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Abstract
Engaging students in processes of mathematizing and active knowledge organization (instead of telling and rehearsing 
ready-made mathematics) is a key demand for high quality mathematics instruction. Although many mathematically rich 
context problems have been designed and published in textbooks, their impact on regular mathematics classrooms remains 
limited, as teachers face challenges in shaping and enacting the important phase of knowledge organization. The 15-year 
project KOSIMA presented in this paper was aimed at supporting teachers in really enhancing these processes by means 
of a textbook for Grades 5–10. The paper provides an overview of different studies conducted during the project in order 
to show how the project developed a research base for the support of teachers. The paper also shows that different research 
approaches need to be combined to establish an appropriate research base: In iterative design research cycles of topic-specific 
didactical design research, learning environments were designed and investigated with the aim of understanding the obstacles 
encountered in implementing the desired processes. In this paper, we focus on an example of one particular obstacle, namely, 
teachers’ need of support in engaging students in processes of active knowledge organization. This obstacle was overcome 
by developing new types of tasks for active knowledge organization. The theoretical outcome of the design research resulted 
in two hypotheses for improving relevant features of the design of these tasks, which were tested in two controlled trials. 
Finally, a longitudinal field study of 312 students gave first indications that the classes that worked with the textbook had 
significantly higher learning gains than classes using other textbooks. In sum, we can show that textbooks can support changes 
in classroom practices when the obstacles that occur for both teachers and students are carefully investigated and treated.

1  Introduction

In various studies, textbooks have been shown to contrib-
ute to establishing reformed curricula in school, especially 
for engaging students in mathematically rich processes of 
inquiry (Ball & Cohen, 1996; Remillard, Harris, and Ago-
dini 2014; Valverde et al. 2002). However, facilitating initial 
processes of inquiry alone is not enough, since many chal-
lenges for students and teachers have been reported, in build-
ing on the divergent knowledge construction in an initial 

phase of inquiries, and then achieving consolidated student 
knowledge in an ensuing convergent phase of knowledge 
organization (Silver & Stein, 1996; Lobato, Clarke, and Ellis 
2005; Stein et al. 2008).

We present research showing that this second phase 
of students’ active knowledge organization is crucial for 
the effectiveness of sustainable knowledge development. 
However, it has turned out to be challenging for teachers 
to implement this phase in classrooms. In this paper, we 
report on a 15-year research project that aimed at supporting 
teachers in engaging students in these epistemic processes.

We take this practical challenge of ‘engaging students 
in active knowledge organization’ as an example, in order 
to argue which kind of research base is required to design 
textbooks that can support teachers’ ambitious instructional 
practices. In so doing, we intend to contribute to the meth-
odological discourse on suitable research approaches for 
textbook research (Heck, Chval, Weiss, and Ziebarth 2012). 
On the basis of our investigations, our main answer is that 
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different research approaches should be combined in order to 
create a suitable research base for designing textbooks that 
can support teachers’ practices.

For this purpose, rather than presenting only one well-
delineated study, we report from different studies that 
were conducted within a network of empirical studies. 
We introduce the theoretical background (Sect.  2) and 
the research context of the overarching long-term project 
KOSIMA (Sect. 3), before we present snapshots from the 
KOSIMA research journey with respect to the topic in view, 
namely, engaging students in active knowledge organization 
(Sect. 4). Section 5 concludes on the meta-level that, for 
establishing a research base for textbook design, a suitable 
combination of different research approaches is required.

2 � Theoretical backgrounds

2.1 � Textbooks and their potential for establishing 
ambitious teaching practices

In many countries of the world (including the authors’ coun-
try, Germany), textbooks are the key source for mathematics 
teachers that regulate both the specification, prioritization, 
and sequencing of mathematical content and the kinds of 
tasks treated in mathematics classrooms (Keitel et al., 1980; 
Valverde et al. 2002). In spite of the increasing relevance 
of other curriculum materials, textbooks still guide many 
teachers’ work, in particular because many other sources are 
more fragmented and focused on several tasks rather than 
the provision of coherent long-term curricula (Gravemeijer 
et al. 2016). Certainly, even if textbooks can only partially 
influence the enacted curriculum due to the active roles 
teachers play (Tarr, Chávez, Reys, and Reys 2006; Thomp-
son & Senk, 2010), textbooks have been shown to “convey 
pedagogical messages and provide curricular environments 
conducive to particular teaching strategies” (Fan and Kaeley, 
2000, p. 2; Rezat, Fan, and Peppin 2021).

In cases where textbook production is in the hands of 
commercial publishing houses that are not in contact with 
mathematics education research, the key role of commer-
cial textbooks has often been problematized as hindering the 
quality development of instruction and retaining traditional 
teaching practices (Ben-Peretz, 1990).

On the other hand, textbooks playing the key role in 
teaching can also contribute to establishing ambitious teach-
ing practices if the textbook design is aligned to the intended 
principles (Swan, 2007; Valverde et al. 2002). Indeed, evalu-
ation studies have shown that the choice of the textbooks can 
have a significant effect on students’ achievement (Grouws 
et al. 2013; van den Ham & Heinze, 2018). Therefore, we 
intended in our project to overcome the dichotomy between 
commercially produced textbooks and research-based 

curriculum materials by cooperation among researchers, 
teachers, authors, and a commercial publisher.

With respect to the innovative potential of textbooks, 
Ball and Cohen (1996) had already problematized that most 
research-based curriculum materials do not sufficiently sup-
port teachers in enacting the intended ambitious teaching 
practices: “Better curriculum can only be designed if it is 
designed to help teachers operate more thoughtfully and 
effectively” (p. 8). This aspect raises the questions of how 
teachers deal with textbooks, and on which background they 
use them, either verbatim or with adaptations (Remillard, 
2005).

