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DOMAIN TRUNCATION METHODS FOR THE WAVE
EQUATION IN A HOMOGENIZATION LIMIT

MATHIAS SCHAFFNER, BEN SCHWEIZER, AND YOHANES TJANDRAWIDJAJA

ABSTRACT. We consider the wave equation 9?v°—V+(a.V)v® = f on an unbounded
domain Q. for highly oscillatory coefficients a. with the scaling a.(x) = a(x/e).
We consider settings in which the homogenization process for this equation is well-
understood, which means that v — © holds for the solution ¥ of the homogenized
problem 9?0 — V - (a.V)v = f. In this context, domain truncation methods are
studied. The goal is to calculate an approximate solution v on a subdomain, say
Q_ C Qo. We are ready to solve the e-problem on €)_, but we want to solve only
homogenized problems on the unbounded domains 24, or 4 \ ©_. The main task
is to define transmission conditions at the interface to have small differences u® —v°®.
We present different methods and corresponding O(e) error estimates.

Keywords: Wave equation; homogenization; domain truncation
MSC: 35L05, 35B27

1. INTRODUCTION

We study the wave equation in a wave-guide geometry: for dimension d > 2
and a cross section domain I', C R% ! we consider the unbounded domain €., :=
(—00,00) xT', C R% and a time interval (0, 7). The starting point is a homogenization
problem. For a highly oscillatory coefficient field a. : Qs — R we consider the
wave equation

(1.1) D" = (0] = V- (a:V)]o" = f

on Qo % (0,7). We study periodic coefficients a.(z) := a(x/c), where a = a(y) is a
Y-periodic field on R? Y := [0,1)¢. The setting will always be chosen in such a way
that the homogenization process is justified: The solutions v® converge in some sense
to a solution v of the homogenized problem

(1.2) .0:=[07 = V- (a.V)]o = f

on Q4 % (0,7). Regarding homogenization of the wave equation we refer to Theorem
4.3 in [7] and Chapter 2, 3.2 in [4]. The right hand side is always a given function
f @ Qs x [0,7] — R with compact support. Along the lateral boundaries (for
d = 2 these are 'top’ and ’bottom’ of the domain), we think of either homogeneous
Dirichlet or homogeneous Neumann conditions. To simplify the notation, we choose
vanishing initial data and solve (1.1) with the initial conditions v*(0) = vy := 0 and
0;v°(0) = vy := 0. Equation (1.2) is solved with the same trivial initial data.

Our interest is to study domain truncation schemes in this context. When the
solution v° has to be determined numerically, one replaces the domain ., by a
bounded domain; on the bounded domain, the wave equation is discretized. A rele-
vant research question regards the appropriate choice of boundary condition on the
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artificial boundary that is introduced by the domain truncation. The boundary con-
dition has the task that it does not create artificial reflections, therefore the names
non-reflecting boundary condition and transparent boundary condition are used. The
topic is interesting even in the time harmonic setting and even for homogeneous co-
efficients. Exact transparent boundary conditions can be derived for homogeneous
coefficients in special geometries and good approximations of exact conditions are
available for general geometries (but still homogeneous coefficients).

Our aim is to combine the question of domain truncation with the homogenization
limit. In order to fix a setting, we introduce the two domains 2_ := (—o0,0) x I, and
Q= (0,00)xI",. Weregard the left domain Q_ as the domain in which we would like
to know the solution and in which we are ready to solve the e-problem. The artificial
boundary is then I' :== {0} x I, C Q.. We assume that f is compactly supported
on Q_ x [0,7]. In order to construct a boundary condition on I', we are ready to
solve the homogenized wave equation on €2,. Obviously, for a numerical scheme, the
domain truncation must be performed additionally on the left, with another artificial
boundary on, say, {—L} x I',. For notational ease, we restrict ourselves here to the
above setting with a truncation only at I' = {z; = 0}.

