# —y|loo there would need to exist a vertex y;
in each range Rl@), so that the pair (7, ) is in the traversal that witnesses dqr(f(z), f(v)).
The rest of the proof holds verbatim.

The NP-hardness reduction takes an instance of the k-center (respectively, k-median)
problem under /4, in R? and embeds it into Ay (under continuous or discrete Fréchet
distance) using Lemma 4.24. If we could solve the (k, d)-center (respectively, (k, d)-median)
problem (for definitions see Subsection 4.1.1), then by Lemma 4.24, we could apply the
inverse embedding function to the solution to obtain a solution for the original problem
instance. The same holds for the approximate solution.

Note that the embedding given in Lemma 4.24 works for any point in the convex hull of
X, therefore also for the centers (respectively, medians) that form the solution.

The following theorems state our NP-hardness results.

Theorem 4.25. The (k,{)-center problem (where k is part of the input) under both
continuous and discrete Fréchet distance is NP-hard for £ > 2. Furthermore, the problem

is NP-hard to approximate within a factor of 2.

Theorem 4.26. The (k,{)-median problem (where k is part of the input) under both
continuous and discrete Fréchet distance is NP-hard for £ > 2.
4.7 Conclusion and open questions

The (k, £)-clustering problems are still open in several cases, and they offer several possibil-

ities for further extensions and a potential research. For the two problems we considered in
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this chapter the hardness and many approximation algorithms we discussed in Section 4.1.3
are known. However, no (1 + ¢)-approximation algorithm for the (k, ¢)-center problem for

higher dimensions under the continuous Fréchet distance is known yet.

For the (k,¢)-median problem under the continuous Fréchet distance our result (for
the one-dimensional ambient space) is the only known (1 + ¢)-approximation algorithm,
for the problem without any restrictions. It is probable that for an extension into the
multidimensional ambient space, and in particular for a (1+¢)-approximation, the algorithm
of Ackermann, Blomer and Sohler [3] would be used as a tool, as we did in the one-
dimensional case. This result was used (in an adapted form) by Nath and Taylor [146]
for their (1 + ¢)-approximation algorithm in the discrete Fréchet distance case, as well as
by Meintrup, Munteanu and Rohde [139] and by Buchin, Driemel and Rohde [46] in the

continuous Fréchet distance case.

In this thesis we did not consider two related clustering problems with bounded complexity
of the cluster center curves: (k,f)-means, which extends the k-means problem in general
metric spaces (cf. Equation (2.23)), and the (k, £)-clustering under DTW distance, where

in our definitions the Fréchet distance is replaced with DTW distance.

For the (k,/)-means clustering, using notation of Subsection 4.1.1, we would aim to

minimize the function

n 2
coste (P, C) = ; Legnnk} dr(Ti,si)|

analogously to the definitions of our problems in Subsection 4.1.1. A potential problem
is that the dissimilarity measure defined as the squared metric distance is no longer a
metric, since it does not satisfy the triangle inequality, but a weaker version of it. We can
adapt our constant-factor approximation algorithm for the (k, ¢)-clustering to the (k, ¢)-
means problem under both discrete and continuous Fréchet distance. Such an adaptation
of Algorithm 2 produces a (202 + 483 + 4a?B)-approximation algorithm, where a@ = 2
remains the simplification step factor as in the (k, £)-median case. For the clustering step
factor $ we can use the 6.357-approximation algorithm by Ahmadian et al. [11], or the
9 4 e-approximation algorithm by Kanungo et al. [117] for the k-means clustering problem
in general metric spaces. The running times of these algorithm is polynomial in k£ and
n (in the case of Kanungo et al. it is O (n?’s*d)). Thus, such an algorithm would not
have a near-linear time in terms of the input, as opposed to the algorithm for our two

aforementioned clustering problems, and a much weaker approximation factor.

For the (k,¢)-clustering under the dynamic time warping distance, a drawback is that
the DTW distance is not a metric. But it is possible that, as we did for the (k,¢)-
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median problem, the dissimilarity measure dpry can be incorporated into the analysis of
Ackermann, Blomer and Sohler [3], provided that the complexity of the candidate center
curves is bounded with ¢, and that the sampling property (Theorem 4.14) is satisfied. The
only related result is the work of Brill et al. [30], that gave an exact computation algorithm
for the 1-median problem under DTW, but this result holds only for one-dimensional

ambient space and has a running time exponential in the complexity of the input curves.






5 Embedding of the Fréchet distance

5.1 Introduction

In Chapter 4 we have seen that the clustering problems under the Fréchet distance can
be efficiently approximated for one-dimensional curves, but for higher dimensions these
problems are harder and there are even more open questions. Buchin et al. [43] observed
that the problem of computing the continuous Fréchet distance has a special structure in
the one-dimensional space, and there is no known lower bound for this problem. Bringmann
and Kiinnemann [34] used projections of the curves to the one-dimensional space to speed
up their approximation algorithm for the Fréchet distance computation. It is tempting to
assume that if we would restrict the curves to the one-dimensional ambient space, then
the continuous Fréchet distance computation problem would be significantly simplified.
However, this is not necessarily true, as in the general case there is no known algorithm to
compute the continuous Fréchet distance that performs better on one-dimensional than on

multi-dimensional curves.

It is conventional practice to separate the coordinates of the curves’ vertices to simplify
computational tasks. It seems that the inherent character of a curve is often largely
preserved if restricted to one of coordinates of the ambient space. This is equivalent to
embedding the curves to the space of one-dimensional curves by projecting them to a line.

This is one motivation for the study presented in this chapter.

Another motivational factor comes from the work of Driemel and Silvestri [71] on
probabilistic data structures, in particular locally sensitive hashing (LSH) functions for
the discrete Fréchet distance. There are no known LSH functions for the continuous case.
It is conceivable that the concept of signatures we discussed in Chapter 3 together with
projections of the curves to random lines could be used for defining an LSH function.
Therefore, in this chapter we study the distortion of the probabilistic embedding of the
Fréchet distance between two polygonal curves that results from projecting them to a

randomly chosen line.

131
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5.1.1 Problem definition

Consider two polygonal curves o = vy, v, ...,y and 7 = wy, ws, ..., w,, with m vertices,
each in R?, given by their sequences of vertices. Consider sampling a unit vector u in
respective R? by choosing uniformly at random a point on the unit (d — 1)-sphere (the
surface of the d-ball in R?) centered at the origin. We denote with L the line through the

origin that supports the vector u. Let o/ = v}, v},... v, and 7/ = w],w), ..., w!, be the

»Um
projections of o and 7 to L. If we denote v;, w;, v, and w;» the position vectors in R?
associated with respective points v;, wj, v}, and w;-, forall 1 <i<mand1<j<m, then
these projections are defined by v} = (v;,u) u and w;- = (wj,u)u.

Note that throughout this chapter, for =,y € R? we denote the Euclidean distance
between the points x and y with ||z — y||. If x and y are their respective associated vectors
in R?, then ||z — y| equals the Euclidean norm of the vector ||x — y||. This distinction is
only used in Lemma 5.1, Lemma 5.3, and Lemma 5.5, and for the rest of the chapter we
can overload the norm notation.

Since the (continuous and discrete) Fréchet distance, as well as the dynamic time warping
distance, always decrease when the curves are projected to a line (cf. Lemma 5.3), we ask
which extent this decrease can have, for the general case curves and in particular for the
realistic class of input curves — c-packed curves (cf. Definition 2.30). We are interested

both in upper and lower bounds.

5.1.2 Results in this chapter

We start our problem analysis by stating several basic results on projections of the points
and the curves from the d-dimensional to a one-dimensional Euclidean space. This is
presented in Section 5.2.

When computing the upper bound, we assume that d € {2,3,4,5,6,7}. In Section 5.3 we
show that if the curves ¢ and 7 are c-packed for constant ¢, then, with constant probability,
the discrete Fréchet distance between the curves o and 7, denoted by dgp (o, 7), degrades
by at most a linear factor in m. This result is presented by Theorem 5.15. To obtain this
theorem, we explore the properties and the inner structure of the free-space matrix of two
curves.

In Section 5.4 we consider the lower bounds on our problem. For the c-packed curves,
the upper bound on the ratio of the two distances is matched by a lower bound that is also
linear in m. This lower bound result is presented by Theorem 5.16. The construction of
the lower bound uses c-packed curves with ¢ < 3. Theorem 5.16 holds for the continuous

Fréchet distance and for the dynamic time warping distance as well.
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We also show that there exist polygonal curves o and 7 that are not c-packed for sublinear
¢ and their (continuous or discrete) Fréchet distance degrades by a linear factor for any

projection line (i.e. with probability 1). Theorem 5.17 presents this result.

5.1.3 Related work

Embedding of the metric spaces into low-dimensional geometric spaces is a fundamental
problem, whose research roots back to the middle of the 20th century. It has multiple
algorithmic applications and for an overview we refer to the survey of Indyk [111]. We
discuss what is known for two variations of the metric embedding problem that are most
studied, emphasizing the results for embedding into a line.

The first problem is to find the smallest distortion for any metric from the given class.
This problem is called a combinatorial problem by Sidiropoulos et al. [160]. Matousek
[135] showed that any metric on a point set of size s can be embedded into d-dimensional
Euclidean space with multiplicative distortion O (min{sz/ dog?/? s, 5}), but not better
than € (31/ L(d+1)/ 2J). This implies that for d = 1 the distortion is linear in the worst case.

The second problem, called an algorithmic problem by Sidiropoulos et al. [160], is to
find the smallest approximation factor to a minimal distortion for a given metric over a
point set X of size s. Matousek [134] showed that any shortest path metric on a graph
G = (V, E) with s vertices can be embedded into a line with distortion at most 2s — 1 in
time O (|V| + |E|).

We call the maximum/minimum ratio of the distances of the input point set X the
spread ¥. Badoiu et al. [19] gave an O (\If3/4c11/4)—approximation to the embedding to
a line, where ¢ is the distortion of embedding of the input set onto the line. They also
showed that it is hard to approximate this problem up to a factor €2 (51/ 12), even for a
weighted tree metrics with polynomial spread. Assuming a constant distortion ¢ and a
polynomial spread ¥, Nayyeri and Raichel [147] gave an O (1)-approximation algorithm to
the minimal distortion of the embedding to a line, in time polynomial in s and W.

Hastad, Ivansson and Lagergren [99] studied the matrix-to-line problem, i.e. given s
points and given their distances in a symmetric matrix, the aim is to find an embedding
of the points into a line, such that the distances of the embedded points agree as much
as possible to the original distances. Their distortion is defined as a maximum difference
between the distance of embedded points |f(x) — f(y)| and the original distance d(z,y),
for two input points x and y. They gave a 2-approximation algorithm for that problem,
but also showed that it is NP-hard to approximate better than a factor of 7/5.

Sidiropoulos et al. [160] considered the problem of a noncontracting embedding f of

a graph G with s vertices (that induces a shortest path metric d) into a line, such that
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the distortion ¢ is minimized. Their distortion is defined as a maximum ratio between the
distance of embedded points |f(x) — f(y)| and the original distance d(z,y), for z,y € G.
Their algorithm gave an O (c)-approximation for metrics whose distortion is at most ¢, and
an O (y/s)-approximation for general metrics. They gave an exact algorithm that requires
O (nfrt) time, where ¢op is the optimal distortion. This result that can be paired with
their proof that an a-approximation of ¢,y is NP-hard for certain a > 1, where the factor
a comes from the NP-hardness result on the travelling salesman problem.

Fellows et al. [82] showed that given an unweighted graph G with s vertices, and a
positive integer ¢, it is possible in time O (s - ¢*(2¢ + 1)*) = O (s)- 20(clog ) either to embed
the shortest path metric defined by the graph G into the real line with distortion at most
¢, or to conclude correctly that no such embedding exists. Thus the running time of their
algorithm is linear for every fixed ¢, and the problem is fixed parameter tractable (FPT),
parameterized by the distortion. For this problem it was shown by Lokshtanov, Marx and
Saurabh [133] that the dependency on ¢ cannot be reduced to 2°(°2¢) unless Exponential
Time Hypothesis (ETH) fails.!4

It is not much known on embeddings under the Fréchet distance. The result that is
closest comparable to that we develop and present in this chapter was given by Backurs
and Sidiropoulos [18]. They gave an embedding of the Hausdorff distance into constant-
dimensional f.,-space with constant distortion. More precisely, for any s,d > 1, they
obtained an embedding for the Hausdorff distance over point sets of size s in d-dimensional

™ With distortion s°G+9), No such metric embeddings are known for the

space, into E&O)(S
discrete or continuous Fréchet distance.

By extending the random projection (14¢)-embedding of Johnson and Lindenstrauss [116]
to the case of n curves under the continuous Fréchet distance in the d-dimensional space
and under assumptions on the length of the edges of the curves, Meintrup, Munteanu and
Rohde [139] obtained an embedding into O (5‘2 log n) -dimensional space, which has an
additive (and not multiplicative) error component. It is not clear if such an approach
can yield a multiplicative (1 4 €)-approximation of the Fréchet distance, with or without
additional assumptions.

Since the doubling dimension of spaces equipped with the Fréchet distance is unbounded,
even for the case when the metric space is restricted to curves of constant complexity,
as shown in Section 4.2, a result of Bartal, Gottlieb and Neiman [24] for spaces with
finite doubling dimension implies that a metric embedding of the Fréchet distance into an
¢p-space would have at least super-constant distortion. However, it is not known how to

find such an embedding.

1 Cf. Hypothesis 2.34 for the distinction between ETH and SETH.
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The complexity of classic data structuring problems for the Fréchet distance is an active
research topic. Since we intended to develop an embedding technique, that would be useful
for the nearest-neighbor searching and range searching problems, we review next what is
known about them. An a-approximate nearest-neighbor data structure in a metric space
(X, d) returns, for a given data point set S C X and a given query point ¢, a data point
p € S, such that the distance d(p,q) is at most « - d(p*,q), where p* € S is the true
nearest neighbor to ¢. Indyk [112] gave a deterministic and approximate near-neighbor
data structure for the discrete Fréchet distance, using an embedding of the metric space
with the discrete Fréchet distance into an inner product space. Indyk’s data structure for
data set S, containing n curves which have at most m vertices, achieves approximation
factor ¢ € O (logm + loglogn) and has query time O (poly(m) - logn). This data structure
requires very large space (exponential in y/m), as it precomputes all queries with curves
with y/m vertices.

For short curves (with m € O (logn)) Driemel and Silvestri [71] described an approxi-
mate near-neighbor structure for the discrete Fréchet distance, based on locality-sensitive
hashing (LSH) with approximation factor O (m), query time O (mlogn), and using space
O (nlogn + mn). An experimental evaluation of the data structure of Driemel and Sil-
vestri with improvements was presented by Ceccarello, Driemel and Silvestri [51]. LSH is a
technique that uses families of hash functions with the property that near points are more
likely to be hashed to the same index than far points. Driemel and Silvestri were the first
to define locality-sensitive hash functions for the discrete Fréchet distance. Emiris and
Psarros [76] improved their result and also showed how to obtain (1 + €)-approximation
with query time O(d - 22™ - log n) using space O(n) - (2 + d/logm)°™@1°8(/e) No such

hash functions are known for the continuous case.

Only recently two (1 + ¢)-approximate near neighbor data structures for the discrete
Fréchet distance in d-dimensional ambient space were given, both following the approach
of preprocessing the answers to all relevant queries on a discretization of the space. Those
are results of Filtser, Filtser and Katz [84] and Driemel, Psarros and Schmidt [70]. Both
papers considered the asymmetric setting where the query curves have much smaller
complexity ¢ < m than the input curves. Driemel, Psarros and Schmidt presented a
construction of a randomized data structure that uses space O (n (d3/ 255_1)“) and
needs query time O (df). They also gave a derandomized algorithm, which causes
an increase of the space used to O (n - d3/ et (d3/2€5_1)d6) and the query time to
(0] (d5/2£26_1 . (logn + dfllog (dﬁs_l))). The most recent version of the work of Filtser,
Filtser and Katz presents the data structure that needs space O (n . (Efl)dg) and query

time O (df) in randomized version and O (dﬁ log (ndﬁe‘l)) in derandomized version. Their
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result extends to the dynamic time warping distance. These results suggest, that the
preprocessing approach is more efficient than the approaches that use LSH or randomized

projections.

Until recently, there were no results known for the approximate near-neighbor problem
under the continuous Fréchet distance, besides of using the discrete Fréchet distance to
approximate the continuous Fréchet distance. The recent result of Driemel and Psarros [69]
gives a (2 4 ¢)-approximation solution to the problem in one-dimensional ambient space R,
for the query curve of complexity ¢. Their data structure uses space O (n - (1/¢)* + mn)

and has query time O ({), after the preprocessing that needs O (n (1/e)f + mn€3) time.

The range searching problem under the Fréchet distance receives a set S of n curves as
an input, each of complexity m in the ambient space R, The goal is to report all curves
from the input, such that their (continuous or discrete) Fréchet distance to the query curve
of complexity £ is at most some threshold value § > 0. A related problem of range counting
is to answer how many distinct subcurves are within a given threshold to a query curve.
For both problems the challenge is to build a data structure, such that answering the

queries is efficient.

De Berg et al. [61] studied range counting data structures for spherical range search
queries under the continuous Fréchet distance, assuming that the query curves are line
segments. They built a data structure that stores compressed subcurves of a single polygonal
curve, and utilizing a partition tree. Their data structure uses space O (s - polylog(n)) and
has query time O ((n/+/s) - polylog(n)) to obtain a constant-approximation factor solution,
where n < s < n? is a parameter of the data structure which is fixed at the preprocessing

time.