Within the last decades, empirical studies on teachers’ use 
of textbooks and curriculum materials have contributed to 
identifying typical patterns of teachers’ adaptation processes 
for curriculum materials (e.g., Remillard, 2005; Sherin & 
Drake, 2009) and emphasized the need to value teachers’ 
pedagogical design capacities (Brown, 2009) on their way 
from written to enacted curricula (Tarr et al. 2006).

Building on this richer understanding of how teachers 
adapt curriculum materials and textbooks, there is still a 
need to investigate how teachers can best be supported by 
textbooks, and to include results of such research in the 
design of textbooks (Cohen, Raudenbush, and Ball 2003; 
Remillard et al. 2014; Rezat et al. 2021). For this reason, 
we combined the insightful descriptive research mode of 
investigating teachers’ practices with textbooks (for which 
a long research tradition and multiple methods exist; see 
Heck et al. 2012 and Fan, 2013) with a constructive research 
mode in action research or design research aiming to pro-
vide a research base for textbook design (for which fewer 
approaches have so far been developed; see Swan, 2007). 
This approach means rather integrating the good research 
tradition of describing and explaining the nature of text-
books or teachers’ adaptation practices (see Fan, 2013 for 
an overview) into design research approaches in which 
intentional design and research-based improvement is also 
considered an important part of textbook research (which is 
not particularly treated in the overview of textbook research 
approaches by Fan, 2013).

2.2 � Limited enactment of student‑centered 
mathematics teaching practices and the role 
of the phase of knowledge organization

Student-centered teaching practices are a typical example of 
ambitious practices that have been included in curriculum 
materials but have not yet been sufficiently enacted in class-
rooms (Tarr et al. 2006; Thompson & Senk, 2010). Student-
centered teaching practices are those in which students raise 
questions, explore situations, re-invent mathematical con-
cepts, and discover mathematical theorems and procedures 
(Bruner, 1966; Freudenthal, 1973; Piaget, 1980). Maaß and 
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Artigue (2013) stated in their survey concerning the imple-
mentation of inquiry-based teaching, “For decades, math-
ematics educators have been discussing more student-cen-
tered ways of teaching, […] They have developed theoretical 
constructs and materials supporting these approaches and 
carried out related research. Yet, the effects on day-to-day 
teaching remain limited” (p. 779).

In our project, we also adopted an inquiry-based teaching 
approach, more precisely we built upon traditions of Real-
istic Mathematics Education (RME; Freudenthal, 1973, 
1991; Gravemeijer, 1999; Treffers, 1987). Freudenthal 
(1973) promoted the principle of guided re-invention of 
mathematical concepts, starting from students’ intuitive 
resources and developing them into more structured ideas. 
He already emphasized that the development of mathemati-
cal knowledge is a multi-step process of “organizing fields 
of experience” (p. 123). In subsequent work in the Realistic 
Mathematics Education Group (de Lange, 1996), examples 
of organizing processes are abundant, comprising “horizon-
tal” and “vertical” mathematization (Treffers, 1987, p. 247) 
and their successive consolidations (more details in Sect. 3).

As Maaß and Artigue (2013) summarized, many con-
temporary curriculum materials and textbooks include rich 
open-ended tasks for inquiry. With such rich open-ended 
tasks, many teachers have been shown to initiate the first 
phase of inquiry, in which students generate multiple solu-
tions and ideas. We regard this as a positive example of sup-
porting teachers’ practices with adequate textbooks.

For the next phase, in contrast, authors involved in 
empirical classroom research have pointed out that many 
teachers experience challenges in maintaining the cogni-
tive demand (Henningsen & Stein, 1997) and the richness 
of the mathematical discourse (Silver & Smith, 1996), and 
in consolidating students’ diverging ideas into “important 
and worthwhile mathematics” (Stein et al. 2008, p. 316), 
while avoiding simply ‘telling’ the ready-made mathematics 
(Lobato, Clarke, and Ellis 2005). Textbooks rarely contain 
material that supports teachers in enacting these consolida-
tion processes while maintaining high cognitive demand. 
Often they only present definitions or procedures of ‘ready-
made mathematics’ that do not connect to the students’ ideas 
or to the solutions of the inquiry phase. In many countries, 
teacher editions for textbooks or teachers’ manuals are avail-
able, which can give additional information on expected 
solutions, but often without orienting the teacher on how to 
use this information, or providing too-rigid scripts that lack 
the flexibility to adapt to students’ ideas (Cohen et al. 2003; 
Remillard et al. 2014).

As a consequence, Stein et al. (2008) developed profes-
sional development (PD) programs on orchestrating produc-
tive discussions for consolidating mathematical knowledge 
in the whole-class discussion after the inquiry phase. Their 
PD program addresses five teaching practices: anticipating 

what students might invent in the lesson planning, moni-
toring students’ upcoming ideas during the inquiry phase, 
selecting those students’ strategies to be presented in the 
whole-class discussion, sequencing the presentations from 
the less fruitful to the most developed, and connecting all 
students’ ideas to regular mathematics. Stein et al. (2008) 
showed that these practices (in particular the anticipating 
and monitoring practices) can support the orchestration of 
the whole-class discussion, and teachers can learn these 
practices in a long-term PD program.

Since long-term PD programs are still rare in many 
countries (including Germany), and considering the text-
books’ central role in preparing and enacting teaching as 
stated above, we started our design research project with the 
ambition that textbook tasks and teachers’ manuals should 
also support teachers in the phase of knowledge organization 
rather than only in the inquiry phase. The design challenge 
for which we intended to gain a research base (Kieran et al. 
2015) was therefore to develop task-based support so that 
more teachers might be able to enact student-centered teach-
ing practices throughout both phases.