The schemes of interest have the form that the e-problem is solved in the left part
with a function u®,

(1.3) O =f inQ_x(0,71),
and the homogenized problem is solved on the right domain with a function w,
(1.4) ou=0 1in Q4 x (0,7),

both with homogeneous initial data. It remains to choose interface conditions on
I = {0} xT, = Q. NQ,. To define a complete system of equations, we have
to introduce one condition that relates the values of u® and w on I', and a second
condition that relates the fluxes, i.e., derivatives of u* and of u on T'.

We emphasize that the task of defining a numerically useful truncation of the
domain can be regarded as solved with a scheme using (1.3)—(1.4), since a truncation
of the wave equation with homogeneous coefficients as in (1.4) can be performed with
well-established methods.

We will introduce and discuss different choices of interface conditions to comple-
ment (1.3)—(1.4). The simplest set of interface conditions is proposed in (2.4)—(2.5).
We use the term half-homogenized problem below for this set of interface conditions,
since they can be understood in a simple way by considering the function w® that co-
incides with u® on the left and with u on the right, see (2.3). The interface conditions
imply that the function we® is of class H'(€) and solves a wave equation on ),
namely one with the coefficients b. = a. on the left and b. = a, on the right, compare
(2.2). The analysis of (2.4)(2.5) is one of the aims of this article. We derive an error
estimate that shows, loosely speaking, v — u® = O(g) on Q_. For the precise setting
and the precise error estimate, we refer to Theorem 2.1.

We will also suggest two other sets of interface conditions. One is formally of
higher order and should therefore provide better approximations. Unfortunately,
error estimates for that scheme are only available in the trivial case of ('vertical’)
laminates, in which the scheme coincides with the half-homogenized scheme. We
nevertheless include numerical results for this scheme in Section 5 for a ’horizontal’
laminate. These results indeed show a moderate improvement of the results.
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A quite different approach is analyzed in Section 4. We do solve (1.3), but we
use a boundary condition that is constructed from the solution of a homogenized
problem on the entire domain. For this two-step scheme we present an analytical
error estimate and also numerical results.

Literature and further notation. Homogenization. In the 1970s a new field of
research within mathematical analysis emerged: The foundations were laid to de-
rive simplified models in homogenization problems [4, 22]. The subject became a
huge field, out of the enormous literature we mention just [1] for the introduction of
two-scale convergence and [15] for the fully developed theory for stochastic homoge-
nization, regarding porous media applications we mention [6].

As it turned out, the homogenization of the wave equation is somewhat trickier
than the homogenization of elliptic or parabolic equations. The problem regards
the initial values, which have to be adapted to the coefficient in order to obtain the
expected results. General (smooth) initial data must be decomposed into an adapted
part and an error part; the latter gives contributions to the homogenization error for
all times; in contrast to a parabolic problem, this error is not smeared out by diffusion.
The thorough analysis of these results appeared in [7]. Related are surprising features
in the long time homogenization of the wave equation, where dispersion effects occur,
see [3, 8, 23].

Numerics and domain truncation. Let us turn to the numerical treatment of the
wave equation. The wave equation can be discretized with finite differences or finite
elements, the resulting finite dimensional problems can be solved numerically. The
various aspects of stability and convergence for these schemes is well understood, see
[14, 18] and the references therein.

When the wave equation has to be solved on an unbounded domain, one has to
truncate the domain. Then one has to impose boundary conditions on the artificial
boundary; the aim is to use conditions that do not introduce artificial reflections.
The conditions are therefore called non-reflecting or transparent. We do not attempt
to describe this vast field here, we mention [12] as one of the early references. Still
regarding the time-harmonic case, periodic coefficients in the elliptic operator lead
to interesting radiation conditions; we mention [9, 20], and [13] for more general
background.