Afshani and Driemel [4] showed how to leverage semi-algebraic range searching for the
range searching problem under the Fréchet distance. Their data structure supports polygo-
nal curves of low complexity and answers queries exactly. In particular, for the discrete
Fréchet distance they described a data structure which uses space in O (n - (log log n)m_l)
and achieves query time in O (nl_l/ d. logo(m) n- Eo(d)>, where it is assumed that the com-
plexity of the query curves ¢ is upper-bounded by a polynomial of logn. For the continuous
Fréchet distance they described a data structure for polygonal curves in the plane which
uses space in O (n - (log log n)o(m2)> and achieves query time in O (\/ﬁ : logo(mQ) n) For
the case where the curves lie in dimension higher than 2 and the distance measure is the
continuous Fréchet distance, no data structures for range searching or range counting are

known.
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5.2 Preliminaries

Given curves 0 = v1,v2,...,0y and T = wy, wa, ..., Wy, we denote §; j = ||v; — w;|| and
6i; = |lvj —wi|, for all 1 <i < m and 1 < j < m, ie. §;; and &;; are the pairwise
distances of the vertices for the input curves ¢ and 7 and for their respective projections
o' and 7.

Furthermore, we define a directed, vertex-weighted graph G = (V, E) on the node set
V ={(i,7): 1 <i,5 <m}. Anode (i,j) corresponds to a pair of vertices v; of o and w;
of 7 and we assign it the weight d; ;. The set of edges is defined as E = {((4,7), (¢, ")) :
i'"e{i,i+1},5 ={j,7+1},1<i,i,j,7/ < m}. The set of paths in the graph G between
(1,1) and (m,m) corresponds to the set of traversals 7 of ¢ and 7. A path in G which

does not start in (1,1) or end in (m,m) is called a partial traversal of o and 7.

It is useful to picture the nodes of the graph G as a matrix, where rows correspond to
the vertices of o and columns correspond to the vertices of 7. For any fixed value © > 0,
with

we define the free-space matrix Fg = <¢ivj)1<ij<t

1 if vy —wj]| < ©
bij =
0 if Hvi—ij Z@

Note that the conventional definition of the free-space matrix for parameter ©, analogous
to the definition of the ©-free-space of Equation 2.27 in Subsection 2.5.3 is slightly different.
There was an l-entry in the free-space matrix if and only if ||v; — w;|| < ©. We adapt the

definition in this chapter since it better suits our needs.

Overlaying the graph with the free-space matrix for © > dyp (o, 7), we can observe that
there exists a path in the graph from (1,1) to (m,m) that visits only the matrix entries
with value 1. Moreover, the existence of such a path in the free-space matrix for some

value of © implies that © > dyp (o, 7).

We prove the following basic fact about random projections to a line, stated for d €
{2,3,4,5,6,7} by Lemma 5.1. After the proof of the lemma we discuss briefly what happens

in higher dimensions.

Lemma 5.1. If two points p and q are projected to the straight line L, which supports the
unit vector chosen uniformly at random on the unit sphere in R%, d € {2,3,4,5,6,7}, the
probability that the distance of their projections will be reduced from the original distance
by a factor greater than ¢ is at most e - @, where e is a constant. The constant e equals 1
ford e {2,3}, 1+2/m for d € {4,5}, and 15/8 for d € {6,7}.
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Proof. Let p and ¢ be two vertices in R%. Let u be the unit vector chosen uniformly at
random on the unit sphere in R?, and let L be the straight line that supports the vector
u. Then let p’ and ¢’ be the projections of p and ¢ respectively to the projection line L.
Let p, q, p’, and ' be the vectors associated with vertices p, ¢, p’, and ¢’ respectively.
Let « be the angle between u and the vector q — p (cf. Figure 5.1). Then it holds by the

definion of the inner product that

la" =Pl = [ {a—p.w)-ul = g —pll - [[u] - [cosal - [[ul|. (5.1)

Figure 5.1: The projection of the pair of the vertices to the straight line

Since the projection line L supports the vector u, which is chosen uniformly at random
on the unit (d — 1)-sphere in R? centered at origin, the angle « is distributed by the
probability distribution function hg4(«), defined as the ratio of the surface of a (d — 2)-
sphere ((d — 1)-dimensional ball) of radius sin «, and the surface of a unit (d — 1)-sphere

(d-dimensional ball) (cf. Lemma 2.11). Using Equation (2.6), this can be expressed as:

r(3)

(“5H)

- (sin )42 (5.2)

-
i

over the interval a € [0, 7].

Since sin(7/2 + /) = cosd/, it is hg(7/2 + o) = hy(n/2 — /), for o/ € [0,7/2], i.e.
all functions hg(«) are symmetric around /2. It is [cosa| > ¢ for a € [0, arccos ] U
[ — arccos ¢, 7], for any ¢ € [0,1]. Then from Equations (5.1) and (5.2) we have that for
all d > 2 and ¢ € [0,1] it is

||q/ _p/H B arccos ¢
Pri——<yp|=1-2- ha(a)dor. (5.3)
la = pll 0
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Case d = 2: The distribution of « in Equation (5.2) is uniform with he(a) = 1/m. Thus
Equation (5.3) implies

/ /

— 2

Pr[\lqp!u }_1_6“6008@_ (5.4)
lg — pll ™

Using Taylor series of arccos ¢ we get for 0 < ¢ < 1:

T o 2k+1 2k+1
areeosg = 97 Z 2k+1 ) - (kD)2 _2 T ;2% 2k—|—1 (k1)2

Z_ 3 _T_ (E_l)
L 22% 2k+1 ) (kZ 2 YT ¢ (3 ’

v

since ¢ > @3 > ©?**1 for all k > 1. Therefore

r 2 2 2
pp |10l ) g 2arccosy 2 (0 2) o, (5.5)
llg — pll m Q T

Case d = 3: The distribution of « is hz(a) = (sin«) /2, for @ € [0, w]. Thus Equation (5.3)
implies that

||q/ _ p/H } /arccosgo SiIl o
Pri—<¢p|=1-2- dao=1—(1—¢)=0p. 5.6
[Ilq—pll 0 2 t=v >0

Case d = 4: The distribution of « is ha(a) = (2sin* ) /7 for a € [0, 7]. Thus

I arccos ¢ A )
Pr M<4p :1—2-/ —sinzada(zl)l——{arccosap—go‘ 1—@2].
llg —» 0 m ™

This expression implies, using the last two inequalities of (5.5), that

Pr qu —p|!<(p]<¢+ o \/1_72<<1+2> (5.7)

llg — pl|

Case d = 5: The distribution of « is h5(a) = (3sin® a) /4 for « € [0, 7]. We have that

Hq/ _ p/” /arccosﬁﬂ 3 . 3 (A.3) 3 1 3 2
Pr |t ——1 =1-2. e do =" 1-2 (23 —p+=
[ [ o AT 2 (3% 7973

lg —p
(A.12) 2



140 5 Embedding of the Fréchet distance

Case d = 6: The distribution of a is hg(a) = (8sin* @) /(37) for a € [0,7]. Then (5.3)

implies
, _ ’ arccos ¢ 8
Pr[”‘]m<gp}:1—2-/ — sin* ada
la— ol o3
| 2
(19 5 (3arccos ¢ + ¢ - sin(arccos ) - (2¢” — 5))
T
(4.13) 16
29 10, (5.9)

Case d = 7: The distribution of « is h7(a) = (15sin’ @) /16 for a € [0, 7). Then Equa-
tion (5.3) implies

/_ / arccos ¢ 15
Pr[”qu<<p]:1—2~/ — sin® ada
llg — pll 0 16

A 1 (4.14) 15
(A9 _ S (5307 +100° — 150 +8) < Co. (510

For the extensive analysis confer to Appendix A. This closes the proof of the lemma. [

For a general problem in much higher dimension d, the probability stated by Lemma 5.1
cannot be bounded by a linear function in ¢. Figure 5.2 shows the probability distribution
function hgi(a) of Equation (5.2) for chosen values of d.

Notice that with increase of the dimension d the probability concentrates around 7 /2.
This is actually a well-known fact about the unit d-ball in high-dimensional spaces (cf.
[28]): most of its volume is concentrated near its “equator”. If we set the coordinate system
in such a manner, that the first coordinate x; is in the direction of the “north” (say, the

vector q — p), then the following lemma holds.

Lemma 5.2 ([28] Theorem 2.7). For a > 1 and d > 3, at least a (1 —(2/a) - e‘a2/2>
fraction of the volume of the d-dimensional unit ball has |z1| < a/vd — 1.

For the sake of completeness we prove the following lemma, that also holds if the discrete
Fréchet distance is replaced by the continuous Fréchet distance, or by the dynamic time

warping distance.

Lemma 5.3. Given two curves o = vi,...,0y, and T = wi,...,Wm in R, and let
o =vi,..., v, and T = w,... w,, respectively, be their projections to the straight line L

which supports the vector u chosen uniformly at random on the unit sphere in R®. It holds
that dgp(o,7) > dgp (o', 7).
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4,0
ro . h7(q) = — h20(a) h50(a) — - -h100(a)
;-
S
3,5 + i 3
Lo
;-
o
3,0 + I |
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- . 1
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Figure 5.2: The distribution of the functions hg(«), for d € {7, 20,50, 100}

Proof. Assume dgp(0,7) < dgr(o’,7") for some projection line L, and let T and 7" be the
traversals of o and 7, and ¢’ and 7’ that realize dgr(o,7) and dgp(o’,7'), respectively. It
is T,T" € T, where T is the set of all traversals of o and 7 (and also of ¢’ and 7). Then

by assumption it holds that

— wj|| = dyp(o,7) < dgp(o’, ) = . 5.11
(gjl,?éiTHUz w;l| = dar(o,7) < dar (o', 7') (il’g,lg;,ﬂvz wj| (5.11)

Let «; ; be the angle between the vectors w; — v; and W;- — v/ (the latter being parallel to
u), for all pairs (i,j) € T. Since any traversal of o/ and 7/ is a traversal of o and 7, using
Equation (5.1) yields

max |[vf — w'| < max ||vi — w'
s o= )l < gma o]~

(4,7)€T

= Ima v; — Wil - |cosq; il < ma Vi — W
’ (i,j)eXTH i JH | 2,]| = GXT” i ]H:

,

(5.12)

a contradiction. ]
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Lemma 5.3 holds for the continuous Fréchet distance as well. To adapt the proof we
observe the curves as functions o,7,0’,7’ : [0,1] — R% Let f and f’ be the matchings
of o and 7, and ¢’ and 7/, respectively. Equation (5.11) in the proof of Lemma 5.3
becomes dp(0,7) = maxeqo 1) lo(8) = 7(F(B) | < maxyepy lo'()) = 7/ (£ @) = de(o’, 7).
A reparametrization between o’ and 7’ is a reparametrization between o and 7, thus
Hquation (5.12) becomes maxicio |o'(t) — 7/(f/(t))| < maxepoy o'() — 7 (FO)] <
maxyco,1 [|o(t) — 7(f(¢))[l, a contradiction.

Furthermore, Lemma 5.3 holds for the dynamic time warping distance as well. To see
this, we can repeat the proof for the discrete Fréchet distance, while replacing the mazimum
over the pairs of a traversal by the sum over the same pairs in both Equation (5.11) and
Equation (5.12). The rest of the proof holds verbatim.

5.3 Upper bound

5.3.1 Guarding sets

The discrete Fréchet distance between curves o and 7 is realized by a pair (v;, w;) of vertices
v; € 0 and w; € T, being at the distance ||v; —w;|| = §. We would like to apply Lemma 5.1
to this pair of vertices to show that the distance is preserved up to some constant factor.
However, it is possible that the pairwise distances in the projection are such that a cheaper
traversal is possible that avoids the pair (v;, w;) altogether. Therefore, we will apply the
lemma to a subset of pairs of vertices of o and 7 whose distance is large (e.g. larger than
© = §/6 for some small value of § > 1) and such that the chosen set forms a hitting set for

the set of traversals 7. To this end we introduce the notion of the guarding set by the

following definition.'?
Definition 5.4 (Guarding set). For any two polygonal curves o = vi,...,vy, and
T =W, ..., Wy, and a given parameter 0 > 1, a 0-guarding set B CV for o and 7 is a

subset of the set of vertices of G that satisfies the following conditions:
(1) (distance property) for all (i,7) € B, it holds that 6; ; > dqr(o,7) /0, and
(i1) (guarding property) for any traversal T of o and T, it is T N B # (.

The set B “guards” every traversal of ¢ and 7 in the sense that any path in G from
(1,1) to (m,m) has a non-empty intersection with B. In other words, B is a hitting set for
the set of traversals 7.

For a guarding set B we define the subset of vertices S C V that can be reached by a path
in G starting from (1,1) without visiting a vertex of B. We call the set Sp the reachable

5 The guarding sets for two curves o and 7 exist independently of dqr (o, 7). For the construction confer
to Lemma 5.6 and Algorithm 5.
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area defined by B. We also define the subset of vertices Hg =V \ (B U Sg). A guarding
set B thus defines a vertex partition of the graph G into three subsets V = Sp U BU Hp.
We show the following simple lemma for d € {2,3,4,5,6,7} using Lemma 5.1.

Lemma 5.5. Given parameter 8 > 1, if B is a 0-guarding set for the given curves
0 =01,...,U, and T = w1, ..., Wy, from R, d € {2,3,4,5,6,7}, and if o' and 7' are
their projections to the straight line L, whose support unit vector u is chosen uniformly at

random on the unit sphere in R?, then for any B > 1 it holds that

dgp (o', 7") S 1
ddF(O',T) - 650‘3’

with positive constant probability at least 1 — 1/8. In the upper inequality, e is a constant
and it equals 1 for d € {2,3}, 14+ 2/7 for d € {4,5}, and 15/8 for d € {6,7}.

Proof. Let u be the unit vector which is chosen uniformly at random on the unit sphere
in RY with d € {2,3,4,5,6,7}, and let u be supported by the projection line L. Let a; ;
be the angle between u and the vector w; — v;, for 4,5 € {1,...,m}. If we consider the
distances of the pairs of the points (v;, w;) € o x 7, represented by the elements (i, j) € B,
then the probability that some of these distances of the points of o and 7 is reduced by a
factor greater than e- 3 - |B| (the “bad” event) when projected to L can be bounded by
the union bound inequality and by Lemma 5.1 for ¢ = 1/(ef|B|) as:

. Ky 1 8 j 1 e 1
Pr| (304 € B): 3 < | < > 52 < i < > E
(5.13)
for any 5 > 1.

Since by Definition 5.4 any traversal T' of ¢ and 7 has a nonempty intersection with B,
the discrete Fréchet distance of o and 7 has to be at least as big as the distance of some
pair (i,7) € T'N B. These pairs of vertices have distance at least dgp (o, 7) /60, and they are
going to be reduced at most by the factor e - 5 - |B| (with positive constant probability).
The traversal 7" of o’ and 7’ that realizes dyr(o’, 7’) has to contain at least one of the pairs
of B by Definition 5.4, since the pairs of the traversal 7" are simultaneously the pairs of the
traversal T' of o and 7 (that contains the pairs of the vertices of o and 7 in the same order
as the pairs of their projections in ¢’ and 7'). Thus dgp(o’,7") > dyp(o,7) /(e -0 - |B]),

which proves the lemma. O

Intuitively we think of 627]- as an approximation to d; ;. Lemma 5.5 yields a naive
(5 . m2)—approximation for any f > 1 and § = 1. Let B be the set of all pairs (i,5) €
{1,...,m} x {1,...,m} such that ||v; — w;|| = d;; > dqr (o, 7). In the worst case B could
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contain all m? pairs. Set B is a 1-guarding set. The correctness of the condition (i) of
Definition 5.4 is provided directly by the definition of B. The condition (ii) follows by
contradiction. If there would exist some traversal T" such that T'N B = (), then for all pairs
(,7) € T it would have to hold that ||v; — wj|| < dgr(o, 7). But then the traversal 7" would
witness that dyr (o, 7) < max; jjer [|[vi — wj|| < dgr (0, T), a contradiction.

Clearly, the approximation factor of Lemma 5.5 can be improved by the better choice of

the set B. How can this be done is the question we explore in the following subsection.

5.3.2 Improved analysis for c-packed curves

In order to ensure that the number of the pairs of the indices that take part in the sum
in the union bound inequality in (5.13) is not quadratic but at most linear in terms of
the input size, we have to carefully select a small subset that satisfies the guarding set

properties.

Building of the initial guarding set

We start with a simple construction of a #-guarding set for any 6 > 1 by Algorithm 5.

Lemma 5.6 proves that the resulting set is indeed a f-guarding set.

Algorithm 5: Computing the #-guarding set, § > 1
Data: § = dyp(o, 7), vertex-weighted graph G = (V, E)
Result: set B
B«

[uny

2 if 611 > 6/6 then

3 | B+ {(1,1)}

4 else

5 FIFO-Queue Q « {(1,1)} /* Breadth-First-Search on G = (V, E) */
6 | while Q # () do

7 (i,4) «= pop(Q)

8 foreach ((4,j),(¢y')) € E do

9 if 0;; < 0/6 and 0, ;v < §/6 then

10 L push(Q, (7,7"))

11 else if §; ; < 0/0 and 6y j > /6 then
12 LB%BU{(i’,j’)}

13 return B

Lemma 5.6. The set B obtained by Algorithm 5 is a 6-guarding set, for any 8 > 1.
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Proof. We have to show that the resulting set B satisfies the conditions of Definition 5.4. In
the case that the distance 11 > §/0, it suffices to assign B = {(1,1)}, since any traversal of
the curves o and 7 has to include the pair (1, 1). This is handled in lines 2-3 of Algorithm 5.
For the rest of the proof let §; 1 < §/6.

To see that the set B produced by Algorithm 5 satisfies the condition (i) of Definition 5.4,
note that a pair (¢, j) is added into B in line 12 only if d;7 j» > ¢/6, and such that the pair
is reached by an edge from a pair (7,j) with d; ; < /6.

Algorithm 5 performs a Breadth-First-Search on G = (V| E) (in lines 5-12), starting from
(1,1), that is initial content of the queue Q. With each iteration of the BFS, the first element
in Q is removed. Further pairs are pushed into Q only over the edges ((¢,7), (i,j')) € E
with 6; ; < /6 and d; j» < §/6. Since the graph G is directed and does not contain circuits,
each edge in F can be explored by BFS at most once. The structure of G implies that
each pair (vertex in V') can be added into Q at most three times. Thus, the while-loop of
the BFS terminates with Q = 0.