3 � Research context and design research 
product

Section 3.1 briefly presents the research context of the 
15-year design research project KOSIMA. Section 3.2 pre-
sents the basic design principles of the main design prod-
uct, the textbook Mathewerkstatt and its teachers’ manual. 
The textbook addresses the middle school curriculum from 
Grades 5–10 for medium-tracked schools in Germany, called 
Realschule or Gesamtschule (comprehensive schools) in 
German. Each book was designed for one school year and 
consists of 8–10 teaching units.

3.1 � Research context of the project KOSIMA

The KOSIMA project was led by the four authors of this 
paper from 2005 to 2019. We collaborated with a com-
mercial publisher, 29 textbook authors (experienced teach-
ers and teacher educators), and 13 PhD students in design 
research teams. From 2012 onwards, we also qualified 34 
KOSIMA PD facilitators. Establishing a research base for 
the textbook design activities relied mainly on the following 
three research approaches:

(1)	 Each teaching unit for Grades 5–8 (and selected ones 
in Grades 9 and 10) was collectively designed and 
tested in pragmatic action research processes. Col-
laborating teachers tried out the drafts of the units in 
two to five classrooms and reflected on their experi-
ences together with the researchers. Selected videos 
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and written products were considered with respect to 
students’ and teachers’ challenges, and were used to 
revise the teaching units. The goals of these processes 
were to improve the designs and gather examples from 
students’ work for the teachers’ manual as suggested by 
Ball and Cohen (1996).

(2)	 Additionally, about one fifth of all teaching units were 
investigated in depth in topic-specific design research 
processes over three to five design experiment cycles 
in order to gain deeper insights into typical learning 
pathways, effects of design elements, and conditions of 
success for their functioning. Design research combines 
the following two goals: (a) improving the designs with 
(b) deepening the understanding of topic-specific teach-
ing-learning processes, including empirically grounded 
development of local instruction theories (Gravemeijer 
& Cobb, 2006; Hußmann & Prediger, 2016). Within 
this research approach, we learned the most about 
major challenges for teachers, and their backgrounds, 
and about the potential of certain design features for 
overcoming them. (Topic-specific publications include 
Philipp, 2013, for inquiry in prime numbers; Prediger 
& Zwetzschler, 2013, for algebraic expressions; Predi-
ger & Schnell, 2014, for probability; Glade & Predi-
ger, 2017, for fractions; Büscher, 2018, for statistics; 
Hußmann & Prediger, 2016, for exponential functions; 
Schindler, 2014, for negative numbers; and Hußmann 
et al. 2019, for decimal numbers.)

(3)	 For some of the teaching units, (quasi-)randomized 
controlled trials were conducted (e.g., Ganter, 2013; 
Loibl & Leuders, 2019; Philipp, 2013; Prediger & Wes-
sel, 2018) with the goal of providing empirical evi-
dence for efficacy of these teaching units and for test-
ing hypotheses on critical design features. A large field 
study for testing overall effectiveness was conducted 
over two years (see Section 4.5).

3.2 � Design principles for the textbook 
Mathewerkstatt

The design outcome of the KOSIMA project was the text-
book Mathewerkstatt (Math Atelier) that was awarded 
Textbook of the Year in the STEM category in Germany in 
2018.1 The textbook comprises a student book, a teachers’ 
manual, and many further sources such as digital applets, 

practicing materials, and formative assessments tasks. As 
the survey by Kieran et al. (2015) revealed, design principles 
underlying the task design can stem from multiple sources, 
didactical approaches, and theoretical frameworks.

The instructional design of our textbook Mathewerkstatt 
was mainly inspired by two didactical approaches, namely, 
RME (Freudenthal, 1991; Gravemeijer, 1999; Treffers, 
1987) and sequentially guided discovery learning with pro-
ductive failure (Kapur, 2010; Loibl & Leuders, 2019).

Drawing upon RME, the design of the teaching units was 
based on well-established design principles (Fig. 1) that can 
be considered the core of RME:

(DP1) Develop students’ conceptual understanding: 
Focus on students’ construction of meanings for math-
ematical concepts and operations and on drawing connec-
tions between knowledge elements (Hiebert & Carpenter, 
1992; Wagenschein, 1977).
(DP2) Establish and maintain high cognitive demand 
and active epistemic processes: Initiate rich cognitive 
processes and inquiries (Barzel et al. 2013; Foster, 2018; 
Freudenthal, 1991; Winter, 1989; Wittmann, 1992).
(DP3) Use multiple strategies, approaches and represen-
tations: Provide learning opportunities in multiple repre-
sentational modes and approaches and strive for students’ 
flexible use of strategies and approaches (Duval, 2006; 
Durkin, Star, and Rittle-Johnson 2017; Selter, 1998; van 
den Heuvel-Panhuizen, 1996).

Figure 2 shows an example from Grade 8 with two tasks 
from a chapter on areas of geometric figures and equiva-
lence of fractions (more details in Prediger & Zwetzschler, 
2013). Rather than offering a ready-made formula for the 
area of the trapezoid, students are asked to find their own 
expressions for describing the area. The task engages stu-
dents actively in inquiry processes (DP2) with the aim of 
developing conceptual understanding of the formula, and 
expressions in general (DP1). The comparison of different 
solutions in the second phase of active knowledge organi-
zation also provides learning opportunities for connecting 
multiple representational modes (DP3), which are assigned 

Fig. 1   Design principles of the Mathewerkstatt in different epistemic phases, showing the focus of this paper on active knowledge organization

1  Textbook Award http://​www.​gei.​de/​en/​awards/​textb​ook-​of-​the-​year/​
award-​winne​rs/​2018.​html.

http://www.gei.de/en/awards/textbook-of-the-year/award-winners/2018.html
http://www.gei.de/en/awards/textbook-of-the-year/award-winners/2018.html
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to different recurring textbook characters. This design fea-
ture, called “person presentation,” has been used in many 
Japanese textbooks (Rittle-Johnson, 2019).