Regarding the time-dependent case, the situation is less satisfactory. We men-
tion the influential papers [10, 16] for typical results for the homogeneous equation.
More recent results and numerical aspects can be found in [2, 11, 19, 24]. For the
wave equation in, e.g., periodic media, to our knowledge, no transparent boundary
condition is known.

Finally, we mention the recent study [21], where truncations of domains in elliptic
problems are considered. There, large-scale regularity properties of random elliptic
operators are used to construct suitable boundary conditions in the truncated domain.

Our approach in this context. We have the aim to study domain truncations for
the wave equation in periodic media. Our approach is to assume that the periodicity
¢ is small and to make use of homogenization theory.

In all our schemes, we suggest to solve an e-problem on the truncated (bounded)
domain. This, of course, requires a fine numerical resolution on that domain. We
furthermore suggest to solve a homogenized wave equation either on the complemen-
tary (unbounded) domain, or on the entire domain. We emphasize that this is always
possible with little numerical effort: On the one hand, one does not have to use fine
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grids for the homogeneous problem. On the other hand, one has the possibility to
truncate the outer domain again, since transparent boundary conditions for homoge-
neous coefficients are available. In our experiments, we will actually simply solve the
exterior domain problems on sufficiently large domains (with any boundary condition
on the newly introduced outer boundary); by finite speed of propagation, this gives
accurate solutions.

Notation. In our mathematical results, we restrict to the case of a rectangular cross
section I', = (0,1)?"%. This choice makes it possible to study periodicity conditions
along the lateral boundary of the wave guide.

We use summation convention: without writing a summation symbol ), we mean
a summation over every index that occurs twice in an expression. The notation LP
is used as a short-hand for LP-spaces of x-dependent functions, such as L?(2), and
LY as a short-hand for LP-spaces of ¢-dependent functions, such as LF((0,7)).

The cross sectional unit cube is Y’ := [0,1)471. Spaces of periodic functions are
introduced as H},(Y) = {u € HL (RY) : u(z + e) = u(z) for ae. = € RY,

Vk € {1,...,d}}, the norm is that of H'(Y"). For (macroscopically) periodic functions
on Qg we use Hl (Qs) = {u € H (RY) : u(xy,-) € H).(Y') for ae. 21 €R }.

Standard elliptic cell solutions are denoted as ¢;(y), j =1, ....d.

2. THREE POSSIBLE TRUNCATION SCHEMES

2.1. Half-homogenized problem. The half-homogenized problem was already sketched
in the introduction. We look for a solution w® of the equation

(2.1) Oow® = [02 = V- (b.V)]u® = f
on s x (0,7), where the coefficient b, is given as

a.(x) for x € Q_,
22 b&‘ =
(22) (@) {a* for x € Q.

We note that the problem can be equivalently expressed with (1.3) and (1.4). The
solution w® of the half-homogenized problem (2.1) satisfies

I ) forz e Q_,
(2.3) w(x) = {u(g;) forx € QO ,

when we impose the following interface conditions on I' (continuity of values and
continuity of the flux):

(2.4) ut =u,

(2.5) e1-a*Vu =e; - a.Vu.

The main result of this article is the following error estimate for the interface
conditions (2.4)—(2.5).

Theorem 2.1 (Error estimate for the half-homogenized problem). We consider the
rectangular cross section T'y, = (0,1)4"! and periodic boundary conditions on the lat-
eral boundary of the wave guide Qo = R x T',. Let a € C%*(R?) be Y -periodic with
Hélder exponent o € (0,1) satisfy the following estimates of uniformly ellipticity with
parameter X > 0 and boundedness:

(2.6) MNEP < a(z)é- €, la(x)€] < [€] for all € € R? and a.e. x € R?.
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There exists ¢ = c(a,d,\) > 0 such that the following is true: Let T > 0, let
[ Qo x [0, T] be sufficiently smooth with compact support, and let € € (0,1] be with
L e N, let v° and w® be solutions to (1.1) and (2.1) respectively, both with vanishing
initial data. Then, for some k = r(d,\) > 0 and the distance r. = r~elog(1+¢&7 1),
there holds

sup ||Vo*(t) — Vw®(t)| 2_,.)
(27) te[0,7)
<ce (T(“Vﬂt:o”Lg + [IVOfllre2) + 1 fll a2 + ||Vf||Lt1Lg) ;

where we used slightly reduced domains defined by
Q= (—00,—1) xI,.