We show the following invariant by induction over the steps of the BFS: after each
iteration of the BFS, any traversal 1" contains either a pair (vertex) in B or a pair (vertex)
in the queue Q. The BFS starts in (1,1) € Q, with 011 < 6/6. Since (1,1) € T for any T,
the invariant initially holds. Let the invariant be satisfied for all vertices visited by the
BFS before popping the pair (4, j) from Q, where ¢; ; < 0/6 (since this had to hold when
(i,7) was pushed into Q). We observe the traversals whose pairs were not added into B yet
(and thus have a pair in Q). While processing the pair (i, 7) (in lines 7-8), the traversal T
may use one of the pairs (i + 1,j), (4,7 + 1), or (i+ 1,5 + 1) (connected to (i, ;) by the
edges of E). The next pair in T is either at distance less than ¢/6, thus is pushed into Q
(lines 9-10), or at distance at least /6, thus is added into B (lines 11-12). In both cases
the invariant remains valid. The case distinction within the for-loop (line 8) is complete,
since the pairs (¢,7) with J; ; > §/6 are never added into Q.

The invariant is therefore valid at the end of the while-loop, when Q = (), implying that
the set B satisfies the condition (ii) of Definition 5.4. This closes the proof. O]

Unfortunately, the set B built by Algorithm 5 can have a quadratic number of elements
in terms of the input size, like the one in Figure 5.3 (marked with the outline). If the
free-space matrix Fj/p would have the “fork-like” structure for some ¢ > 1, such that
for every column j with j mod 3 = 1 it holds for all pairs §; ; < 6/6 and thus ¢; ; = 1
(except for 0y, ; > 6/6), and for every column j with j mod 3 = 2 there are all pairs with
di; > 0/6 and thus ¢; ; = 0 (except for §;; < 6/6). For the columns with j mod 3 =0
let ¢1; =1, ¢2; = 0 and ¢y, ; = 0 (the rest may be filled arbitrarily). Then the set B
built by Algorithm 5 would contain (m — 1) - m/3 = O (m?) entries. We note that this
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Figure 5.3: The curves o and 7 (left) that yield a “fork-like” free-space matrix Fj/y for
some 0 > 1 (right). The pairs selected into B by Algorithm 5 are outlined.

cannot happen if the curves o and 7 are c-packed for some constant ¢, ¢ > 2, as it will be

discussed in the further text.

On the structure of the distance matrix

Lemma 5.7 states one property of the c-packed curves in R?, d > 1, which we apply

afterwards in Lemma 5.8.

Lemma 5.7. Given point v and a c-packed curve T = wy, ..., wy, from RE, then for any
value b > 0 there exists a value r € [b/2,b], such that the (d — 1)-sphere (the sphere in R?)

centered at v with radius r intersects or is tangent to at most 2c edges of T.

Proof. Assume for the sake of contradiction that there exists ¢’ > 2¢, such that for any
r € [b/2,b] there are at least ¢ edges of 7 that intersect or are tangent to the (d — 1)-sphere
— the surface of the d-ball B(v,r). Let the event points be the points in B(v,b) \ B(v,b/2),
such that they are either

i) vertices w; of T or
ii) the points w’ € W;w;y1, such that vw’ | w;w;7.
Let the set of events be R = {R1,..., R}, and let r; = ||[v — R;|| for all 1 <7 < {. We may
assume that the events R; are sorted ascending by r;. Let 7o = b/2 and ryy1 = b, thus
ro <11 < STy
The number of the edges of 7 that intersect or are tangent to the surface of B(v,r) is
equal for all ' € [r;,7;11) and for all 0 < i < £, since the number of such edges changes

only in event points. By assumption there are at least ¢’ edges of 7 that intersect the
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surface of B(v,7’), for any r' € [r;,r;4+1) and for any 0 < i < £. The length of the curve 7
within B(v,b) \ B(v,b/2) is

iﬁ(rm (B(v,7i11) \ B(v,13))) = £ <m <B(v,b) \B(v, g))) <c-b

1=0

since 7 is c-packed. On the other side, it is

¢ ¢
b
ZE (tN(B(v,rit1) \ B(v,13))) > Zc’ Nrig1 —ri| = - (b - 2> >c-b,
i=0 i=0
a contradiction. ]
Lemma 5.8. Given point v and a c-packed curve T = wi, ..., wy, from R%, and given a

value b > 0, then for any pairwise disjoint set of intervals
I C {[il,iQ] D, ENAL <1 <ip < m}

with |[v —w;|| > b for all indices i € [i1,12) NN where [i1,i2] € I, there exists a value of

r € [b/2,b] and a pairwise disjoint set of intervals
J C{l,d2) + J1,je e NALT < g1 < jo <m}

with the following properties:

(i) |J| <c+1;

(ii) (Y [j1,72) € J) (3 i1 <ig < iz <iig) : i1, 42, [13,94] € T A j1 = i1 A Jo = iy
(iii) (Vi€ [j1,72) "N : [j1,42) € J) : ||Jv—w| >r.

Proof. We set r to be the value of the same variable as in Lemma 5.7, r € [b/2,b], and
we start with the given set I. Now we construct the set J by merging intervals of I as
follows. Initially J is empty. We iterate over the intervals of I in the order of their starting
points. Consider the first interval [i1,i2] and the next interval in the order [i3,i4]. We
merge them into one interval [iy,i4] if there exists no vertex w; with 79 < j < i3 such that
|lv — wj|| < r. We continue merging this interval with the intervals in I until we found a
vertex w; such that ||v —wj|| < r. Then, we add the current merged interval to J and take
the next interval from I and merge it with the proceeding intervals in the same manner.
When there are no intervals left in I, we also add the current interval to J. Each time
we add an interval to J (except possibly for the last one), we encountered two edges of T

that intersect the (d — 1)-sphere of radius r centered at v. By Lemma 5.7 we have added
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at most ¢+ 1 intervals to J (including the last interval). The other properties stated in
the lemma follow by construction of J. See Figure 5.4 for an illustration of the merging

process. O

Figure 5.4: The process of Lemma 5.8 for the vertex v and the curve 7. The representation
of the vertices of 7 corresponds to their distance to v: squares for ||v —w;|| > b,
black circles for b/2 < |jv — w;|| < b, white circles otherwise.

For a fixed vertex v of ¢ the intervals contained in the set I represent indices of the
vertices w of the curve 7, such that the distance ||v — w|| is at least b = dgp(o,7) /0,
for some 6 > 1, thus the intervals I represent the entries 1 within a row/column of the
free-space matrix F}. Lemma 5.8 provides an algorithm with parameters: set of intervals I
and a parameter b (or equivalently, parameter ), such that the result of this algorithm is
a set of intervals J that represent the entries 1 in the free-space matrix Fj/,. Before we
can apply this algorithm to our guarding set B, we need to deal with some pairs whose

presence in B is actually not necessary for keeping up the quality of the guarding set.

Avoidable pairs

If we have a 0-guarding set B obtained by Algorithm 5, we analyze if it is possible to
remove some of the elements (i.e. pairs) of B while keeping the properties of the guarding

set. For that sake we introduce the notion of an avoidable pair.

Definition 5.9 (Avoidable pair). Let B be the 0-guarding set produced by Algorithm 5,
and let V.= Sp U B U Hp be the partition of V implied by B. The pair (i,7) € B is called
avoidable if there exist a pair (i',j") € B and two partial traversals Ty and Ty of o and T
from (1,1) to (¢',7"), such that:

(1) V(i", ") e (Ty UTe) \ {(¢,5")} it holds that (i",j") € Sp,

(ii) there exist pairs (i,y1) € T1 and (i,y2) € Ta, with y1 < j < ya,
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(iii) there exist pairs (x1,7) € Ty and (x2,7) € T1, with x1 < i < 2.

We say that the pair (7/,j’) and the partial traversals T} and T, from Definition 5.9
make the pair (i,7) avoidable.

We notice that for the pair to be avoidable, it suffices to have the conditions (i) and
(i), or (i) and (4ii), since the remaining condition is implied by the monotonicity of the
traversals. The definition of the avoidable pair (4,j) implies that any partial traversal of o
and 7 from (7, 5) to (m, m) has to have a nonempty intersection with 77 U T5.

Figure 5.5 shows the pairs selected by Algorithm 5 into the #-guarding set B, for some
f > 1, marked with polygonal red and blue bounds. The pairs within the red bound are
avoidable, and the pairs within the blue bound are not. Two partial traversals T and 75 in

Sp that make the red bounded pairs avoidable (as in Definition 5.9) are marked by arrows.

[000 0 0]1

11
Ll 0 0

Fsip = 1 110
L T 10
ﬁ»lﬂ»l 1110

Figure 5.5: Avoidable pairs from the 6-guarding set B (for some 6 > 1) are marked with
red bound. Not avoidable pairs are marked with blue bound.

Lemma 5.10. Given parameter 0 > 1 and the 6-guarding set B. Let B' C B be the set of
the avoidable pairs. Then B\ B’ is a 0-guarding set.

Proof. The validity of the condition (i) of Definition 5.4 for the set B\ B’ is inherited from
the set B. In order to prove the condition (ii), for the sake of contradiction, let there exist
a traversal T of o and 7 such that TN (B '\ B’) = ). Since by Lemma 5.6 the traversal T
of o and 7 satisfies T'N B # (), there exists (i,7) € T N B’, and we may assume that (i, j)
is the last such avoidable pair along T'. Let (¢/,5’) € B\ B/, T} and T5 respectively be the
pair in B and two traversals from Definition 5.9 that make the pair (i, j) avoidable.

We may assume that (i, ') is in B\ B’. To see this let (i1, j1), (i2,J2), - - -, (ir, j¢) be the
sequence of the pairs of indices, such that for all x € {1,...,¢ — 1}:
a) the pair (iy, jz) € B';
b) the pair (iz41,jz+1) makes the pair (iy,j,) avoidable (from Definition 5.9); and
c) the pair (ig,j¢) € B\ B'.
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Since it follows from Definition 5.9 and from the monotonicity of traversals that i; <
9 < ... <mand j; < j2 < ... < m, such index ¢ has to exist. The partial traversals
Tl(z) and TQ(Z) from (1,1) to (ig, j¢) given by Definition 5.9, that make the pair (is—1, je—1)
avoidable, satisfy the conditions of Definition 5.9 for the pair (i,j) as well. We assign
(7', 5") = (i¢,jo) € B\ B', and thus it holds that (', ;") ¢ T.

Let (i,7) be the last pair along T such that (,7) € T'N (T} UTy) (there has to exist at
least one such pair, w.l.o.g let it be in T7). We construct the traversal 7" of o and 7 out of
the partial traversal of Ty from (1,1) to (,7) and the partial traversal of T' from (7, ) to
(m,m). For the pairs (i, j"”) € T N T} it holds by Definition 5.9 that (¢”,;”) € Sp. Thus
(T"'NTy)N B =10, since BNSg = 0.

Since TN B = 0, it follows that (7" NT) N B = (. Therefore, for the traversal 7" it holds
that 77N B = (). This contradicts the assumption that B was the 6-guarding set, and
proves that the condition (ii) of Definition 5.4 holds. Thus, B\ B’ is a 6-guarding set. [J

Trimming the reachable area of a guarding set

Let B be a l-guarding set for two curves ¢ and 7. We now want to modify B to shrink
the number of pairs while maintaining the guarding property of Definition 5.4. It turns
out that we can do this if we relax the approximation quality of the guarding set (which
we denoted with 6). We perform this trimming as an algorithm in three phases:

(1) Remove all avoidable pairs from B.

(2) Trim the reachable area of B row by row.

(3) Trim the reachable area of B column by column.

In the following, we describe the trimming operation on a single row. Consider a vertex
v; of the curve o and consider the intersection of B with the row of the distance matrix
associated with v;. Let I; denote the set of intervals of the column indices that represent
this intersection. We now apply Lemma 5.8 with parameter b = dyr (0, 7) to obtain a set
of intervals J; that can be used to trim the reachable area of B with respect to the ith row.
Each interval in J; covers a set of intervals of I;,. Let A; be the subset of pairs of the ith
row of which the column index is contained in an interval of J;, but not contained in any
interval of I;. We call A; the filling pairs of the row. We now want to trim the reachable
area Sp defined by B along the vertices of the reachability graph which correspond to
pairs of A;. For this we will remove all vertices of B; that are reachable from A; and add
the pairs of A; to B. See Algorithm 6 for the pseudocode of this trimming operation.
Figure 5.6 illustrates the process with an example.

The trimming operation for a single column is analogous to that on a single row, except

that the initialization of the set I; in the first line is now done as I; < {[j,j] : (j,7) € B}
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(the rows and the columns switch the places), and in the line 2 we use as parameters to
the algorithm of Lemma 5.8 the set I; and b = dgp (o, 7) /2.

Algorithm 6: Trimming the reachable area for one row
Data: guarding set B, row index ¢, parameter b > 0
Result: modified guarding set B
I < {[5,4] : (i,7) € B} /* each pair of B in the ith row produces an interval in I;
*
/

Ji < Algorithm of Lemma 5.8 using I = I; and b = dyp (0, T) as parameters

[uny

N

3 A; = SpN {(z’, j): je (UULMGJZ_ (1, 420\ Uppy e, [il,iﬂ)} /* compute filling
pairs */
4 FIFO-Queue Q + A; /* find guarding pairs reachable from A; via BFS */
5 while Q # () do
6 | (i,4) < pop(Q)
7 foreach (i,5') e {(i+1,7),(i+ 1,7+ 1)} do
8 if (//,j') € B\ Q then
9 L B+ B\{(#,7)} /* remove the pair from B */
10 else
11 L push(Q, (¢,7))
12 B+ BUA; /* add pairs of A; to B */

13 return B

after
0 ... st =

Figure 5.6: The elements of a guarding set (marked with squares) before (left) and after
(right) applying of Algorithm 6 to the second row. The removed pairs are
marked by circles

The following lemma shows the result of the trimming algorithm’s phases, applied to
the 1-guarding set B obtained by Algorithm 5.

Lemma 5.11. Let B be a 1-guarding set.
(i) After the first phase of the algorithm, which removes all avoidable pairs, the modified

set B is a 1-guarding set.
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(ii) After the second phase of the algorithm, which applies the trimming operation to each
row with b = dgp (o, T), the modified set B is a 2-guarding set.

(iii) After the third phase of the algorithm, which applies the trimming operation to each
column with b = dgp(0o,7) /2, the modified set B is a 4-guarding set.

Proof. The first part of the lemma follows directly from Lemma 5.10. We now prove
the second part of the lemma statement. Condition (iii) of Lemma 5.8 ensures that any
pair of a set A; added to B corresponds to a pair of vertices v € ¢ and w € 7 with
|lv —w|| > b/2 = dgr(o,7) /2. Indeed, the column indices of the pairs of A; are contained
in intervals of J;. Therefore, after the second phase, the modified set B satisfies property
(i) (distance property) in the definition of guarding sets if we set § = 2. Secondly, we argue
that property (ii) (guarding property) is not invalidated after the trimming operation was
applied to a row. Let B denote the guarding set before the trimming operation applied
to the ith row and let B’ denote the modifed guarding set after trimming. Clearly, the
trimming operation does not add any avoidable pairs to B. Therefore we can assume that
throughout the second phase no avoidable pairs are present.

Assume for the sake of contradiction that there exists a traversal T' that contains a pair
of B, but does not contain a pair of B’. Let (i,j') be the first pair along T that was
removed from B during the trimming operation and let (i, j2) be a pair of A; that has
a BFS-path to (i/,j'). T must contain a pair (7,j1) in the ith row and this pair cannot
be contained in an interval of .J; (otherwise T would contain a pair of B’). Let T} be the
partial traversal (path in G) of T that starts in (1, 1), goes through (i,71), and ends in
(', 4"). Since (i, 5') was the first vertex along 7" in B, it follows that T3 only visits vertices
that are in Sg. Note that ¢/ > i, since the BFS only visits row indices strictly greater than
i. Since A; C Sp, there must be a path T in G from (1,1) through (4, j2) to (¢, ;") that
contains only vertices of Sp. Now, property (ii) of Lemma 5.8 implies that there must be a
vertex (i,7”) in B, such that either j; < j” < js or jo < j” < j1. This implies that (4, ;")
must be avoidable with respect to B. However, this contradicts the fact that B does not
contain any avoidable pairs. This proves (ii). The third part of the lemma follows by a

symmetric argument applied to the columns. O

5.3.3 Bounding the complexity of the modified guarding set

Given set B after the algorithm of Lemma 5.11. For every row of B (presented as matrix)
let the pairwise disjoint set of intervals R; C {[j1,72] : ji,j2 € NA1 < j; < jo < m} be
a set of intervals on {1,...,m} of minimal size, such that for any 1 < j* < m there exist
j1 and jo with j' € [j1,j2] € R; if and only if (i,5’) € B. We can analogously define such

pairwise disjoint sets C; over the columns of B.
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Lemma 5.8 implies that for every row ¢ there is a set of pairwise disjoint intervals J;
constructed by line 2 of Algorithm 6, with |J| < ¢+ 1. Algorithm 6 takes into B only
the pairs that belong to the subsets of the intervals of J; that were in Sp as well. But
since the pairs (i,j) € Hp such that j € [j1,j2] € J; have the property that any traversal
using these pairs has to contain a pair in B prior to (4, j), we could have added such pairs
too into B and then it would be J; = R;. Since we took only its subsets, it holds that for
every [j1,j2] € R; there is [js, ja| € J; with js < j1 < jo < js. By counting all intervals of
R; that are subset of one interval from J; as one, we say that all such intervals R; build
one extended group of consecutive pairs within ¢th row. It follows that there are at most
¢+ 1 extended groups within é-th row. This process is repeated over columns as well. See

Figure 5.7 for an illustration.
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Figure 5.7: The pairs of the guarding set B (red) and its extended group (blue) within
one column. The pairs denoted with s, b, and h are from Sp, B and Hp
respectively

We have to note that the filling pairs added into B also imply the removal of a pair in
B that lies in the same row but with higher column index. This does not necessarily apply
for the last pair in the row. However, this can happen at most once per row, adding one

pair (and one extended group) to the row. We obtain the following lemma.