The RME approach and its existing realizations in text-
books (e.g., Rekenen en wiskunde, Gravemeijer & van Galen, 
1984) have revealed many convincing ideas for the design 
of tasks for the mathematization and inquiry phase. These 
comprise tasks for horizontal mathematization starting 
from everyday context problems and leading to re-invent-
ing mathematical concepts or discovering structures (as in 
the trapezoid example in Fig. 2), but also tasks for vertical 
mathematization that lead to abstraction and generalization 
(Treffers, 1987, p. 247). For example, the teaching unit from 
which the tasks in Fig. 2 stem continues on to the discov-
ery of the concept of algebraic equivalence from which the 
transformation of expressions is later derived (Prediger & 
Zwetzschler, 2013).

For the third phase, practicing with intelligent exercises, 
mathematics education research has already developed 
important ideas for task design (Foster, 2018; Wittmann, 
1992), so this third phase is not a focus in this paper.

In contrast, the realization of the design principles DP1-
DP3 required designers’ particular attention with respect to 
the second phase of knowledge organization. This second 
phase is thus the focus in this paper (see Fig. 1).

Although Freudenthal (1991) and Stein et al. (2008) have 
already emphasized the need for knowledge organization 
after mathematization or inquiry, this phase has not received 
much attention in task design within the field of mathematics 
education research (Barzel et al. 2013).

In instructional psychology, the KOSIMA approach of 
“sequentially guided discovery learning” (Loibl & Leuders, 
2019) has been investigated in the instructional framework 
of problem-solving before instruction (PS-I, Loibl et al. 
2017; see also productive failure, Kapur, 2010), to which 
the Mathewerkstatt design refers. In this strand of research, 
instructional designs are investigated that are structured in 
the following two steps: Students generate diverging or mul-
tiple solutions in an inquiry (discovery) phase. These solu-
tions then are consolidated in a second phase of knowledge 
organization. The effectiveness of this instructional design, 
compared to a design in which instruction precedes problem 
solving, has been replicated in many independent studies (for 
a review, see Loibl et al. 2017).

So far, the phase of knowledge organization has been 
treated in PD mainly by enhancing teachers’ practices in 
preparing and conducting a whole-class discussion after the 
inquiry phase (Stein et al. 2008). In our project, we aimed at 
supporting teachers by also including textbook tasks in this 
phase. Beyond engaging students in more than dealing with 

Fig. 2   Example tasks for inquiry processes and active knowledge organization processes from Mathewerkstatt 8 (detailed in Prediger & 
Zwetzschler, 2013)
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multiple solutions (collecting), KOSIMA aimed at engaging 
students in the following main epistemic processes:

•	 collecting, reflecting, and structuring singular and diver-
gent ideas and strategies and connecting them to each 
other (collecting and systematizing);

•	 transforming intuitive ideas and strategies into regular 
and consolidated mathematics (Brousseau, 1997 calls 
this phase the “institutionalization”; we call it regular-
izing); and

•	 writing down the learned aspects in a form that is acces-
sible for students some weeks later (preserving).

4 � Snapshots from the research journey 
of the project KOSIMA with respect 
to active knowledge organization

The research focus in the second phase emerged in early 
action research activities during the first years of the 
KOSIMA project. They are presented in a narrative style in 
Sect. 4.1 before we turn to more systematic research with a 
more rigid presentation in Sects. 4.2, 4.3, 4.4 and 4.5.

4.1 � Early action research results: inventing tasks 
and knowledge storages for supporting 
teachers

In our early action research processes (from 2005 to 2008), 
several teaching units in Grades 5 and 6 were piloted in 
teaching experiments. Whereas the inquiry phase mostly 
worked as expected, the observations of the enacted teaching 
practices in the phase of knowledge organization resonated 
with findings about teachers’ challenges documented in the 
literature (see Sect. 2.2). We identified four typical teaching 
practices:

•	 Only a very small number of expert teachers were able 
to facilitate whole-class discussions for collecting and 
systematizing students’ ideas and for regularizing them 
into the regular mathematical concepts. These teachers 
produced ‘shared knowledge storages’ in teacher-led but 
student-centered discussions for preserving the knowl-
edge starting from students’ ideas.

•	 Many teachers collected students’ ideas and then pre-
sented the ready-made mathematics on the blackboard, 
without connecting both. By asking students to copy 
ready-made mathematics, these teachers succeeded in 
producing unified knowledge storages for the long-term 
preservation of knowledge, but at the expense of low 
cognitive demand. Moreover, for many students simply 
copying the texts did not result in understanding the pre-
formulated knowledge.

•	 Very few teachers encouraged students to produce indi-
vidual ‘knowledge storages’ in ‘inquiry diaries’ and 
scaffolded the processes of regularization by intensive 
individual, student-centered feedback. These teach-
ers achieved regularization and preserving, but at the 
expense of an enormous workload while commenting on 
successive versions of the individual knowledge storage 
for each student.

•	 Some teachers were influenced by the idea of ‘not tell-
ing’, in other words, avoiding teacher-led instruction 
(Lobato et al. 2005) in such a strong way, so that all stu-
dents’ ideas (whether appropriate or not) were merely 
collected and presented but left with no mathematical 
comments or discourse. These teachers succeeded in 
appraising students’ creativity, but no systematizing and 
regularizing took place, as the ideas remained in stu-
dents’ original versions without correction.

The four teaching practices identified in the organiza-
tion phase take different stances in the trade-off between (a) 
students’ active participation and (b) convergence towards 
regularized mathematics (without enormous workload for 
individual feedback).