Lemma 5.12. In the guarding set produced by Algorithm 5 and modifed by the algorithm
of Lemma 5.11, there are at most c+ 1 extended groups within a column, and c+2 extended

groups within a row.

To finally bound the complexity of our guarding set by Lemma 5.14, we show first
Lemma 5.13.

Lemma 5.13. For the guarding set produced by Algorithm 5 and after every phase of
algorithm of Lemma 5.11 the following invariant holds: for every pair (i,j) € B there exists
a pair (i',j") € Sg such that ((7',7),(i,7)) € E.
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Proof. We call the pair (¢, j') the predecessor pair. The construction of the guarding set
B Algorithm 5 guarantees that a pair (,7) is added into B if it is visited over an edge
((i',4"),(i,4)) € E, where (¢/,5") ¢ B. Thus ((',j') € Sp as claimed.

The first phase of the algorithm of Lemma 5.11 removes the avoidable pairs from B, thus
the invariant holds for the pairs that remain in B. The second phase runs Algorithm 6 upon
a row and adds into B only pairs that were already in Sp, and that have also a predecessor
in Sp. For every pair (¢, ;') which was in Sp before and is in Hp after Algorithm 6, it
holds that the BFS passes (i, j') and then visits and subsequently removes the pairs from
B. Therefore, the invariant remains valid for the pairs that remain in B. As for the pairs
that were already in B their predecessors remain in Sp, so their status is not changed.

The third phase is equivalent to the second one, and the invariant remains valid. ]

Lemma 5.14. The set B obtained by the algorithm of Lemma 5.11 is a 4-guarding set,

containing at most (3¢ +4) - m pairs.

Proof. For every pair (i,7) € B one of the following holds true:

i) the index j is the smallest index of an extended group over the ith row;

ii) the index i is the smallest index of an extended group over the jth column;
iii) none of the above.

We argue that if neither i) nor ii) holds true, then it must be that i — 1 is the smallest
index of an extended group over the jth column. Indeed, note that if neither i) nor ii)
holds true, then (i — 1, j) and (¢,j — 1) are part of an extended group and such groups can
only contain pairs of B or Hp. Therefore, the pair (i — 1,7 — 1) must be in Sp because
Lemma 5.13 implies that the pair (¢, 7) must have an ingoing edge from a pair in Sg. Now,
since pairs of Sp and Hp cannot be directly connected by an edge of GG, it must be that
(1 —1,7) and (i, — 1) are both in B. Thus, i — 1 is the smallest index of an extended
group over the jth column.

We charge elements of B of type i) and of type ii) to their respective extended intervals.
We charge elements of type iii) it to their extended interval over the column. Thus, extended
intervals in the column are charged at most twice. By Lemma 5.12 we have at most (¢ + 1)
extended intervals per column and at most (c+ 2) extended intervals per row. This implies

that altogether |B| < (3¢ +4) - m, as claimed. O

Lemma 5.5 and Lemma 5.14 imply the correctness of Theorem 5.15, that we state as

conclusion of this section.
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Theorem 5.15. Given ¢ > 2, for any two polygonal c-packed curves o and T of complexity
m from R%, d € {2,3,4,5,6,7}, and for any v € (0,1) it holds that

ddF(O',T) <e. 12¢ + 16 .m

P
' dap(o’,1") — Y

Z 1- )
where e is a constant, that equals 1 for d € {2,3}, 1 +2/7 for d € {4,5}, and 15/8 for
de {6,7}.

5.4 Lower bounds

Although one may see the upper bound of the previous section, being linear in the complexity
of the input curves, as a weak one, in this section we show that the lower bound is as well
linear in the complexity. We show that it may happen that for some two curves ¢ and 7 it
holds that the ratio between Fréchet distance of the curves and the Fréchet distance of
the respective projection curves o’ and 7/ is at least in Q(m), where m is the complexity
of the curves. This claim holds for both the discrete and the continuous version of the
Fréchet distance, independently of the c-packedness of the curves o and 7. We present an
analogous claim for the dynamic time warping distance as well, but only in the case of the

c-packed curves.

5.4.1 c-packed curves

We state Theorem 5.16 (for the discrete Fréchet distance), and then prove its correctness for
the discrete and the continuous Fréchet distance, as well as for the dynamic time warping

distance.

Theorem 5.16. Given ¢ > 2, there exist polygonal c-packed curves o and T of complezity
m, such that for any v € (0,1/7)
dap(o,T) 5y

P > . >1—~.
r ddF(O'/,T/) - 24 = "

Proof of Theorem 5.16 for the discrete Fréchet distance. Let the curves o and 7
be from R?. Let m = 2t + 1. Let the curve ¢ = vyq,...,v41 be the line segment
U102:+1, while the vertices vy, ..., vy41 are uniformly distributed on o, i.e. ||vi41 — vi]| =
||lvi —vi—1]| for all i € {2,...,2t}. Let 7 = wy,..., w41 be composed by two line segments
wiwet1 and Wy 1Wary1, and the vertices wy, ..., w41 are uniformly distributed on 7, i.e.
lwjt1 —w;|| = |wj —w;—1| for all j € {2,...,2t}. Let vy = wy and vor11 = waq and let

Zwppwiveer1 = . An illustration is shown in Figure 5.8.
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V2t4+1 = W2t+1

Vg1 = Wy
Vit

v = wy
Figure 5.8: Curves that witness the lower bound for the discrete Fréchet distance case for

c-packed curves (and for the continuous Fréchet distance and the dynamic time
warping distance as well)

The curves o and 7 are c-packed for any constant ¢ > 2. We may assume that £ (7) = 2.
Then it holds that £ (o) = 2-|cos «|, and for both discrete and continuous Fréchet distance,
it holds that § = dyp(0,7) = dp(o,7) = |sina].

Let the straight line L support the unit vector u, which is chosen uniformly at random
on the unit sphere in R?, and let the curves ¢ and 7 be projected onto L. Observe that
the discrete Fréchet distance of o and 7 is realized by the pair (¢ +1,¢+ 1) in the traversal
of o and 7, thus |[vi11 — wit1]| = dgp(o,7) = . The vertex w1 € 7 is projected to wy, 4,
and w;  lies either within o’ or outside of it.

If wj,, €0, then wj,, € v/v],, for some i € {1,...,2t}, i.e. w,,, is in one of the 2t line
segments. We construct a traversal 7" of ¢’ and 7/ by induction. Let (¢,¢t+1), (i+1,t+1) €
T’. For all indices 1 < j < t, starting with j = ¢, we repeat the following until (1,1) € T".
Let = be the smallest index of a vertex v added to 7" (initially = =4). If w} € vl L, we
add the pair (z,) to T". Otherwise, it is w} € v, _;v}, and we add (z — 1,) and (z, ) to
T’. We conclude the iteration by decreasing j by one. We can analogously proceed the
indices t +2 < j < 2t + 1, until (2t + 1,2t + 1) € T’. By construction, 7" is a traversal of
o' and 7. Then, for each pair (z,y) € T" it is

L(c")  L(o) |cosal
] < < = .
oy = vall < == < =55 ¢
Therefore, it holds that
/ / / / |COSO{| 1
Wy €0 :>ddF(O',T)§ ; S;.
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For the event w;, € o’ we bound the probability from below by

Pr[wi,, €0’ >1—a/m, (5.14)
i.e. this event occurs if the perpendicular line to L is not parallel to some straight line
laying in Zwyyjwivei41 = o and including wy (tiled area in Figure 5.8). Then it holds that

(%

d
Pr {Wzlsinal't] >1-——.
T

dap (o', ")

For a € [0,1] it holds that |sina| > a —a3/3! > 5a/6, thus for v = a/7 is for v € (0,1/7):

Pr [ dgp(o,T) S 5y .

tl >1—~.
ddF(O'/,T/) B §) ]_ v

Since t = (m — 1)/2 and m > 2, it follows that ¢ > m/4. This proves the correctness of the

theorem. O

In the continuous case, the linear factor is only m. We use the curves o and 7 from the

discrete case.

Proof of Theorem 5.16 for the continuous Fréchet distance. For the case of the
continuous Fréchet distance it holds that if wj,,; € ¢, then ¢’ = 7" and dp(o’,7') = 0.
Thus it holds that

dr(o,7) m r o, 7 = —a/m
Pr{dF(U,’T/)Z ]ZP [dr(o’,7") =0] >1—a/

for any constant o € (0,1). Thus, the continuous Fréchet distance will be reduced at least

by a factor of m with probability at least 1 — «, where v = a/m and ~y € (0,1/7). O

The construction from the discrete Fréchet distance case can be extended to the dynamic

time warping distance case, which we analyze next.

Proof of Theorem 5.16 for the dynamic time warping distance. For the curves
o and 7 (defined in the discrete Fréchet distance case) it holds that
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2t4+1 t
dprw(o,7) = Z [vi —wil| =2- (Z [[vi — wz‘\) + [[ve1 — wega ||
=1

i=2
¢

= 2 (Z [vita —wi+1\|> = lver — wepa |
i=1
ays | sin ¢

= 2. (Zt> —|sina| =t -|sinq]
i=1

For the projection curves we extend the analysis for the discrete Fréchet distance case.
Equation (5.14) states that Pr [wéH € o’] > 1 — «/7. But if this event happens, then for
all1 <j<2t+11s w} € o/, since v1 = wy and vo;11 = war1. For the rest of the proof we

assume that this event happens.

Let 77 be the set of all traversals of o’ and 7. Let the set of the pairs 7/ € 7' be defined,
such that for 1 < j < 2t + 1, the pair (4, j) € 7" if and only if [lv; — w}|| is minimal over all
1 <1i<2t+1. Such set T is a traversal of ¢’ and 7/. This is shown by induction, since
v1 = wy and vgpy1 = warp1. Let the pair (4,7) be in T7. Then the closest vertex of ¢’ to
the vertex w’ ; has to be either v; or v; . The other vertices of o’ (either with smaller or
greater index) cannot be the closest vertex to w’ ; because of the order of the vertices on
o' and 7. Thus, the pair (i,j) € T" is followed either by (i + 1,5 + 1) or (i, + 1), and
T' € T' is a traversal. The possibility of (i 4+ 1, ) is excluded, since we choose exactly one

matched vertex for each j, 1 < j <2t + 1.

Then it holds that

. 1
dorw (o) = min 3 o wil < S fui-wfl < D et vl
(i,5)eT (4,5)€T” (4,5)€T”

IA
—_

2

1 1

52””2‘”2+1H < 5'5(0/) < §~£(0) =|cosal <1
i=2

with the probability 1 — «/m, and thus

Pr [ dprw (o, T)

«
> |sinaf -t > 1— —.
dDTw(O'/,T,) _’ ’ - T

From this point on, we can repeat the final steps of the analysis of Theorem 5.16 for
the discrete Fréchet distance, and obtain that the dynamic time warping distance will be
reduced at least by a factor of 57ym/24 with probability at least 1 —-y, for any v € (0,1/m),

as claimed. n
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5.4.2 General case curves

If the curves ¢ and 7 are not c-packed, for any constant ¢ > 2, then the ratio of the
continuous Fréchet distances between o and 7 and their projection curves ¢’ and 7’ can be
at least linear in m, as claimed by Theorem 5.17. This event can happen with probability
1. We claim the same bound for the discrete Fréchet distance, by adapting the proof of the

continuous case.

Theorem 5.17. There exist the curves o and T of complexity m, such that if ' and 7’
respectively are their projections to the one-dimensional space that supports the unit vector

chosen uniformly at random on the unit sphere in R?, then it holds that

ddF(O-a 7_)
dgp (o', ")

2 f(m),
where f(m) € Q(m).

Proof of Theorem 5.17 for the continuous Fréchet distance. We denote with
the star-like closed curve with 2k + 1 vertices in R2?, defined as 1, = wg,v1,v0, V2,
V0, - -+, Uk, V0. Let v; = (r4,79;) in polar coordinates be defined as vy = (0,0) and
vi = (L,2r- (i —1)/k) for 1 < i < k. Let 0 = 9, and 7 = 9y41, and let k be even,
k > 6. To have the same complexity for o and 7, we can add two more points vy at the
end of o, thus the complexity is m = 2k + 3. We denote the indices of the curve 7 with wyj,
0 <j <k+ 2. Figure 5.9 shows the curves o and 7 for k = 12 (in full blue and dotted red

line, respectively).

Uy

X
w
10 V10 w11

Figure 5.9: Two curves o = ¢ (blue) and 7 = 941 (red dotted), with parameter k = 12
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The Fréchet distance between the curves o and 7 is (at most)

1
- 2-cos(m/(k+ 1))

dp(o,T)

To show this, let M be the mapping of the points of o and 7 that witnesses the said distance.
The curve 7 has one more subcurve (“ray”) of the star to be traversed. The “rays” v, vy, vg
and wg, wy, wo are equal, and they are mapped to each other by M at distance 0. The “rays”
v, Vi, o and wg, w;, wo for 1 < i < k/2, and vy, v;, vg and wo, wit1,wo for k/24+2 <i <k
are mapped pairwise by M at distance at most 27/k — 2w /(k + 1) < w/(k 4+ 1). There
remain two consecutive “rays” wowy o41wo and wowy /o 4owo that have to be mapped by

the mapping M to vgvy a41v0. The point © with coordinates (1/(2 - cos(w/(k +1))),7) is

the intersection of a bisector of Wowy, /31 with VoU /25 1. Such point © maps the subcurve of
7 defined by the vertices wy, /o1, wo, Wi /242, thus the mapping M is completely described,
and the Fréchet distance of ¢ and 7 is at most the distance realized by M, that is
lwg 241 — 0|l = |lvo — 9[| =1/ (2 - cos(w/(k +1))) > 7/(k + 1), since k > 6. It holds that
dp(o,7) > 1/2 for any k > 2.

We notice that between every two lines wow; and wow;;1 there has to be one line vow;,
for 1 <1i4,5 < k. The opposite claim does not have to hold. Thus the distance between
v; and any of its neighboring w; and wjy1 is at most max{||w; — v, ||wj+1 — vil|} <
|lwjt1 — wj|| < 27/(k + 1), since v; is on the circular arc between w; and wj41.

If we now project the curves o and 7 onto the straight line L that supports the unit vector
u, with u chosen uniformly at random on the unit sphere in R?, let o’ = vj, v}, v), . . ., V%, v}
and 7" = wg, wi, wy, - - ., Wy 1, wy be their projections respectively. The line wow}, satisfies
one of the following two cases:

i) wowp||wow; for some 1 < j <k +1, or

ii) wowy lies between the lines Wow; and WoW(j41) mod (k+1) for some 1 < j <k +1 (the
modulo is added for the case that j =k + 1).

Then in the first case, since k is even, the straight line wowy, lies between the lines

WOW(j1%/2) mod (k+1) and WoW(;1k/2)+1 mod (k+1) (the lines through the two vertices on the
opposite side of the star). For the simplicity of the notation, in the case j = k/2 + 1 the
index (j + k/2) mod (k + 1) is replaced with k + 1. Therefore, we may only consider the

second case.

The projected curves o’ and 7/ can be mapped to each other by a mapping M’ as follows:

let v; be the vertex of o that lies between wow; and wow;;; from the case definition (we
omit the modulo for notation simplicity). Let v} be its projection. Then let the subcurves

v, Vi v and wy, wi, wy, wi g, wy be mapped to each other by mapping M'.
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For the rest of the curves let vy, v; . vy and vy, vi_,, v be matched to wy, w4, wg and
wp, wj_y, wy respectively, as long as i+¢ < k and j+1+¢ < k+1. Once this condition is not
respectively.

satisfied we replace v, with vg and v§'+1+é with ’UE

i+¢) mod k’ j+14¢) mod (k+1)

We map analogously v, v,_,, v to wg,w;%,w{) as long asi—¢>1and j — ¢ > 1. Note

that each vertex wj, of 7' (except w’; and wj, ) is mapped to exactly one vertex of o’.
Let M be the mapping of ¢ and 7 such that the subcurves of ¢ and 7 are mapped to

each other if and only if their projections are mapped by M’

The value of dp(o’,7') is bounded from above by the maximum of the Fréchet distances
between pairs of subcurves that are mapped by M’. The Fréchet distance between
v, V1, v and wp, wi, wy, w1, wy is bounded from above by max{||v; — wil|, [[v; —wj, 1[I} <
[
and w(),wﬁw(r),wé be mapped to each other by M’, for all € [k] \ {i}. The Fréchet

—wjy4|| < 2m/(k+1). For the remaining pairs of subcurves, let the subcurves vy, vy, vy

distance between these two subcurves is |[v), — wg/[/(;,;)”' By the construction of M’ we
conclude by induction that the points v, of ¢ and w Ni(x) of 7 (whose projections are

respectively v}, and w, (I)) have to lie both on a circular arc of length 27 /k. Thus we have

dr(o’,7') < max{|uw) - w§+1||7x617[1}€?\>%}{|!v§c — Wipll}}

2
< max{ {lJve — w;\}[(x)H}} < T

——, max
k417 zefk)\{i}
Therefore by projecting the curves o and 7 to any straight line the continuous Fréchet

distance between the curves will be diminished at least by the factor

dp(o’,7') 2w _ 4w
dp(o,T) k k-

This yields the claimed linear lower bound, since k = (m — 3)/2, and proves the theorem
with f(m) = (m — 3)/(8n). O

Proof of Theorem 5.17 for the discrete Fréchet distance. The lower bound given
by Theorem 5.17 holds for the discrete Fréchet distance as well, with f(m) = (m—5)/(16x).
We adapt the curves o and 7 from the proof for the continuous Fréchet distance as follows.
Let us add to each “ray” vy, v;, vp of the curve ¢y two vertices 0; (i.e. the “ray” becomes
vo, i, V4, Vi, Vo), with polar coordinates 0; = (1/(2-cos(n/(k+ 1)), 2-(i—1)-7/k) (as
for the vertex © from the continuous case proof). The curve 15, contains now 4k + 1 vertices,
and thus our curves ¢ and 7 have complexity m = 4k + 5. The rest of the construction

and analysis can be used verbatim. O
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5.5 Conclusion and open questions

Up to now we have not discussed if the analysis of the upper bounds presented in Section 5.3
can be extended to the continuous Fréchet distance or the dynamic time warping distance,
as it was done in Section 5.4 for the lower bounds. While there is no free-space matrix
for the DTW, and thus the analysis cannot be naturally extended for the DTW, in the
continuous Fréchet distance case a free-space matrix would be replaced with a free-space
diagram, and the notion of guarding set would include edges that bound the cells within
the free-space diagram. Instead of avoidable pairs there would be avoidable areas, and our
technique of Section 5.3 could be adapted.

However, the problem lies in the structure of the continuous Fréchet distance. The
discrete Fréchet distance § is always obtained as the distance between two vertices (so
called “vertex-vertex event”). In the continuous Fréchet distance case the distance 6 may
be additionally realized by “vertex-edge events”, where the Fréchet distance is realized
between a vertex and a point on an edge, and by “vertex-vertex-edge events”, where the
Fréchet distance is realized between two vertices A and B on one curve, and a point on
an edge of the other curve that lies on the bisector of the straight line AB. For details
confer the work of Driemel [64] and Driemel, Har-Peled and Wenk [66]. In these two cases
a complementary claim to Lemma 5.1 is missing, in particular it is not known how to
bound the ratio of the original and the projected distance, and subsequently to have the
probabilities with such values that can be bounded jointly for the complete curves, as in

Lemma 5.5 for the discrete case.

For the discrete Fréchet distance we showed that, in the worst case and under reasonable
assumption for the input curves that they are c-packed for some constant ¢ > 0, the
distortion of the probabilistic embedding obtained from projecting to a randomly chosen
line is at most linear in the complexity of the input curves. We showed that there are
as well input curves that satisfy the same realistic assumptions and that witness the
distortion that is at least linear in the complexity of the input curves. One may see this as a
negative result, since we hoped that the Fréchet distance would be more robust under such
embedding. However, we believe that this behavior occurs only for strongly conditioned
curves, and not for a realistic input.

In the general case there exist polygonal curves that witness at least a linear distortion
of the discrete Fréchet distance, in terms of the complexity of the input curves. It is an
open question if the upper bound of the distortion can be matched with the lower bound

in the general case.
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6.1 Introduction

In the previous chapters the objective were polygonal curves. A polygonal curve describes
the trajectory of some object by connecting the locations, i.e. the points in R?, in the
order they are visited. Often, the locations visited by a chosen object are repeated, each

with a respective frequency.

In this chapter we aim to gain knowledge from probabilistic points. If the set of possible
locations of a point is given, each location accompanied with some probability, then a
probabilistic point is intuitively defined by a discrete probability distribution, describing a

set of possible locations in R? where the point can appear at some moment.

Such setting is often met in practice. When looking for an optimal location for one
(or more) mobile provider antenna(s) to serve N clients using cell phones, such that the
maximal distance to a client is minimized, it is more realistic to observe the problem over
probabilistic distributions of the locations of the clients, and ask for a good solution in
expectation, than to optimize over all possible locations of all the clients. In addition, with
some probability, a client may not be present at all. In the scenario that we optimize over
all possible locations of all the clients, we would have an instance of some of the classical

clustering problems, described in Section 2.4.

In particular, we are interested in the probabilistic smallest enclosing ball (pSEB) problem
in high-dimensional Euclidean space. For this problem in a fixed-dimensional space, there
is a fully polynomial time approximation scheme, provided by Munteanu, Sohler and
Feldman [145]. However, their result assumes the dimension d of the ambient space to be
a constant, and has an exponential running time dependency on d. To make the pSEB
algorithm viable as a building block for high dimensional problems, as it is often the case
in the machine learning context, it is desirable to reduce the dependence on the dimension

from exponential to a small polynomial.

163
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6.1.1 Problem definition

We consider a generalized median problem that we call the set median problem, and aim to

solve it efficiently, in order to be able to use it as a building block for the other problems.

Definition 6.1 (Set median problem). Let P = {Py,..., Py} be a family of finite
non-empty sets where for all i € [N], it is P; C R? and n = max{|P;|: i € [N]}. The set

median problem on P consists of finding a center ¢ € R that minimizes the cost function

N

7(©) = mle. P,

i=1

where m(c, P;) = maxpep, |[c — p||.

The set median problem is a generalization to two well-known clustering problems. In
case of singleton sets (n = 1), the set median problem is equivalent to the 1-median, defined
in Equation (2.22) (also known as Fermat-Weber problem or geometric median). Also, if
there is only one set (N = 1), the set median problem coincides with the smallest enclosing

ball or 1-center problem, defined in Equation (2.21).

Next, we consider the probabilistic smallest enclosing ball (pSEB) problem, aiming to
find a center that minimizes the expected maximum distance to points drawn from the
input distributions. Let the input be a set D = {D,..., D,} of n discrete and independent
probability distributions. The i-th distribution D; is defined over a set of z possible
locations ¢; ; € RIU{ L}, for j € [2], where L indicates that the i-th point is not present in
a sampled set, i.e., ¢;j = L < {gi;} = 0. We call the points, whose locations are given by
the input distributions the probabilistic points. Each location g; ; is associated with the
probability p; j, such that ZJZ-:1 pij = 1, for every i € [n]. Thus the probabilistic points
can be considered as independent random variables X;.

A probabilistic set X consisting of probabilistic points is also a random variable,
where for each random choice of indices (ji,. . .,jn) € [2]" there is a realization Py, y =
X (J1s---dn) = (@115 - -+ qn,j,)- By independence of the distributions D;, i € [n], it holds
that

Pr (X =Py, o] = [[Pisi:
=1

The probabilistic smallest enclosing ball problem is defined as follows. Here we may

assume that the distance from any point ¢ € R? to the empty set is 0.
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Definition 6.2 (Probabilistic smallest enclosing ball problem, cf. [145] Definition
2). Let D be a set of n discrete distributions, where each distribution is defined over z
locations in RT U { L}. The probabilistic smallest enclosing ball problem is to find a center

c* € R? that minimizes the expected smallest enclosing ball cost, i.e.,

¢ € argminEyx [m(c, X)],
ceRY

where the expectation is taken over the randomness of X ~ D.

It was noted in [145] that the pSEB problem can be reduced to two different types of
1-median problems, and thus to two instances of the set median problem. We discuss this

more in detail in Subsection 6.1.4.

The third problem we consider in this chapter is the support vector data description prob-
lem (SVDD). We introduced the Hilbert spaces and the kernel functions in Subsection 2.1.2.
We formally state the SVDD problem next.

Definition 6.3 (Support vector data description problem). Given are an input
set P C R, and the kernel function K : R x R? — R with implicit feature mapping
¢: R* — H, where H is an implicit Hilbert feature space. The task is to find

¢" € argminmax |c — ¢(p)|| = argminm(c, p(P)), (6.1)
ceM PEP ceH

where ¢(P) = {¢(p): p € P}.

It is known that the SVDD problem, originally introduced by Tax and Duin [166], is
equivalent to the smallest enclosing ball problem in the feature space induced by the kernel
function, what was shown by Tsang, Kwok and Cheung [169]. Note that the deterministic
SVDD problem (Definition 6.3) is often stated with squared distances, as it is the case
in the previous work [166, 169]. It does not matter whether we minimize the maximum
distance or any of its powers or any other monotone transformation. In the probabilistic
case this is not true. Consider, for instance, squared distances, i.e. if in Equation (6.1) there
would be m(c, ¢(P))? instead of m(c, ¢(P)). Taking the expectation over the randomness
of X, as we did in Definition 6.2, would yield the (weighted) sum of the squared distances,
and thus, the resulting problem would be similar to a 1-means rather than a 1-median
problem.

Huang et al. [106] have observed that minimizing the expected maximum squared
distance corresponds to minimizing the expected area of an enclosing ball in R?. This

observation can be generalized to the expected volume of an enclosing ball in RP when the
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p-th powers of distances are considered. Considering p = 2 might also have advantages
when dealing with Gaussian input distributions due to their strong connection to squared
Euclidean distances. In a general setting of the probabilistic smallest enclosing ball problem,
however, it is natural to minimize in expectation the maximum Euclidean distance, since
its radius is the primal variable to minimize. We proceed in such manner, to extend the
SVDD to its probabilistic version.

The input is again a set D of n discrete and independent probability distributions, where
D; € D is defined over a set of z locations ¢; ; € R? U {L}. Note that the mapping ¢ maps
the locations g; j from R? to ¢(g; ;) in H, and we assume ¢(L) = L. Then the probabilistic
SVDD problem is given by the following adaptation of Definition 6.2.

Definition 6.4. Let D be a set of n discrete distributions, where each distribution is
defined over z locations in R U {1}. Let K:R% x RY — R be a kernel function with
associated feature map ¢: R? — H. The probabilistic support vector data description
(pSVDD) problem is to find a center ¢* € H that minimizes the expected SVDD cost, i.e.,

c" € argminEx [m(c, ¢(X))],
ceEH

where the expectation is taken over the randomness of X ~ D.

Throughout this chapter we work with points in R¢. However, we intend to use the
subgradient method, that utilizes vectors in R? for translations. For each point z € R?
we assign the vector x € R? (from the origin to the point ). However, since for any two
points z,y € R, and respective position vectors x,y € RY, it is ||z — y|| = ||x — y]|, we do
not make the distinction between x and x. It will always be clear from the context which

object (point or vector) is meant at the moment.

6.1.2 Results in this chapter

In Section 6.2, we solve the set median problem (cf. Definition 6.1) on the collection of
N deterministic point sets, using estimation and sampling techniques combined with a
stochastic subgradient descent algorithm. The main result is presented by Theorem 6.15,
with running time O ((dn/e?) - log?1/e).

The elements in the collection are sets of up to n points in R%. In Subsection 6.2.2, we
discuss the possibility of further reducing the dependence on their size. In the previous
work [145] the sets were summarized using strong coresets of size 1/e9(@ for constant
dimension d. This is not an option in high dimensions where, e.g. d =~ n. We show in

Theorem 6.16 that no reduction below min{n, exp(d'/3)} is possible unless one is willing
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to sacrifice an additional approximation factor of roughly /2. However, we discuss the
possibility to achieve roughly a factor (v/2 + ¢)-approximation, both in off-line and in
streaming setting, using well-known data structures.

In Subsection 6.3.1, we show how the (1 + ¢)-approximation algorithm for the set median
problem improves the previously best FPTAS for the probabilistic smallest enclosing ball
problem from O ((dnz/e*) -log1/e + 1/60(d)) to O ((dnz/e*) -log®1/e). In particular,
the dependence on the dimension d is reduced from exponential to linear and, more notably,
it occurs only in distance evaluations between points in d-dimensional Euclidean space, but
not in the number of sampled points nor in the number of candidate centers to evaluate.
This result is presented in Theorem 6.17.

The result of Subsection 6.3.1 enables working in very high D-dimensional Hilbert
spaces, whose inner products and distances are given implicitly using positive semidef-
inite kernel functions, in Subsection 6.3.2. These functions can be evaluated in O(d)
time, although D is large or even unbounded depending on the kernel function. As an
example, we extend the well-known support vector data description (SVDD) method to
the probabilistic case. SVDD is equivalent to the smallest enclosing ball problem in the
implicit high-dimensional feature space. The main result is presented in Theorem 6.19,
and represent the first FPTAS for the probabilistic SVDD problem, with running time
O (dn- ((2/€%) -log1/e + (1/e%) -log?1/e)).

Throughout this chapter, we assume that the error parameter satisfies 0 < ¢ < 1/9. All
our results hold with constant probability, say 1/8, which can be amplified to arbitrary 1—n,
0 < n < 1, by running O (log1/n) independent repetitions and returning the minimum

found.

6.1.3 Related work

We have discussed the deterministic clustering problems in Section 2.4. Here we present
the related work on the probabilistic clustering problems.

The study of probabilistic clustering problems was initiated by Cormode and McGre-
gor [59]. They developed approximation algorithms for the probabilistic settings of k-means,
k-median as well as k-center clustering. For the probabilistic k-median in general metric
space they gave a (3 4 ¢)-approximation, while for the Euclidean k-median, as well for
the both versions of k-means they produced a (1 + ¢)-approximation. The probabilistic
metric k-center turns up to be the most challenging. Cormode and McGregor gave a
(1.582 + ¢)-approximation, but with a blow-up on the number of clustering centers to
(@) ((1 /€) - log? n), where n is the number of the probability distributions in the input, i.e.

a bi-criteria O (1)-approximation. Even in the case that the distributions are reduced to
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the choice between the appearance of the point on a single location or the point being
absent, the blow-up on the centers remains, but the approximation factor becomes 1 + €.
The running times of all algorithms of Cormode and McGregor is polynomial in n. Guha
and Munagala [91] improved the result of Cormode and McGregor, by giving a polynomial
time O(1)-approximation to the probabilistic k-center problem, that preserves the number
of centers.

Munteanu, Sohler and Feldman [145] gave the first fully polynomial time (1 + ¢)-
approximation scheme (FPTAS) for the probabilistic Euclidean 1-center, i.e., the proba-
bilistic smallest enclosing ball problem, in fixed dimensions, with running time of roughly
O(nd/e%M) +1/e9). Since we build our pSEB algorithm in Section 6.3.1 upon their
algorithm, we emphasize some of the aspects of the work from [145] in separate Subsec-
tion 6.1.4.

Huang, Li, Phillips and Wang [106] extended the notion of e-kernels to the probabilistic
points, but only for the single extent measure of the input set — the directional width.
An e-kernel is a subset of the input set, that approximates well the extent of the input.
It yields a coreset for several extent measures, cf. the survey of Agarwal, Har-Peled and
Varadarajan [8]. However, the e-kernels have size exponential in d, i.e. O (5*O(d)) [8].

Based on e-kernels for probabilistic data of [106], Huang and Li [105] generalized
the (1 + e)-approximation of [145] to a polynomial time approximation scheme (PTAS)
for Euclidean k-center in R?, for fixed constants k and d. The running time of the
algorithm of Huang and Li [105] grows as a double exponential function of the dimension:
(0] (no(l/ &) @-d-poly (k)). Even in our case, where k = 1, the running time is still prohibitive,
i.e. exponential in 1/, and doubly exponential in d. It is unclear how such a doubly
exponential dependence on d could be reduced.

Huang and Li [105] gave a remark that to obtain a PTAS it is necessary to assume
that k is a constant, as even the deterministic Euclidean k-center problem is NP-hard to
approximate better than a factor of 1.822 for arbitrary k even in R?, as showed by Feder
and Greene [80].

On probabilistic k-median clustering problem the only known result (other than [59])
was given by Lammersen, Schmidt and Sohler [128], who developed the first probabilistic
coresets for uncertain datasets, by extending the technique of Chen [54]. Their coreset

construction is aimed for the application in the streaming setting.

Kernel functions (introduced on page 21) simulate a Hilbert space in large or even
unbounded dimensions but can be evaluated using simple low dimensional vector operations
in the original dimension of input points [155, 158]. This enables simple spherical shape

fitting using a smallest enclosing ball algorithm in the high dimensional feature space, which
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implicitly defines a more complex and even non-convex shape in the original space. The
smallest enclosing ball problem in kernel spaces was first observed by Tax and Duin [166].
A more subtle connection between (the dual formulations of) several kernel based methods
in machine learning and the smallest enclosing ball problem was established by Tsang,
Kwok and Cheung [169]. There are no known results on the probabilistic versions of the
shape fitting and machine learning problems, prior to our work [125] presented in this

chapter.

6.1.4 The best known probabilistic smallest enclosing ball algorithm

In this subsection we sketch the probabilistic smallest enclosing ball algorithm of Munteanu,
Sohler and Feldman [145], and present some of their results. They assumed that the
dimension of the ambient space R? is a constant, thus the exponential dependence on d in
the running time of their algorithm was not a problem.

We already mentioned that [145] showed a reduction of the probabilistic smallest enclosing
ball problem to computing a solution for two deterministic instances of the set median

problem. Their algorithm distinguishes between two cases.

The probability of obtaining a non-empty realization P # () is small: Formally, in this
case it is Zqi,jeri:j < ¢, where Q = {¢ij: ¢;j # L,i € [n],j € [2]} (the set of
non-empty locations). Then we have little chance of gaining information by sampling

realizations. However, in [145] Lemma 6, it was shown that

(1-2)-Ex | lle=pl| <Ex[m(e, X)] <Ex |> lle—pl|, (6.2)
peX peX

where Ex [Zpex llc — p||} =Y Pij-lle — gij|l is a weighted version of the determin-
istic 1-median problem (cf. Equation (2.22)). For the special case of the distributions
that only differentiate between the point being present on a single location or not be-
ing present, Equation (6.2) was noted by Cormode and McGregor [59]. For arbitrary
distributions, Equation (6.2) was noted by the authors of [145]. Thus, Ex [m(c, X)]

is also a weighted instance of the set median problem, up to a factor of (1 —¢).

The probability that a realization contains at least one point is reasonably large: In
this case, it is 30, cqpij > €, where Q = {qi;: ¢i; # L,i € [n],j € [z]}. By the

definition of the expected value and m(c, () = 0, we have

Ex [m(c, X)] =Y Pr[X =P]-m(c,P),
P#0
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which is a weighted version of the set median problem with very large N (all possible

point realizations).

We present their algorithm next, in order to be able to compare their findings to our

result.