In intensive action research processes in cooperation with 
the experimenting teachers (from 2007 to 2010), we devel-
oped means of support for teachers to cope with these trade-
offs, so that less experienced teachers could also handle the 
first teaching practice. Therefore, support means for different 
epistemic processes (collecting, systematizing, regularizing, 
and preserving) were invented, as follows:

(1) Support for collecting and systematizing by explora-
tion tasks about textbook characters’ thinking

The classroom observation revealed that only those teach-
ers who mastered Stein et al.’s (2008) five practices were 
able to handle the systematizing process in whole-class dis-
cussions. In order to support these practices, we addressed 
three of them in the task design: After the open-ended explo-
ration task (e.g., Task 1 in Fig. 3), we included more narrow 
tasks that anticipate, select, and sequence typical students’ 
strategies and presented them as the strategies of four recur-
ring textbook characters (e.g., Task 2 in ‘person presenta-
tion’ shown in Fig. 3).

Observations in later teaching experiments shoed that 
these tasks relieved teachers’ lesson planning as the stu-
dents’ anticipated intuitive strategies, and ideas were already 
provided by the textbook and explained in the teachers’ man-
ual. For some teachers, this support was sufficient to enable 
them to monitor their own students’ upcoming strategies and 
continue with their students’ authentic work. The other, less 
flexible teachers received further support by working with 
the pre-selected and sequenced examples from the textbook 
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characters. However, the fifth practice, connecting all stu-
dents’ ideas to the regular mathematics, was still challenging 
for these teachers.

(2) Support for preserving by pre-structured knowledge 
storages

Preserving consolidated knowledge is crucial for stu-
dents’ long-term memory. Simply copying the blackboard 
guarantees a correct entry in knowledge storage but lacks 
high cognitive demand. On the other hand, students’ free 
writing requires too much individual feedback. The trade-
off between activation and convergence can be found more 
easily in pre-structured knowledge storages that scaffold to 
writing an understandable (and mathematically correct!) 

entry while still engaging students in reflecting on it. Fig-
ure 3 provides an example.

(3) Support for regularizing and preserving using ‘active 
organizing tasks’

Whereas the first phase of inquiry and the third phase 
of practice are traditionally supported by tasks, the second 
phase of active knowledge organization is usually conducted 
without task support. Encouraged by good experiences with 
systematizing tasks in person presentation (as in Fig. 3), we 
also developed tasks for the regularizing and preserving 
processes.

The design of active organizing tasks focuses the acquisi-
tion activities to be initiated in students’ minds. While still 
striving for cognitive activation, the task design should be 

Fig. 3   Support for anticipating, selecting, and sequencing students’ strategies included in the second task, in this case visual comparison of frac-
tions (translated and shortened from Mathewerkstatt 6, Prediger et al. 2013, p. 46)
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more convergent than for inquiry tasks, in order to target 
consolidated knowledge for all students. Figure 4 shows the 
active organizing for Task 3 (which follows Tasks 1 and 
2, shown in Fig. 3), which preserves the knowledge con-
structed in Task 2 in the pre-structured knowledge storage 
and regularizes the fictitious students’ strategies into the 
mathematical concepts of absolute and relative frequency 
with a strong scaffold.

An adequate balance between convergence and activation 
depends on the concrete topic and type of knowledge (Barzel 
et al. 2013). For each knowledge element in students’ target 
knowledge, the KOSIMA design teams developed reper-
toires of acquisition activities in this range between conver-
gence and activation. Figure 5 shows examples of ranges for 
three different knowledge elements, namely, the instantiation 
of concepts, explicit statement of mathematical definitions 
or theorems, and matching of representations. The figure 
shows visually that increasing activation always goes along 
with decreasing convergence and vice versa. For example, 
the organizing task in Fig. 2 initiates an acquisition activ-
ity for connecting multiple representations with the highest 
convergence but least activation. The cognitive demand is 
still high due to the complexity of the content expressions 
for trapezoid areas.

Later action research cycles revealed that with these 
structured repertoires of organizing tasks, more teachers 
succeeded in engaging students in active knowledge organ-
ization processes, without risking too high divergence. A 
suitable activity structure is, for example, think-pair-share: 
Students first reflect alone, then share their ideas in pairs, 

and then a whole-class discussion makes sure that all stu-
dents fill the knowledge storage correctly.

Once the repertoire of organizing tasks was developed 
and categorized (see Barzel et al. 2013), the design process 
for the next teaching units became easier and also allowed 
for more rigid and systematic research activities. Extending 
the research base for supporting teachers in initiating active 
knowledge organization was still necessary for the follow-
ing purposes:

•	 assessing the depth of the regularizing processes for 
difficult mathematical topics and optimizing the topic-
specific focus of organizing tasks,

•	 generating hypotheses for conditions of success (in an 
empirically grounded way), and

•	 corroborating these hypotheses by testing them in con-
trolled trials.

4.2 � Identifying deeper challenges and generating 
hypotheses by design research: the need 
to scaffold the verbalization of meanings 
and structures

With the developed design features at hand (see Sect. 4.1), 
further design research studies were conducted for in-depth 
investigations of students’ processes in active knowledge 
organization.

In a design research methodology, Glade and Prediger 
(2017) conducted design experiments with 18 sixth graders 
in pairs in order to investigate their learning pathways from 
a graphical part-of-part determination in area models via 

Fig. 4   Active organizing task structuring the regularizing and preserving process (Prediger et al. 2013, p. 52)
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progressive schematization of their graphical strategies to 
the discovery of the procedural rule (see Fig. 6).

The qualitative in-depth analysis of 760 min of video 
material revealed that progressive schematization is a vul-
nerable process in which students tend to jump from the 
graphical strategy to the procedural rule without under-
standing the connection between the two. Developing con-
ceptual understanding for multiplication of fractions, how-
ever, requires more than jumping between two strategies: It 
requires internalizing the graphical strategies and verbal-
izing the underlying structures and meanings.