Algorithm 7: PSEB of Munteanu, Sohler and Feldman, cf. [145], Algorithm 1

Data: A set D of n point distributions over z locations in R?, a parameter
0<e<1/2

Result: A center ¢ € R?
1 Q<+ {qij:q;#L,i€]n],jelz} /* the set of non-empty locations */
2 Set a sample size k € © ((d/e?) - log(1/¢))
3 if Z%J_EQ pij < € then
4 - Pick a random sample R of k locations from P = @, where for every r € R we
have r = g;; with probability proportional to p;;

5 - Compute ¢ € R? that is a (1 + ¢)-approximation to the 1-median of R, where

the search for ¢ is done over a grid of size 1/9(%)

6 else

- Sample a set R of k non-empty realizations from the input distributions D

- Compute ¢ € R? that is a (1 4 ¢)-approximation to the set median problem on
R, where each realization is replaced by one strong coreset from [8] of size
O (1/2%). The search for ¢ is done over a grid of size 1/ 9@

9 return ¢

Algorithm 7 runs in linear time in n, for sampling a constant number of realizations.
Solving the subsampled problem takes only constant time, though exponential in the
dimension. This yields a total running time of roughly O(nzd/e®™) +1/£9@). Algorithm 7
can be extended into streaming settings using the exponential-sized strong coreset of
Agarwal, Har-Peled and Varadarajan [8], that is already used in the line 8 of Algorithm 7.

We state their main result as the following theorem.

Theorem 6.5 (cf. [145] Theorem 5). Let D be a set of n discrete distributions, where
each distribution is defined over z locations in REU {L}. Let é € R? denote the output of
Algorithm 7 on input D, and let the approximation parameter be 0 < € < 1/2. Then, with
constant probability, the output is a (1 + €)-approzimation for the probabilistic smallest

enclosing ball problem, i.e., it holds that

Ex [m(¢, X)] < (1+¢) ?g{% Ex [m(c, X)].

The running time of Algorithm 7 is O ((nzd/e?) - log®(1/e) + 1/e9D),
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6.2 The set median problem

The set median problem, given in Definition 6.1, defines the distance m(c, P) between a
singleton set {c} and some set P, P C R% as the maximum distance max.cp [|c — P|.
Extending this to a distance measure m between any two sets A, B C R?, defined by the
maximum distance m(A, B) = maxgecapep ||a — b|| does not yield a metric, since for any
non-singleton set C' C R? it holds that m(C,C) > 0. However, throughout this chapter we
consider only cases where, as in Definition 6.1, one of the sets A = {c} is a singleton, and
B = P is an arbitrary non-empty set of points from R¢. In order to directly apply results
from the theory of metric spaces, we can define m(A, B) = 0 whenever A = B. Such an
adaptation of m was done in the dissertation of Munteanu [143] (and later presented in

[125]). For completeness we give here the proof that such m is a metric.

Lemma 6.6 (cf. [143] Lemma 5.2.3). Let X be the set of all finite non-empty subsets of
R?. We define

maxqeapen la —bl| if A# B
0 if A= B

m(A, B) =

for any A,B € X. Then (X,m) is a metric space.

Proof. The non-negativity and symmetry properties of m follow from the corresponding
metric properties in the Euclidean space (R? ||-||) and by definition. If A = B, then
m(A, B) = 0 holds by definition. Otherwise there exist elements a € A, b € B, a # b, and
thus m(A, B) > |la — b|| > 0. This proves the identity of indiscernible elements.

To prove the validity of the triangle inequality, let A, B,C € X be distinct. Let a € A,
¢ € C be points such that m(A,C) = ||a — ¢||. For any b € B, it holds that

m(A,C) = lla—c| <lla—b] + [[b—¢l| <m(A, B) +m(B,C),

using triangle inequality in (R?, |-||) and the definition of m. Now consider the cases where
at least two sets are equal. In case that A = C, the claim follows from the non-negativity
property m(A,C) =0 < m(A, B) + m(B,C). In case that A = B, we have

m(A,C) =0+ m(A,C) <m(A,B)+m(B,C).

The case B = C is analogous, since m(A,C) = m(A,C)+0 <m(A, B) + m(B,C). O

To be able to apply the theory of convex analysis and optimization (cf. Section 2.2), we

first note that our function f is a convex function. To see this, note that the Euclidean
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norm is a convex function. Therefore the Euclidean distance to some fixed point is a convex
function since every translation of a convex function is convex. The maximum of convex
functions is a convex function and, finally, the sum of convex functions is again convex.

We prove this claim for completeness.
Lemma 6.7. The objective function f of the set median problem is convex.

Proof. Let x,y € R% let Ay € [0,1],A\2 = 1 — A1, and let p; maximize [|\1z + Aoy — pi|

over all p; € P;. Then, we have

N N
ALx + Ay) = max || A1z + Aoy — pil| = Az 4+ Ay — (A1 + X)) pf
f(\ 2Y) ;piGHH 1 2y — pill ; 1 2y — (A1 + A2) p

=1

N N N
= M@ =p) + Xy =)l <MD llz = pill+ X2 ) lly — il
=1 =1 =1
N N
<M Z;glgg Iz = pill + A Z;glgg ly — pill = M f(z) + N f (),

as claimed. O

In particular, the convexity of f implies that the subdifferential 0f(c) is non-empty
for any center ¢ € R? (cf. Lemma 2.17), and c is locally optimal if and only if 0 € 9f(c)
(cf. Lemma 2.18). Moreover, any local optimum is also globally optimal by convexity
(cf. Lemma 2.19). This implies that, if we find a (1 + ¢)-approximation to a local minimum
of the convex function, the convexity implies that it is a (1 + ¢)-approximation to the
global minimum as well.

Next preparatory step we make is to bound the Lipschitz constant of the function f by
N.

Lemma 6.8. The objective function f of the set median problem is N -Lipschitz continuous,
i.e., it holds that | f(z) — f(y)| < N - ||z — y|| for all z,y € RY.

Proof. We fix any z,y € R%. Let p} € argmax, cp, ||z — p;||. By the definition of f and

applying the triangle inequality (of m) to every single term we have

N N N
5) = £0)] = [ Y ml ) = S my. P)| < 3l ) — . P)
;V:l i=1 i=1
Szm(x,y)zN-llﬂf—yll- -
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We may obtain a better bound if we limit the domain of f to a ball of small radius
centered at the optimal solution, but the Lipschitz constant cannot be bounded by o(N)
in general. Namely, in the proof of Lemma 6.8, all inequalities become equalities if both x
and y lie on the same half-axis, with |z| > |y|, and if all sets P;, ¢ € [IN], are equal, each
containing exactly one point, say 0. We will see in the next subsection how we can remove

the dependence on N.

6.2.1 A subgradient descent method for the set median problem

We want to minimize f using the subgradient method, whose deterministic version we
sketched in Section 2.2. We can (for now) say that our convex set of potential solutions is
the whole set R?. Remember that we need to start from a chosen point ¢ € R¢. We need
to choose the number of steps ¢ and the sequence of step sizes {hi}fzo. Finally, we need to
know the value of R, that, in the deterministic model, was the distance from the starting

point to an optimal solution, in order for the method to converge.

Computing a subgradient at a given point

We will use the fixed step size h; = s, for all i. We choose the value of s, such that it fits our
needs. However, to apply this method we must first compute a subgradient g(c;) € 0f(c;)
at the current center ¢;. To this end we prove the following lemma, where we can define

that (¢; — pj) /i — pjl| = 0, whenever ¢; = p;.

Lemma 6.9. Let ¢; € R? be any center. For each set P; € P, let pj € P;j be a point with
llei — pjll = m(ci, Pj). We have

N
N G —DPj ]
g(C’L) ]Zl HCZ _p]H ]lcfﬁépj 6 8f(cl)7 (63)

i.e., g(c;) is a valid subgradient of f at c;.

Proof. Let ¢* € argmin cga f(c). We first prove that for each term j € [N], it is

<Cz_p7]]-cz7£pjacz_0*> Zm(CZJ‘P])_m<C*7P]) (64)
lei — pj
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Assume ¢; = pj, then (0,¢; — ¢*) = 0> 0 —m(c*, P;) = m(c;, P;) —m(c*, P;). Otherwise,
let pj} = m(c*, P;). We have

* *
C p]

(ci —pj,ci — ) (ci —pj,ci —pj+pj—c)

lei =il lei — byl
_ {ei—pjci—pj— (" =p;)) _ {ci—pjci—pj) —{ci —pj,c* —pj)
B llei — oy a llei = psll
24) le; = pyll* = lles = pyll - lle* = py

lei = pj
which follows by Cauchy-Schwarz inequality (Equation (2.4) in Lemma 2.4) and the choice

of p}, that gives llc* — pj . Therefore, Equation (6.4) is satisfied.

* *

Now summing Equation (6.4) over all j € [N] we have

* i — Pj *
Lezp,ci—c ) = <-]li ,,c-—c>
<Z|| ] Lo > \lles —p, |77

6.4)
(m(ci, Py) —m(c", Py)) = f(ci) = f(c"). O

M=

J

—

M-

1

J

For brevity of presentation we omit the indicator function in any use of Lemma 6.9 in

the remainder of this chapter.

The exact subgradient computation takes O (dnN) time to calculate, since in each of the
N terms of the sum we maximize over |P;| < n distances in d dimensions, to find a point
in P; that is farthest away from c. We are going to discuss the possibility of reducing the
dependence on n later in Subsection 6.2.2. For now, we focus on removing the dependence
on N. To this end we would like to replace the exact subgradient g(c;) by a uniform sample
of only one non-zero term, which points into the right direction in expectation. In that
case, a sampled subgradient could be computed in time O (dn). We formalize this in the

following lemma.

Lemma 6.10. Let ¢; € R? be any fized center. For each set P; € P, let pj € P; be
a point with ||c; — p;|| = m(ci, Pj). Let g(c;) be a random vector, that takes the value
G(ci) = (¢i —pj) / llci — pjl| for j € [N] with probability 1/N each. Then, E {Hg(cz)\ﬂ <1
and E[g(c;)] = g(c;) /N, where g(c;) € Of(¢;) is the subgradient given in Lemma 6.9.
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Proof. The vector g(c;) is normalized by definition, except if an index j is chosen such
that ¢; = pj, in which case [|§(c;)|| = 0. Thus, E [Hg(ci)ﬂ = E[[|§(c;)]]] < 1 holds. We

have as well that

N

i 1 g —pj (63) g(ci)
E [g(c’b)] = AT 2 )
JZ_; N lei=pjl p]H Z lei = pj N
using Lemma 6.9 (Equation (6.3)). O

Probabilistic subgradient descent algorithm

We can now adapt the deterministic subgradient method from [148], that we have sketched
in Section 2.2, using the random unbiased subgradient of Lemma 6.10 in such way that
the result is in expectation a (1 + €)-approximation to the optimal solution. This method
is presented in Algorithm 8. Given an initial center ¢y, a fixed step size s, and a number of
iterations ¢, Algorithm 8 iteratively picks a set P; € P uniformly at random and chooses a
point p; € P; that attains the maximum distance to the current center. This point is used
to compute an approximate subgradient using Lemma 6.10. The algorithm finally outputs

the best center found in all iterations.

Algorithm 8: Stochastic subgradient method

Data: A family of non-empty sets P = {Py,..., Py}, where P, C R?
Result: A center ¢ € R¢

1 Determine an initial center c¢g

2 Fix a step size s

3 Fix the number of iterations /¢

4 fori«+ 1tofdo

5 Choose an index j € [N] uniformly at random, and compute g(c;—1), cf.

Lemma 6.10
6 ¢ ci—1— 5 g(ci—1)

7 return ¢ € argmin.c(.,. icqo,.. 03} J(¢)

The following theorem bounds in expectation the quality of the output that our sub-
gradient algorithm returns. It is a probabilistic adaptation of Theorem 2.20, where the

subgradient descent algorithm was deterministic.

Theorem 6.11. Consider Algorithm 8 on input P = {P1,..., Py} for the set median

problem with objective function f, see Definition 6.1. Let an initial center cy, a step size
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s, and a number of iterations £ in Algorithm 8 be chosen. Let ¢* € argmin,.cpa f(c). Let
R = |lco — c*||. Then

R?+ (£ +1)s?

2004+ 1)s 7 (65)

Ec[f(@)— f ()] < N

where the expectation is taken over the random variable ¢ € argmingc,. icqo,..i3} f (¢),

i.e., the output of Algorithm 8.

Proof. Assume that we have reached a center ¢; € R? while running Algorithm 8. Recall
from Lemma 6.10 that Eg [Hg(cl)|]2 | ci} <1land Ej[§(¢i) | ¢;] = g(c;i)/N, since we assumed
to compute a subgradient in ¢;, and the expectation was taken over the randomness of g.
We have

Eg [lleiss — 17 | ei] = Bg [lles — si(e)) = ' | e

=Eg [IICi — P + [lsg(e)ll” = 2 (sg(ci), e — ) | e
Using expected value over the choice of g, and the linearity of expectation, we further have
By [fleits — I | ei] < Bg |llei— I | o] + 5% =25 (Eg [gl(e) | ei) s = )

=E; [ch —c H2 ] cz-] +2 - == (g(ci),c; — ).

N

The law of total expectation (cf. Lemma 2.23) implies, by taking expectations over ¢; on

both sides and rearranging, that

* " 2s .
By [les = ¢*I?] + 57 2 B [leiss — || + TEe [lgle)sei— ). (6.6)

We sum Equation (6.6) for all values of i, i € {0, ..., ¢}, such that the terms Eg [Hck - c*||2]

for k € {1,...,¢} on both sides cancel. Since E; [HCO - C*H2:| = ||co — ¢*||*, we obtain
25
* (|2 2 * (12 *
leo = €*I* + (¢ + 1)s? = By [fleesr — I + 3 2 Eallole = (67

Note that for any set Y of positive real-valued random variables Y;, we have (Vi: Y; € V)
minycy(Y) <Y;. This implies (Vi: ¥; € V) E [minycy(Y)] < E[Y;], and thus,

E [gleigm] < minE[y]. (6.8)
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Now, we can continue the derivation from Equation (6.7), using the subgradient property
of g(c;) (cf. Equation (6.3)), Equation (6.8), and the fact that E; [||ce+1 - C*”Q] > 0. We

obtain

lleo — e[ + (¢ + 1) >f§ZE (e, e — )] 2 55 D Be lf (e) = £ ()]

> (+ 1) min B [f (c) = /()]

(6-8) 25(¢ + 1 ) .

> 2w | i (1) -7 ().
1€{0,....¢}

The output of Algorithm 8 is ¢, which is the point in {¢;: i = 0,...,¢} that minimizes

f (ci). Rearranging the latter equation and substituting R = ||co — c¢*||, yields

R? + (£ +1)s?

Ee [f () — ()] = E, [ min f (¢;) — f(C*)} SN 200 +1)s

i€{0,....6}

This closes the proof of the theorem. O

Our aim now is to choose the parameters £, s, and ¢y of Algorithm 8 in such a way that
the bound given in Theorem 6.11 becomes at most ¢ f(c¢*), thus giving a guarantee that the
center ¢ we found by Algorithm 8 is a (1 + €)-approximation to the set median problem.

We discuss separately how to do so for each of the parameters.

Choosing a starting point

Lemma 6.12 shows that we can choose the initial center cg, and bound its initial distance
R = ||co — ¢*|| to the optimal solution proportional to the average cost O (f(c*)/N) with

constant probability using a simple Markov argument.

Lemma 6.12. Choose a set P from P = {Py,..., Px} uniformly at random and let co be
an arbitrary point of P. Then, for any constant 0 < 1 < 1 it holds that R = ||co — c*|| <
f(c*)/(71N) with probability at least 1 — ;.

Proof. Define the random variable X = m(c*, P). We have X > 0 from Lemma 6.6. Its

expectation equals

N f(e)
ZPrP Pj Z ==

=1
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Thus, by Markov’s inequality (cf. Lemma 2.26), we have

fle)

Pr|X >
[ niN

]S%-

Now choose an arbitrary ¢y € P. We have R = ||¢o — ¢*|| < m(c*, P) < f(c*)/(71N) with
probability at least 1 — ;. O

Choosing the step size and the number of iterations

To guess properly the values of the step size s, and the number of iterations £, we assume
that we know the value of R. Then, we can set the step size to s = R/+/{ + 1. Theorem 6.11
(Equation (6.5)) and Lemma 6.12 imply that for some constant C'

ey poay @9 NR N f(e¢) _ Cf()
Bz [f(e) = f(c")] < \/e+1§\/£+1 7 N S\/€+71

holds with constant probability. Thus, we only need to run the algorithm for £ € O (1 / 82)
iterations to get Ez [f(¢) — f (c¢*)] within e f(c*) error. But choosing this particular step size
requires knowing the optimal center in advance. To get around this, we attempt to estimate
the average cost. More formally, we are interested in a constant factor approximation of
f(c*)/N. It turns out that we can do this based on a small sample of the input sets, unless
our initial center is already a good approximation. But in the latter case we do not care
about all the subsequent steps or step sizes, since we have already found a good center after
the initialization. The proof technique is originally from Kumar, Sabharwal and Sen [126]

(cf. their Theorem 5.4), and is adapted here to work in our setting with sets of points.

Lemma 6.13. There exists an algorithm that, based on a sample S C P of size |S| = 1/e,
returns an estimate R and an initial center co in time O(dn/¢), such that, with constant
probability, one of the following holds:

a) e f(c*)/N < R < (2/€%) - f(e*)/N and |l — e[| < 8- f(e*)/N;

b) |lco—c*|| <4e- f(c*)/N.

Proof. Let © = f(c*)/N be the value we want to approximate. Let ¢y be the initial center
chosen as described in Lemma 6.12 with absolute constant 1 = 1/8 > 1/81 > £2. Consider
the two balls By (co,e0) and By(c*, (1/e?) ©). Then [jco — ¢*|| < 80 holds with constant
probability 1 — 71, and thus ¢y € B, since 8 < 1/¢2.

Let Q consist of all sets of P that are fully contained in Bo. We have

Q| > (1 —£?)N, (6.9)
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since otherwise f(c*) = }_pep\gm(c”, P) > (e2N) - (©/?) = f(c*).

Now, sample a collection S of 1/¢ sets, each uniformly from P. All of our samples
are completely contained in the ball By with constant probability. By a union bound
inequality (cf. Lemma 2.25) over the elements of S, the probability that this fails is at
most 12 < e?-1/e =¢ < 1/8.

Let R = > pes m(co, P) be our estimate. We can compute R in time O (dn/¢), since for
all P €8, it is |P| < n. We need to show that R is close to the average cost © as we have

claimed. To this end, consider the following two cases:

At most (1 — 2¢)|Q| sets of Q are completely contained in B;: In this case we have a
constant probability 1 — 73, for 73 < 2¢ < 2/8, that there is a set Q € QNS that

contains some point g € @) that lies outside B;. Therefore, we have
R>m(co,Q) > |lco — q|| > 0. (6.10)

For the upper bound, note that the diameter of By is 20/£2. Since all our samples

are contained in that ball, we have

20

_ 20
R:Zm(co,P)g\S|-€—2: =

PeS

(6.11)
Equations (6.10) and (6.11) imply that the claim a) holds.

At least (1 — 2¢)|Q| sets of Q are completely contained in B;: Suppose the second item
b) does not hold, i.e. we have R = ||cg — c*|| > 4¢©. We can bound the number
of sets that are not fully contained in Bj (thus, either not in Q, or in Q but not

contained in By) by

(6.9)
P\ Q| +26|Q] < &°N +2eN < 3eN. (6.12)

Let B={P € P: P C B} be the remaining family of sets in P that are fully
contained in B;. Equation (6.12) implies that [B| > (1 — 3¢)N.

Now we compare the cost of using the center ¢y to the optimal cost. For every P € P
we have |m(c*, P) — m(cg, P)| < |[co — ¢*|| by the triangle inequality. This inequality
implies, that for each P € B it holds that m(c*, P) — m(co, P) > (|lco — c¢*|| —
e0) — m(co, P) > |lco — ¢*|| — 2¢0O. So using the assumption ||cy — c¢*|| > 40, and
0 <e<1/9 we can deduce
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F(&) = fleo) = D> (m(c",P) = m(co,P)) + > (m(c", P) —m(co, P))

pPeB PcP\B
> [Bl([lco — ¢*[| = 2e©) — (N — [B]) [|co — 7]
=2[B| - (lco = [ =€0©) = N - [leo = 7
> 2N (1-32) - (oo — [ — £0) = N - [leg — |
=N Jlleo— ]|+ (1= 62) — 20 - (2 — 6¢)
>N -[4e0 - (1 —6e) — €O - (2 —6¢)] =2:ON (1 —9¢) > 0.

This contradicts the optimality of ¢*. Thus, claim b) holds in this case. O

Lemma 6.13 has the following consequence. Either the initial center c¢q is already a
(1 + 4e)-approximation, in which case we are done, or we are close enough to an optimal
solution, and we have a good estimate of the step size to find a (1 + 4¢)-approximation in

a constant number of iterations. This will be formally stated in the proof of Theorem 6.15.

Deciding the best found approximation center

Another issue that we need to take care of, is finding the best center in the last line
of Algorithm 8 efficiently. We cannot do this exactly since evaluating the cost even for
one single center takes time O(dnN). However, we can find a point that is a (1 + ¢)-
approximation of the best center in a finite set of candidate centers using a result from the
theory of discrete metric spaces.

To this end we can apply our next theorem, which is originally from Indyk and Thorup.
It was published in the dissertation of Indyk [110], as Theorem 31, and in the paper by
Thorup in [168], as Theorem 34. We adapt it here to work in our setting. The main
difference is that in the original work the set of input points and the set of candidate
solutions are identical. In our setting, however, we have that the collection of input sets
and the set of candidate solutions may be completely distinct, and our distance measure is

the modified maximum distance, shown to be a metric in Lemma 6.6.

Theorem 6.14. Let Q be a set of uniform samples with repetition from P. Let C be a
set of candidate solutions. Let a € C minimize ZQGQ m(a,Q), and let ¢ = argmin_ce f(c).
Then

Pr|Y m(a,P)>(1+¢e) Y m(eP)| <[c| e =196, (6.13)
PP Pep
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Proof. Let b be an arbitrary center in C with

> m(b,P)> (1+¢€) Y _ m(éP). (6.14)

pPcp pPcP

If there is no such center then all centers are good approximations, in which case the

theorem is trivial. There are at most |C| choices for b. We study the random variable

(c Q) +m(¢b)
QeQ QEeQ
where m(¢é,b) = ||¢ — b|, and h(Q) denote the summands of Equation (6.15). Since m is a

metric, by triangle inequality it holds that X is the sum of random variables between 0
and 1. The bad event is X < [Q]/2.

If we denote by Lgeg the indicator function that @ € Q, then we have X = 3" o h(Q) =
> 0ep Q) - Lgeo. It holds that

[X]=) E[MQ) lgea] = ) <1Qeg- ”% ) ‘\7%\' > @ (6.16)

QeP QeP QeP

Equation (6.14) and the triangle inequality for any set @ € P: m(¢, Q) +m(b, Q) > m(é,b),
imply that

2+2) ) mb,Q) => mbQ) +(1+e) > mbQ)

QeP QeP QeP

) Y me@) + (140 Y mb.@) 2 (146) Y m(eh)

QeP QeP QeP
Furthemore, using Equation (6.14) once again, it holds that,
(6.14) ¢

> mb.Q) —m@EQ) > > mb.Q)> 2% 3 m(eb). (6.17)

QeP QeP QeP

It follows that

Bl 2 Y e By (e e d 2

2m(¢é, b) 2
(6.17) |Q’ e
1
g 2|7>|Z< re )
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and the bad event is bounded by

’29’<E[X}-22++;6:E[X]-<1— c >:E[X]-(1—17), (6.18)

where n = ¢/ (2+ 2¢), and n > ¢/4 holds since ¢ < 1. Using the Chernoff bound (cf.
Lemma 2.27) we have that
|Q|] (6.18) (2.20)

Pr {X < 2} < Pr[X<(1—n)-E[X]] < e "EXV2 <064 (619)

since 7 > e/4 and n?/(1 —n) > £2/16. Transforming X in Equation (6.19) we have

Pr | m(bQ) <y m(&Q)| <e = (6.20)
QeQ QeQ
Defining the set of bad centers B={b e C: Y pcpm(b,P) > (14¢) > pcpm(é, P)}, we

finally have, using the union bound inequality over all bad centers, that

Pr Vbl Y mbP)>(1+e) Y m@P): Y mb,Q) > > mQ)

pPepP pPepP QeQ Qe

=1-Pr|FeC Y mbP)>1+e) Y m@EP): > mbQ) <> mQ)

pPepP pepP QEQ QeQ

(6.20)
>1-3 Pr| Y mb,Q) <Y mEQ)| > 1-|B|- =10 > c]. eICl/,

beB QeQ QeQ

Then it holds in particular for a € C, that with probability at least 1 — |C|exp(—¢2|Q]/64),

it is

(Z m(a,P) > (1+¢) m(a,P)> = (). m@Q)>> mEQ)|.  (6.21)

pep pPeP Qe QeQ

But it holds that ZQEQ m(a, Q) < ZQGQ m(¢é, Q) by optimality of a, so the contrapositive
of Equation (6.21) yields that

Pr|Y m(aP)<(1+e) Y m(eP)| >1-|c| e =196

pPcP pPcP

This closes the proof of the theorem. O
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A (1 + ¢)-approximation to the set median

Putting all pieces we developed in this section together, we obtain the following theorem,
that is the main result on the set median problem — a (1 + €)-approximation algorithm to

the set median problem.

Theorem 6.15. Consider an input P = {Py,..., Px}, where for every i € [N] we have
P, C R? and n = max{|P;|: i € [N]}. There exists an algorithm that computes a center ¢
that is with constant probability a (1 + €)-approzimation to the optimal solution c* of the

set median problem. Its running time is O ((dn/e*) 'logZ(l/s)).
Proof. Set ¢ = (68/¢)?. Using Lemma 6.13, we distinguish the two possible cases.

(i) If our initial center cg satisfies ||co — ¢*|| < 4ef(c*)/N, then Lemma 6.8 yields
fleo) < f(€*) + Nlleo — || < (1 +4) (),

so the starting point is already a good center.

(i) Otherwise, we have e- f(c*)/N < R < (2/3)- f(c*)/N and R = ||cg — ¢*|| < 8- f(c*)/N
by Lemma 6.13. Thus, e?R/2 < f(c¢*)/N < R/e. To improve this, we run the main
loop of Algorithm 8 for the step sizes s = ]:Zj/\/m, where Rj = 2771 . 3R
for all values of 0 < j < [log(2/e*)]. For some particular value of j we have a

2-approximation given by

fler)
N

fe)

<R:<2.
I N

(6.22)

In this particular run, setting the step size s = Rj /£ + 1, and incorporating it into
the bound given in Theorem 6.11 (Equation (6.5)), we have that

65 R4 (0+1)s R+ R} (622 §2 4 22
Ez[f(¢c) — )N < Ne————<N- - < *
[F@) = f(e)] < s <V avmin < it )

<

f(e").

| ™

Using Markov’s inequality (cf. Lemma 2.26) we have that

Pﬂﬂa—fwvzkﬂfﬂéqgﬂ'%;&Y:;:”'

The best center collected in all repetitions cannot be worse than this particular ¢ or

o, see the cases of Lemma 6.13.
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Finally we have a collection C of |C| € O ((1/€?) - log(1/¢)) centers, and want to find
one of them that is a (1 + €)-approximation for the best center in C using Theorem 6.14.
We sample a collection of (64/¢2) - In(8|C]) € O ((1/€?) - log(1/¢)) point sets from P, and
find the best center for this subset of points, which is the final output of our algorithm.
By Theorem 6.14 this center is within another factor of (1 + ¢) to the best in C with
failure probability at most 75 < 1/8. The total approximation factor is thus at most
(14+4e)(1+¢) <14 9. Rescaling ¢ yields the correctness. The total failure probability
is at most v = 2?21 ~vi < 6/8 by the union bound inequality, over all bad events in
Lemma 6.13 and this theorem.

It remains to prove the running time of the algorithm. The initial center ¢y and the
estimate R can be computed in O (dn/¢) time, see Lemma 6.13. The main loop of
Algorithm 8 takes O (dn) in each iteration, and runs for £ € O (1/¢?) iterations for a fixed
step size. But we try O (log(1/¢)) different step sizes. This makes up a running time of
O ((dn/<?) -log(1/¢)). Finally, we evaluate the objective function for O ((1/£%) - log(1/¢))
centers for the sample of O ((1/¢?) -log(1/¢)) sets taken using Theorem 6.14. This can
be done in time O ((dn/e?) -log®(1/¢)), which dominates the running time of the whole
algorithm. This closes the proof of the theorem. O

6.2.2 Reducing the dependence on the size of the input sets

To read the whole input we need the linear dependence on the size n of the input set. But,
is it possible to perform afterwards the maximum distance computations on some smaller
sketch set, whose size would be sublinear in n? If yes, we could explore the extension
of the work of Munteanu, Sohler and Feldman [145] into the streaming setting, where
after reading the input once in linear time, the subsequent computations were sublinear,
even independent of n in the running time. To this end, a grid-based strong coreset of

©(@) was used. However, here we focus on reducing the dependence on d, and an

size 1/e
exponential dependence is not an option if we want to work in high dimensions. It turns
out that, without introducing an exponential dependence on d, we would have to lose a
constant approximation factor.

Pagh et al. [149] showed that any data structure that stores a subset of the input,
and that approximates farthest neighbor queries to within less than a factor v/2, must
consist of min{n,exp(§2(d))} points. Previously, Agarwal and Sharathkumar [9] carefully
constructed an input point set of €2 (exp(dl/ 3)}) points in R?, to prove the lower bounds
on streaming algorithms for several extent problems. Among the problems they considered

is approximate farthest neighbor, with the lower bound on approximation factor of roughly

V2.
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In Theorem 6.16, we review the techniques of Agarwal and Sharathkumar [9] to show a
slightly stronger result, namely: no small data structure can exist for answering maximum
distance queries within a factor of less than roughly /2. In comparison to the cited results,
Theorem 6.16 is not limited to the streaming setting (as in [9]), and it is not restricted to
subsets of the input (as it is the case in [149]).

In Theorem 6.16, we reduce from the indexing problem, that is, Alice is given a vector
a € {0,1}"™ and a random coin. She sends a single message to Bob. Bob has an index
i € [n] and a random coin. Bob has to, based on the message from Alice, guess the value
of the i-th bit of a, denoted a;, with probability at least 2/3. The indexing problem is
known to have © (n) one-way randomized communication complexity, i.e. the length of
any message from Alice that helps Bob to guess «; is linear in n. This result is stated in

the paper of Kremer, Nisan and Ron [124], as Theorem 3.7.

Theorem 6.16. Any data structure that, with probability at least 2/3, a-approximates
mazimum distance queries on a set S C R? of size |S| = n, for a < V2 (1— 2/d1/3),
requires ) (min{n, exp (dl/?’)}) bits of storage.

Proof. We show that if there would be a value a < /2 (1 — 2/d1/3), such that an a-
approximation to the maximum distance query would be possible while keeping less than
Q (min{n7 exp (dl/ 3) }) bits of storage, then we would be able to solve the indexing problem
with less than Q(n) communicated bits, a contradiction.

It is known from [9] that there is a centrally symmetric point set K of size § (exp (dl/ 3))
on the unit hypersphere in R? centered at the origin, such that for any pair of distinct
points p, ¢ € K it holds that

V2 (1 - 2/d1/3) <lp—dqll <V2 (1 + 2/d1/3) (6.23)

unless p # —¢, in which case ||p — ¢|| = 2.

Let d be the smallest integer such that d > 8 and n < exp (d1/3). We choose a set
of exp (dl/ 3) pairs of centrally symmetric points of K. We may assume that there is a
lexicographic order of these pairs, so there is a mapping between the indices of a and the
pairs of points of K, that is known to both Alice and Bob. Alice constructs the set S by
including the first point of the i-th pair, denoted p;, if and only if a; = 1. She builds a
data structure X g which she sends to Bob.

Let the data structure be such that for any € R?, the answer to a query Yg(z) satisfies

m(x,S) <

- Yg(x) <m(z,9),
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for some constant 1 < a < /2 (1 — 2/d1/3). We consider two cases:

(i) If a; = 1, then p; is included in S. Thus Xg (—p;) > m(—p;,S) /o = 2/a. Since
a < /2 (1—2/d"/3) and d > 8, it holds that

1+2/d'/? 13
Ss(op) 2 V2 > V2 (1+2/a'/%).

(6.23)
(i) if a; = 0, then p; ¢ S, and thus, X5 (—p;) <m (—p;,S) < V2 (1 + 2/d1/3) .

Therefore, if o < /2 (1 -2/ ar/ 3) Bob could, based on Xg, solve the indexing problem by
querying ¢; = —p;. Consequently, any encoding of g uses {2 (min{n, exp (dl/ 3)}) bits of
space. O]

On the positive side, it was shown by Goel, Indyk and Varadarajan [87], that a v/2-
approximate farthest neighbor to the point ¢ € R? can always be found on the surface of
the smallest enclosing ball of each set P;, using linear preprocessing time O(dn) and O(d?)
query time. Thus, if we plug in the (weak) coresets of Badoiu and Clarkson [20, 21] for the
1-center clustering problem (cf. Definition 2.29), of size O (1/¢) instead of the entire sets
P; € P to evaluate m(c, P;), we would have a sublinear time algorithm (in n) after reading

the input, using a /2 (1 + ¢)-approximation to any query m(c, P;).

In a streaming setting the same /2 (1 + €)-approximation to any query m(c, P;) can be
achieved using the blurred-ball-cover of Agarwal and Sharathkumar [9]. They defined a
blurred-ball-cover to be (intuitively) a sequence of subsets K; of the input set, each of
the size O (1/¢), such that the radii of the smallest enclosing balls of K; are increasing.
Each of these balls covers its predecessors, and all balls together cover the input set. Their
data structure has size O ((d/e?) -log(1/¢)), and answers a farthest neighbor query in time
O ((d/e%) - log(1/e)).

There exists a (14 ¢)-approximation to the farthest neighbor query, but at the cost of the
running time. Goel, Indyk and Varadarajan [87] have shown that using O (dn!*+1/(1+)
preprocessing time and O(dn'/(17)) query time, one can obtain a (1 4 )-approximation
for the farthest neighbor problem. Note that in this case, the preprocessing time is already

superlinear in n, and in particular, the exponent is already larger than 1.7 for 1 4+ ¢ < v/2.
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6.3 Applications of the set median problem

6.3.1 Probabilistic smallest enclosing ball

In this section, we apply our result on the set median problem (Theorem 6.15) to the
probabilistic smallest enclosing ball problem. We adapt the framework of Algorithm 7,
and obtain Algorithm 9. Depending on the two cases we discussed in Subsection 6.1.4, we
sample a number of elements, non-empty locations or non-empty realizations, and solve
the resulting set median problem using the samples in Theorem 6.15 for computing the
approximate subgradients.

Algorithm 9 differs from Algorithm 7 mainly in three points. First, the number of
samples in line 2 of Algorithm 7 had a dependence on d, that was hidden in the O-notation
in the algorithm published in [145]. This is not the case in Algorithm 9. Second, the
sampled realizations are not sketched using coresets of size O (1 / sd) any more (used in
line 8 of Algorithm 7). Third, the running time of the actual optimization task (in lines 5
and 8 of Algorithm 7) is reduced using Theorem 6.15 instead of an exhaustive grid search

over 1/e9@ grid points.

Algorithm 9: Probabilistic smallest enclosing ball

Data: A set D of n point distributions over z locations in R?, a parameter

0<e<1/9
Result: A center ¢ € R?