The analytic findings contributed to the local instruction 
theory about progressively schematizing multiplication of 
fractions (more details in Glade & Prediger, 2017). Rather 
than conceptualizing progressive schematization only as 
loss of external representations, the external representa-
tions are semiotically contracted by successive compacting 
of the involved structures and concepts. These processes of 

compaction require explicit verbalization. Developing stu-
dents’ language about fractions must include developing a 
language for explaining meanings; in this case, phrases such 
as ‘the part can be referred to different wholes’ are more 
crucial than ‘numerator times numerator’. Those students 
who verbalized the inherent multiplicative structures of the 
three rectangles (see Fig. 6) could also justify the procedural 
rule in the area model.

One immediate practical consequence for the design was 
that the pre-structured knowledge storage had to include 
scaffolds for structuring and verbalizing the arguments (see 
Fig. 7).

Even if the analytic procedure and this articulation of 
results were at first topic specific, design experiments on 
other topics allowed replication of these findings on the rel-
evance of verbalizing inherent structures and meanings for 
successful connections of representations (e.g., algebraic 

Fig. 5   Repertoire of acquisition activities in the balance between convergence and activation (Barzel et al. 2013)
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expressions, Prediger & Zwetzschler, 2013; and percentages, 
Prediger & Pöhler, 2015).

Abstracting from the concrete topic of fractions and 
expressions for areas, this study extended our general 
understanding of the epistemic process of regularizing. 

Connecting students’ intuitive ideas to the regular math-
ematical concepts and procedures requires a mathematical 
discourse about structures and meanings that might be suit-
ably scaffolded by given meaning-related phrases, such as 
the explanations given by the four textbook characters in the 
organizing task in Fig. 2. This result led to Hypothesis 1:

Hypothesis 1  Regularizing from students’ intuitive ideas to 
the regular mathematical concepts and procedures requires 
the permanent verbalization of meanings and structures. 
Teachers and students need scaffolds for this verbalization, 
namely, structural scaffolds and verbal scaffolds with mean-
ing-related phrases.

4.3 � Exploring and validating Hypothesis 1: 
verbalizing meanings and structures

In further design research studies, Hypothesis 1 was 
explored in order to gain a deeper understanding of its back-
ground (e.g., Prediger & Pöhler, 2015, dealing with percent-
ages). In each of the topic-specific design research projects, 
the verbalization of meanings and structures (a) appeared 
as a crucial step in the process of consolidating conceptual 
knowledge; (b) revealed massive challenges for students, in 
particular for students with limited academic language profi-
ciency; and (c) was also challenging for teachers to facilitate.

Prediger and Pöhler (2015) investigated teachers’ scaf-
folding practices in a case study. They identified the neces-
sary language learning trajectory that teachers’ scaffolding 

Fig. 6   From initial context problem via graphical strategy to the pro-
cedural rule (Glade & Prediger, 2017)

Fig. 7   Pre-structured knowledge storage: scaffolds for verbalizing the inherent structures and meanings
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moves should follow in order firstly to connect students’ 
everyday language resources to the meaning-related lan-
guage for explaining meanings of concepts in the classroom 
discourse and then connect these phrases to the language of 
formal and symbolic mathematics.

Based on the identified conditions for successful and 
focused scaffolding, teaching units for fractions and percent-
ages were refined with respect to this sequence of language 
learning opportunities. The qualitative analysis of learning 
processes showed that when teachers engaged students in 
discourses about the meaning of the part-whole relationship, 
students’ regularizing processes became deeper (Prediger & 
Pöhler, 2015).

Based on these qualitative insights, Hypothesis 1 was 
tested in a quasi-randomized controlled trial on the topic 
of fractions, conducted with 343 seventh graders. Students 
in the language-responsive intervention acquired signifi-
cantly more conceptual understanding than those in the 
control group receiving ordinary ‘business as usual’ teach-
ing (Ftime = 272.97, p < 0.001, η2 = 0.45, Ftime × group = 22.57, 
p < 0.001, η2 = 0.12). The language-responsive intervention 
specifically focused on establishing a meaning-related dis-
course and on constantly verbalizing the connection between 
graphical, symbolic, and contextual representations using 
rich discourse practices. When comparing two versions of 
language-responsive support, engaging students in rich dis-
course practices of explaining meanings tended to be more 
effective than focusing on vocabulary (Prediger & Wessel, 
2018). This quantitative finding is in line with qualitative 
findings from other researchers (Moschkovich, 2015).

Although the cited studies are still limited in scope and 
number of topics, they provide the first empirical evidence 
for Hypothesis 1.

4.4 � Validating Hypothesis 2 in a randomized 
controlled trial: active elaboration on errors

As described above, the regularization process requires pos-
ing and maintaining high cognitive demand with respect to 
connecting the individual solutions from the inquiry phase 
to the mathematically correct solutions and representations. 
Within the framework of problem-solving before instruc-
tion (PS-I, see Sect. 3.2, Loibl et al. 2017), the erroneous or 
partially correct solutions from the inquiry phase are con-
sidered as relevant preconceptions upon which the second 
phase should build, for instance, by comparing strategies. 
However, adequately to design the instructional task for 
these comparisons, the relevant cognitive processes must 
be initiated by adequate prompts (Durkin et al. 2017). Based 
on the students’ solutions and phenomena from a pilot study, 
we formulated our second hypothesis:

Hypothesis 2  Regularizing from students’ intuitive ideas to 
the regular mathematical concepts requires the elaboration 
on correct and incorrect solutions and on the specific dif-
ferences relevant for a conceptual change from the intuitive 
ideas to the mathematical ones. For that purpose, teachers 
should present, and students should use, prompts to explic-
itly focus on the relevant features of the solutions.

The hypothesis was tested in a randomized control trial 
with 200 fifth graders using a learning task on fraction com-
parison (similar to Fig. 3) with three intervention conditions 
(Loibl & Leuders, 2019): In an inquiry phase, students in 
all conditions first worked on an identical problem-solving 
activity (targeting the comparison of fractions) without 
prior instruction about the targeted concepts and proce-
dures. In the subsequent organizing phase, students were 
given instruction on a correct strategy with an explanation 
(see Task 2 in Fig. 3). But how should students optimally 
process this example? In the different conditions, students 
were shown either (a) only correct solutions or (b) correct 
and erroneous examples, in order to activate them cogni-
tively to construct deeper conceptual understanding. In a 
third condition, (c) they additionally received the prompt: 
‘Compare the solution ideas of Till and Ole. What did Till 
do wrong? What did Ole do better than Till?’.

The ANOVA revealed that students profit most from 
being prompted to compare erroneous and correct solutions 
by their features (dark bars to the right of each set in Fig. 8), 
but not from merely being presented with the two solutions 
(striped bars in the middle of each set) or only the correct 
solution (light grey bars to the left). This effect is significant 
for those students whose articulated preconceptions were 
addressed in the organizing phase (middle set of bars; with 
F(2,61) = 5.69, p = 0.01, η2 = 0.16, d = 0.87; Loibl & Leud-
ers, 2019). The process of students explicitly referring to the 
erroneous solution could be shown to mediate this learning 
gain.

These results confirm Hypothesis 2, that the design of the 
organizing tasks can make significant differences.

4.5 � Field study testing overall effectiveness

Whereas Sects. 4.3 and 4.4 presented local empirical evi-
dence from efficacy studies on specific hypotheses in 
selected teaching units, this section briefly summarizes the 
final field study in which the overall effectiveness of teaching 
with the textbook was tested during two years of schooling.

The Mathewerkstatt group consisted of eight classes 
from comprehensive schools whose mathematics teachers 
introduced the textbook, and these classes were accompa-
nied by five teacher PD sessions about how to work with 
the textbook. One hundred and sixty-eight students from 
these classes completed all three tests in arithmetic at the 
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beginning of Grade 5, at the end of Grade 5, and at the end 
of Grade 6. The tasks addressed basic understanding of 
arithmetic topics (e.g., place value understanding, mean-
ing of multiplication and division, and word problems with 
natural numbers and decimal numbers) that are fostered and 
used regularly throughout the two school years. The control 
group comprised eight classes from comparable comprehen-
sive schools using their regular textbook, with 144 students 
from the control classes completing all tests.

As the ANOVA with repeated measures revealed, the 
Mathewerkstatt group had learning gains comparable 
to the control group during Grade 5 (presumably due to 
Mathewerkstatt group teachers’ starting difficulties). In 
contrast, during Grade 6, the Mathewerkstatt group had sig-
nificantly higher learning gains (Ftime×group = 5.34, p < 0.01). 
However, as is expected in a field study, the effect size was 
small at η2 = 0.03 (Neumann et al. 2017). Although this 
result was encouraging, it was fragile as it could not be rep-
licated in a second sample in another part of Germany.

One possible reason why the effectiveness occurred only 
in the second year and not in all districts might be that we 
measured the effects in the first year of implementation, 
which has often been shown to be too early, as schools 

gradually introduce the new ideas (Senk & Thompson, 
2003). However, a second major limitation was that no 
implementation control was administered, so sound proof 
of effectiveness has yet to be given, as the field study has 
provided only a first indication.

5 � Conclusion and discussion

5.1 � Summary and limitations of the presented 
snapshots from the KOSIMA project on active 
knowledge organization

Ambitious instructional practices, such as meaningful and 
inquiry-based learning, are hard to establish in mathematics 
classrooms (Maaß & Artigue, 2013; Silver & Stein, 1996). 
In this paper, we argue that careful and research-based text-
book design can substantially support teachers in realizing 
them. Whereas various textbooks provide convincing teacher 
support for engaging students in the first phase of inquiry, 
the second phase of active knowledge organization is a good 
example of a teacher challenge that requires more support 
(Silver & Stein, 1996) but has so far been mainly tackled 
in professional development (e.g., Stein et al. 2008) rather 
than in textbooks.

Fig. 8   How should the organ-
izing phase for students be 
designed? Results of a rand-
omized controlled trial (Data 
from Loibl & Leuders 2019)
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Although this paper cannot account for the whole com-
plexity of a 15-year research project, it offers snapshots into 
selected typical steps. These steps document how the chal-
lenge was treated by understanding it more deeply in action 
research processes and design research processes (Sects. 4.1 
and 4.2), by designing tasks and scaffolds for students and 
teachers, and by conducting studies for exploring and vali-
dating hypotheses about specific design features (Sects. 4.3 
and 4.4). Of course, the snapshots are all limited, supported 
by necessarily brief presentations of research that is docu-
mented more thoroughly in the cited papers. However, by 
connecting the steps to a presentation of the research journey 
through five studies, we intended to present a larger picture 
and a more complex contribution to the questions concern-
ing how to provide teacher support for initiating knowledge 
organization using textbooks.

The initial action research experiments confirmed the 
existing findings about teachers’ abilities to realize inquiry 
phases in mathematics classrooms when they work with 
rich open-ended context problems (Freudenthal, 1973, 
1991). However, they also confirmed the observations about 
teachers’ challenges in realizing the second phase of active 
knowledge organization (Lobato et al. 2005; Silver & Stein, 
1996). As a consequence, the design teams constructed tasks 
for comparing strategies and tasks for active knowledge 
organization that support teachers in realizing sophisticated 
facilitation practices (Stein et al. 2008), more specifically for 
engaging students in four crucial epistemic processes: col-
lecting, systematizing, regularizing, and preserving (Barzel 
et al. 2013).