1 Q<+ {¢ij: q;#L,i€]n]jelz} /* the set of non-empty locations */

2 Set a sample size k € O ((1/€?) - log(1/¢))

3 if queQ pij < € then

4 - Pick a random sample R of k locations from P = @, where for every r € R we
have r = ¢;; with probability proportional to p;;

5 - Compute ¢ € R? that is a (1 + ¢)-approximation using the sampled points R
one-by-one for computing the approximate subgradients in the algorithm of
Theorem 6.15

6 else

- Sample a set R of k non-empty realizations from the input distributions D

- Compute ¢ € R? that is a (1 + ¢)-approximation using the sampled realizations
R one-by-one for computing the approximate subgradients in the algorithm of
Theorem 6.15

9 return ¢

In all previously discussed problems in this thesis, where the sampling was required,
the uniform random sampling sufficed and was used. The samples in Algorithm 9 are

picked with probabilities proportional to p; ;, and thus, are not necessarily pairwise equal.
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The solution for this issue is provided by using a weighted reservoir sampler, described
by Efraimidis [74], and based on the previous work of Chao [52]. It enables sampling of
k items from a (possibly initially unknown) weighted population, and is compatible for
the streaming setting as well. For the weighted sampling of k£ items we run k£ concurrent
independent instances, each to sample one item (cf. [74] Section 4). To sample one location
from the set of non-empty locations, or to sample one realization requires time at most
O (dnz).

Next theorem states the quality of Algorithm 9, and is the main result of Subsection 6.3.1.

Theorem 6.17. Let D be a set of n discrete distributions, where each distribution is
defined over z locations in R?U{L}. Let é € R? denote the output of Algorithm 9 on input
D, and let the approzimation parameter be 0 < e < 1/9. Then, with constant probability,
the output is a (1 + €)-approxzimation for the probabilistic smallest enclosing ball problem,
i.e., it holds that

Ex [m(¢, X)] < (1+¢) ?elliR%EX [m(c, X)].

The running time of Algorithm 9 is O (dn - ((z/€?) -log(1/e) + (1/<*) - log?(1/e))).

Proof. The correctness of the algorithm follows from the correctness of Algorithm 7,
shown by Theorem 6.5, and replacing the grid search by the subgradient algorithm from
Theorem 6.15. It remains to analyze the running time.

In the first case we go through all input distributions and use k independent copies of
a weighted reservoir sampler of Efraimidis [74], to get the k samples (of locations). This
takes O (dnz - k) C O ((dnz/e?) - log(1/¢)) time. The subsampled problem is then solved
using Theorem 6.15 with n = 1, in time O ((d/e*) - log?(1/ £)), with failure probability at
most v = 322, 7 < 6/8 (the failure probability of Theorem 6.15).

In the second case, each realization can be sampled in time O(dnz), but the probability
pp+p that a realization P is non-empty can only be lower bounded by . We define k
random variables Y;. Let Y7 contain the number of realizations we need to sample in order
to get the first non-empty realization, what we consider as success. Analogously, let Y;,
2 < i < k, contain the number of samples needed to get the first non-empty realization
after the (i — 1)-th non-empty sampled realization. Each Y; is independent geometric
random variable (cf. Definition 2.24), whose success probability is ppy > €. Then, using
Equation (2.18), we have that the expected number of samples that we need to take in

order to have k non-empty realizations is

k k k

:ZE[Yi]zzigé (6.24)

i=1 iz PP#0
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Thus, by an application of Markov’s inequality (Lemma 2.26), the probability that we need
more than 8k/e € O ((1/€?) -log(1/¢)) trials to have k non-empty realizations is bounded
by

k E | Yl .
ZK‘ES?] g[zgj}(fié
=1

)

4)

Pr = 7. (6.25)

)

)
time. The subsampled problem is then solved using Theorem 6.15 in O ((dn/e?) - log?(1/ £))
time. The failure probability in the second case is at most v = >20_ ~; < 7/8. O

1
8

We can assume with constant probability that this step succeeds in O ((dnz/e?) - log(1/e

Comparing the result of Theorem 6.17 to the result of Theorem 6.5, the running time
is reduced from O (dnz/c%M +1/e9@) to O(dnz/s%W), ie., our dependence on the
dimension d is no longer exponential but only linear. Note, in particular, that the factor of
d plays a role only in computations of distances between two points in R?. Further, the
sample size and the number of centers that need to be evaluated do not depend on the

dimension d any more. This will be crucial in the next application.

6.3.2 Probabilistic support vector data description

In this subsection we want to show how to find a (1 4 ¢)-approximation for the pSVDD
problem (cf. Definition 6.4). Explicitly computing any center ¢ € H takes Q(D) time
and space which is prohibitive not only when D = oo. Note that for the SEB and SVDD
problems, any reasonable center lies in the convex hull (cf. Equation (2.8)) of the input
points. Since taking the expectation is simply another linear combination over such centers,
we can express any center ¢ € ‘H as a linear combination of the elements of the set @) of
non-empty locations, i.e.,

c= 3 Munblgun). (6.26)

quw€EQ

The idea is to exploit the characterization of Equation (6.26) to simulate Algorithm 8,
and thereby Algorithm 9, to work in the feature space H by computing the centers and
distances only implicitly.

For now, assume that any distance computation can be determined. Note that sampling a
set P; C RY is the same as sampling the set &(P;) of corresponding points in H from the same
distribution. We assume that we have a set of locations or realizations P = {P,..., Py},
with P; ¢ R% The remaining steps are passed to Theorem 6.15, which is based on

Algorithm 8. First, we show the following invariant.
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Lemma 6.18. Each center ¢;, i € {0,1,2,...}, reached during the calls to Algorithm 8,
can be updated such that a linear combination ¢; = Zum Auo®(Gu,w) 15 maintained, where

at most i + 1 terms have Ay, # 0.

Proof. We prove the lemma by induction over 1.

e The initial center ¢y € H is chosen by sampling uniformly at random a set P € P
using Lemma 6.12. We take any point ¢ € P, ¢ # L, which maps to cp = ¢(q). Thus
the invariant is satisfied at the beginning, where the corresponding coefficient is A = 1
and all other coefficients are zero.

e In each iteration we randomly sample a set P € P to simulate the approximate
subgradient g (¢;) at the current point ¢;. The vector g (¢;) is a vector between ¢; and
some point p; i = ¢(¢; i) € H, such that ¢;, maximizes ||¢; — ¢(¢')|| over all ¢ € P
(cf. Lemma 6.10).

To implicitly update to the next center ¢; 41 note that (cf. Algorithm 8)

ci — o(qin) (1 B s s
lei —

e — ola)] ¢<qj,k>r> G e g O

Ciy1=¢Ci—5-
Assume the invariant was valid, that ¢; was represented as ¢; = Zuﬂ) Auo®(Qu,p) With
at most ¢ + 1 non-zero coefficients. Then it also holds for the point ¢;41, since the
previous non-zero coefficients of ¢(qy,») are multiplied by 1 — s/ ||c; — ¢(g;x)|| and
the newly added ¢(g; 1) is assigned the coefficient s/ ||c; — ¢(g;x)||. So there are at

most 7 + 2 non-zero coeflicients. O

Lemma 6.18 implies that we do not have to store the points ¢; explicitly while performing
Algorithm 8. The implicit representation can be maintained using a list that stores points

that appear in the approximate subgradients and their corresponding non-zero coefficients.

To actually compute the coefficients, we need to be able to compute Euclidean distances
as well as determine s. Using Lemma 6.13 we determined the step size s using an estimator
R = > pesm(co, P) based on a small sample S. In particular, this requires distance
computations again. To this end, we show how to compute ||¢; — ¢(q)|| for any location
q € R?. Recall that the kernel function implicitly defines the inner product in . Therefore,
it holds that
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2

llei — ¢(Q)H2 = Z Auw®(quw) — ¢(q wd’(%}) - ¢(q)

2

+ llé(q) —2ZA é(q))

= Z Auw®(quw)

:ZZA)\/qu,qw)Jqu, —2ZA K(quw, q), (6.27)

w=0w’'=0

where w,w’ € {0,...,i} index the locations gy, ¢, with corresponding A\, Ay # 0 in

iteration . Therefore, we have the following theorem.

Theorem 6.19. Let D be a set of n discrete distributions, where each distribution is
defined over z locations in R? U {L}. There exists an algorithm that implicitly computes
¢ € H that with constant probability is a (1 + €)-approzimation for the probabilistic support

vector data description problem, i.e., it holds that

Ex [m(¢,¢(X))] < (1 +e)minEx [m(c, ¢(X))],

where the expectation is taken over the randomness of X ~ D. The running time of the
algorithm is O (dn - ((z/€3) - log(1/e) + (1/e%) - log?(1/e))).

Proof. With the described adaptations by Lemma 6.18 and Equation (6.27), the correctness
of the algorithm follows from Theorem 6.17.

The running time increases by a factor that is imposed by the simulation of the distance
computations within Algorithm 8. Note that by the invariant there are at most ¢ + 1
non-zero coefficients in the i-th step. Equation (6.27) can thus be evaluated in time O (i%d),
assuming K can be evaluated in time O (d). We conclude:

e The sampling part of Algorithm 9 does not change, and runs in O ((dnz / 53) -log(1/ 5))
time.

e Estimating R = > pes m(co, P) takes time O (dn/¢), since i = 0, |S| = O (1/¢), and
for each P we have |P| < n.

e The subgradient computation in the i-th iteration of the main loop takes O (dnz’2)
time, since it needs to maximize over n distances. This means that for £ € O (1/£?)
iterations we need O <dn Zle i2> = O (dnt?) = O (dn/£%) time. This is repeated
O (log(1/¢)) times, which implies a running time of O ((dn/e%) -log(1/e)).

e The evaluation of the minimum at the end reaches, as before, over O ((1/¢?) - log(1/¢))

centers, each defined by O (¢) non-zero coefficients. Each is evaluated with respect



192 6 Probabilistic smallest enclosing ball

to a sample of O ((1/e?) -log(1/e)) sets from the input. Since each maximum
distance evaluation takes O (dnﬁg) =0 (dn/ 54) time, we have that the total time
for evaluation is O ((dn/<%) - log?(1/e)).

Summing the running times yields the claim. O

6.4 Conclusion and open questions

We studied in this chapter a generalization of the 1-center and the 1-median problems — the
set median problem in high dimensions, that minimizes the sum of distances to the farthest
point in each input set. We presented a (1 + €)-approximation algorithm whose running
time is linear in d and independent of the number of input sets. We further discussed
that in high dimensions the dependence on the size of the input sets cannot be reduced
sublinearly without losing a factor of roughly v/2.

Our result resolves an open problem, posed in [145], and improves the previously best
algorithm for the probabilistic smallest enclosing ball problem in high dimensions by
reducing the dependence on d from exponential to linear. This enables running the
algorithm in high dimensional Hilbert spaces induced by kernel functions, which makes
it more flexible and viable as a building block in machine learning and data analysis. As
an example we transferred the kernel based SVDD problem of Tax and Duin [166] to the
probabilistic data setting.

Our algorithms assume discrete input distributions. It would be interesting to extend
the algorithms presented in this chapter to various continuous distributions. There are no
known results for a notion of probabilistic points that would be defined through continuous
distributions.

The pSEB problem minimizes the expected maximum distance. When it comes to
minimizing volumes of balls or in the context of Gaussian distributions it might be
interesting to study higher moments of the maximum distance. This corresponds to a
generalization of the set median problem to minimizing the sum of higher powers of
maximum distances. This topic is completely open for further research.

Finally, as we did for the probabilistic SVDD problem, we hope that the methods
presented in this chapter may help to extend more shape fitting and machine learning

problems to the probabilistic setting.



A Additional analysis to Lemma 5.1

In the proof of Lemma 5.1 some analysis was shortened for the sake of readability. Here
we present the exact computation. We apply the method of integration by parts, for all

integrals in the following four claims.

Claim A.1. It holds for ¢ € [0, 1] that:

arccos ¢ 1
/ sin?(z)dz = 3 (arccosgo —p-y/1- g02> : (A.1)
0

Proof. We denote the value of the integral in Equation (A.1) with A. Then
arccos arccos
A= / sin?(z)dx = — sin(x) cos(z)[5 Y — / — cos®(x)dx
0 0

arccos @
= — -sin(arccos ¢) + / (1- sin®(7)) d
0

=—p-1—?+arccosp — A. (A.2)
Equation (A.2) implies the correctness of the claim. O

Claim A.2. [t holds for ¢ € [0,1] that:

arccos .3 1 3 2
sin®(z)dr = -¢p° — @+ =. (A.3)
o 3 3

Proof. We denote the value of the integral in Equation (A.3) with A. Then

arccos ¢ . 3 .9 arccos o arccos ¢ .
A= sin®(x)dzr = — sin”(x) cos(z)|, - —cos(x) - 2sin(x) cos(x)dz
0 0

3 arccos ¢ arceose . 2
= (cos’(z) — cos(x)) 0 +2 sin(z) cos*(z)dx
0

arccos ¢
=3 —p+ 2/ sin(z) cos?(z)dz. (A.4)
0
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We denote the integral in Equation (A.4) with B. Then, we have

arccos ¢ arccos arccos ¢
B = / sin(z) cos?(z)dz = — cos®(z) 0 - 2/ sin(z) cos?(z)dx
0 0

=—¢®+1-2B. (A.5)

By taking the value of B from Equation (A.5), and substituting into Equation (A.4), we
obtain Equation (A.3), as claimed. O

Claim A.3. [t holds for ¢ € [0,1] that:

arccos ¢
/ sint(z)dz = (3arccos ¢ + ¢ - sin(arccos ) - (2@2 -5)). (A.6)
0

|

Proof. We denote the value of the integral in Equation (A.6) with A. Then

arccos ¢
A= (—sin®(z)cos(z)) |07 + 3/ sin?(x) cos?(z)dx
0

0
arccos ¢
= —psin®(arccos ) + 3/ sin®(z) (1 — sin®(z)) dx
0
arccos ¢
= — (1 — ¢?)sin(arccos @) + 3/ sin’(x)dz — 3A. (A.7)
0

We denote the integral on the right-hand side of Equation (A.7) with B. Then, we have
arccos ¢ arccos ¢
B= / sin?(z)dx = (—sin(z) cos(z))[§ +/ cos?(x)dx
0 0
= —sin(arccos ) + arccos ¢ — B. (A.8)

By taking the value of B from Equation (A.8) into Equation (A.7), we obtain

3
4A = —p(1 — ¢?) sin(arccos p) + 3 (—psin(arccos ) + arccos @) ,

and this implies Equation (A.6), as claimed. O

Claim A.4. It holds for ¢ € [0,1] that:

arccos ¢ 1
/ sin®(z)dx = B (=3¢° + 109 — 150 + 8) . (A.9)
0
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Proof. We denote the value of the integral in Equation (A.9) with A. Then,

arccos ¢
A= (—sin'(z) cos(z)) grccow + 4/ sin®(x) cos?(z)dx
0

arccos ¢
=—p(1- g02)2 + 4/ sin®(x) cos?(z)dx. (A.10)
0

We denote the integral on the right-hand side in Equation (A.10) with B. Then, we have
arccos arccos
B = (cos®(z) — cos3(x)) i / cos(z) - (4sin(z) cos®(x) — 2sin(x) cos(z)) dx
0 arccos ¢

0
= — sin(x — sin?(z 2 T — sin(x — sin?(z)) dz
—F - f (@) (1 =sin(@)) " —2 | (2) (1~ sin’(2)) d

arccos ¢
arccos ¢ arccos ¢ arccos ¢
=¢® -3+ 2/ sin(x)dx — 6/ sin®(x)dx + 4/ sin® (x)dx
0 0 0

A3 1 2
=" —g03+2(1—cp)—6<3<p3—<p+3>+4A. (A.11)

By substituting the value of B from Equation (A.11) into Equation (A.10), we obtain
the correctness of Equation (A.9). O

In the next three claims we show the inequalities needed in the proof of Lemma 5.1. In

each of them we state a function f that is monotonically increasing on [0, 7], with f(0) = 0.

Claim A.5. It holds for x € [0,1] that

3 /1 2 2
1— = =2® = )< (1+2) 2. A.12
5 <3x 3:+3)_<—|—7r> T ( )

Proof. We observe the function f(z) = 23 + (% — 1) z. By rearranging the expression
in Equation (A.12) we obtain that (A.12) is equivalent to f(x) > 0, for x € [0,1]. It is
£(0) = 0. The first derivation of f is f/(z) = 32> + 2 — 1 > 0, for all # € R. Therefore,
f(x) >0 for all x € [0,1], and the correctness of Claim A.5 is proven. O

Claim A.6. [t holds for x € [0,1] that

1- 33 (3arccos(x) + « - sin(arccos(z)) - (2562 -5)) < Ex (A.13)

T 3T
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Proof. Equation (A.13) is equivalent to f(x) > 0, for x € [0, 1], where the function f(z)
is f(z) = 282 — 14 & - (3arccos(z) + z - sin(arccos(z)) - (22% — 5)). It is f(0) = 0. Note
that sin(arccos(x)) = V1 — 22, for x € [0,1]. Then, we have

1 2 — -1
fl(x) = £ + 3. (1_3332 + (62* — 5) sin(arccos(z)) + (2563 —5z) - x - m)
16 2 ((22%-3)(1—2?) ) —
37T+37l' < V1 — g2 +($ ) v
16 16 16 16
= 4+ 1 —22 (2P —1)> = - — =
37 ' 3x (e )2 3m 3w 0
for € [0,1]. This implies that f(x) > 0, as claimed. O
Claim A.7. It holds for x € [0,1] that
-2 (—32° + 102* — 152 + 8) < R (A.14)

Proof. Equation (A.14) can be transformed into 3z° — 1023+ 15z < 15z. Since for z € [0, 1],
it is 32° < 1023, Equation (A.14) is satisfied for all = € [0,1]. We note that the constant
% on the right-hand side of Equation (A.14) is the best possible for x € [0,1]. Namely,
for the function f(x) = ax — % (32° — 102® + 15z), for some constant a > 0, it holds that

flz)=a-2 (m2—1)2. For z € [0,1], it is f/(z) > 0 for a > 22. O
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