The subsequent design research endeavors (e.g., on stu-
dents’ progressive schematization processes, Treffers, 1987) 
provided deeper insights on typical conditions of success for 
regularizing (Glade & Prediger, 2017; Prediger & Pöhler, 
2015). Two hypotheses were formulated on how to regular-
ize from students’ ideas to regular mathematics: Hypothesis 
1 focused the need for permanent verbalization of meanings 
and structures and Hypothesis 2 on the elaboration on cor-
rect and incorrect solutions relevant for conceptual change.

Both hypotheses were further explored qualitatively and 
then validated in controlled trials (Loibl & Leuders, 2019; 
Prediger & Pöhler, 2015; Prediger & Wessel, 2018). In both 
trials, the intervention groups, working with the design fea-
tures hypothesized as relevant, outperformed the control 
group in the post-test (Sects. 4.3 and 4.4). Although these 
results provide first local empirical evidence, their scope 
must not be overinterpreted, as the findings are still tied to 
the very specific research contexts, the specific topics, and 
settings in view. Future studies should broaden their scope 
by transferring the studies from fractions to further topics 
and by further exploring the exact conditions under which 
they work. In particular, more thorough process studies need 
to be conducted in order to capture teachers’ enactment.

In a huge textbook design research project that encom-
passes a whole middle school curriculum from Grades 5 
to 10, a highly controlled research project can cover only a 
small part of the material. In our case, only about 20% of the 
teaching units were investigated in design research studies, 
and less than 5% in controlled trials. Future research should 
continue to investigate other parts of the curriculum, but 
completeness can never be reached.

For Grades 5 and 6, at least, a field test was able to pro-
vide some first empirical indications for the overall effective-
ness of the textbook. Although this result was encouraging, 
it was still fragile and not yet replicable in a second sample. 
Due to the methodological limitations of big-sample drop-
out rate and missing implementation control in teachers’ 
enactment, these findings must be treated with caution, and 
further studies are necessary before claiming the textbook’s 
effectiveness. A further limitation is that in a big field test 
for a two-year curriculum, which design features were par-
ticularly crucial is no longer clear. Future implementation 
research will be necessary with systematic variations in the 
design in order to disentangle the effects of different design 
features.

Additionally, the field test revealed large differences in 
average learning gains of different classes. We interpret 
these class effects as a potential indicator for the important 
role of teachers’ design capacities (Brown, 2009; Cohen 
et al. 2003), which goes along with different enacted teach-
ing practices. Future studies will need to control for the 
implementation quality of the enacted curriculum (Heck 
et al. 2012; Tarr et al. 2006), because with the current data, 
we cannot test this interpretation statistically nor generate 
explanations for the different impact in different school sys-
tems. This will also allow the disentangling of what exactly 
a textbook or other curriculum material can achieve from 
what was determined by the professional development itself.

Although the textbook could be shown to support 
teachers, its enactment can evidently not be a substitute 
for teachers’ expertise (Ball & Cohen, 1996; Swan, 2007). 
From this we have concluded that there is also a need for 
professional development courses. Future studies will have 
to investigate the interplay of textbook support and profes-
sional development in more depth (as requested by Senk 
& Thompson, 2003; Tarr et al. 2006).

5.2 � Discussion on the meta‑level: How to establish 
a research base for textbook design using 
different research approaches

The research journey sketched in this paper also provides 
an answer to the meta-level question of how to establish 
an interventionist rather than descriptive research base for 
textbook design (a perspective that has not been in the main 
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focus of existing textbook research; see Fan, 2013). No sin-
gle research approach can provide a comprehensive research 
base because each approach has strengths and limitations. 
As Burkhardt and Schoenfeld (2003) have emphasized for 
other fields of research, the combination of different research 
approaches can enhance the understanding of teacher sup-
port by textbook design in the following ways:

Classroom observation studies can help to identify pro-
ductive and less productive teaching practices and the 
ways teachers enact the textbook curriculum. These stud-
ies have been increasingly refined by multiple methods 
(Heck et al. 2012; Tarr et al. 2006). However, descriptive 
approaches alone cannot help to overcome teachers’ chal-
lenges.
Action research studies can help collaboratively to 
develop solutions for teachers’ challenges by design-
ing elements for textbooks that can support teachers 
in enhancing their teaching practices. However, this 
approach is too limited to deepen the understanding of 
the process and to contribute to theory generation.
Design research studies combine iterative cycles of 
design and design experiments with deeper qualitative 
investigations of the generated teaching learning pro-
cesses. They can provide substantial empirical insights 
into patterns involved in teaching–learning processes, 
and generate hypotheses about typical effects and condi-
tions of success for design elements. However, design 
research with its qualitative methods can only establish 
and explore hypotheses but not validate them.
Controlled trials  form a well-established research 
approach for validating hypotheses about the efficacy of 
design elements in textbooks. They build upon the quali-
tative investigation of the teaching learning processes 
where hypotheses were generated. As efficacy is often 
shown in laboratory settings with highly controlled condi-
tions, these laboratory trials cannot yet provide ecological 
validity for the functioning of the design elements under 
realistic field conditions. For studying design elements for 
supporting teachers, this is a serious constraint.
Field tests form the research approach of choice, provid-
ing increased ecological validity by testing the textbook 
under field conditions with more teachers. While it is 
well known that field tests can achieve only smaller effect 
sizes, and raise many questions about comparability, they 
are important because they provide empirical evidence for 
the effectiveness of the designs.

The affordances and limitations of each of these 
research approaches show why their combination is so 
crucial for the long-term research program. This is well 
known in other fields of research and should (in the long 
run) also be established for a textbook research program 

that aims at generating theory and improving classroom 
practices at the same time.
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