)

The proof of Theorem 2.1 is given in Section 3. It is based on the observation
that both solutions v® and w® have a distance of order O(g) to the homogenized
solution v. As a warning, we mention that, more precisely, the comparison is with an
oscillatory limit function that is constructed from v; the construction uses correctors
and is therefore different for v* and w®. The principal aim is therefore to quantify
homogenization errors in the periodic case and in the case of an interface between a
periodic and a homogeneous medium. For periodic media, we recover known results;
we use a modern language that allows to treat the non-periodic case within the same
framework. The non-periodic case is treated with the help of recent estimates for
extended correctors by Josien [17].

2.2. Two-step schemes. Another scheme determines the solution in two steps; we
emphasize that this scheme is not using (1.3)—(1.4). In a first step, we calculate the
solution v of the homogenized problem. This solution is used to define a boundary
condition for u® on I'.

We have two choices: Extracting from v Dirichlet data, we can impose a Dirichlet
condition for u® on I'. Another choice is to do the same with Neumann data. We will
concentrate on the latter and analyze the following scheme:

Calculate the solution v of the homogenized problem

0.0 =f in Q. x (0,7),

and use v to formulate the following boundary value problem for u*: With the cor-
rectors ¢; of periodic homogenization problems we impose

Oou® = f in Q_x(0,7),

2.
(2:8) a:Vu®-e; = a.(e; + V;)00 - e onI'x (0,7).

This two-step scheme also allows for O(e)-estimates. We perform the analysis of the
scheme in Section 4.

2.3. Higher order interface conditions. It is tempting to improve the interface
conditions (2.4)—(2.5) by using an expansion of the solution to a higher order. We
treat here only periodic media, i.e., coefficients a.(x) = a(x/e) with a Y-periodic
field a, and again use the correctors ¢;. Given a homogenized solution v on the right

domain €2, we expect that a better approximation of v on the right domain is given
by

(2.9) U 1= U+ cdju @; ,
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we recall that summation convention is used throughout this paper. Furthermore,
the flux through the interface is e; -a.Vv®. Given u, this flux should be approximated
with e; - a-(e; + V¢;)0;u. We are thus led to the interface conditions

(210) ut =u-+ 88]"& (bj ,
(2.11) e - a:Vu® = ey - ac(e; + Vo;)oju.

We note that, formally, this improves the interface conditions (2.4)—(2.5). While u®
necessarily has oscillations on scale € (on the left hand side), with (2.10)—(2.11), we
can hope to find u without small scale oscillations.

Our analysis for the scheme with transmission conditions (2.10)-(2.11) did not
yield satisfactory results. The only exception is the case of laminates. In the case
as. = a.(z1), the functions ¢, vanish for j > 2 and ¢, is a one-dimensional function,
®1 = ¢1(y1). We can choose the interface to be at a position with ¢; = 0. Then
(2.10) reduces to (2.4). The right hand side of the second condition is in this case
e1-a:(ej+V;)0;u = e1-a,Vu, and (2.11) reduces to (2.5). We therefore obtain that
the scheme is identical to the half-homogenized scheme for ('vertical’) laminates. In
particular, our analysis yields error estimates for the scheme in the case of laminates.

We refer to Section 5 for numerical tests with the scheme.

3. ANALYSIS FOR THE HALF-HOMOGENIZATION SCHEME

In this section, we provide the proof of Theorem 2.1. We therefore study solutions
u® of (1.1) and w® of (2.1). But before we start the analysis, we have to discuss a
quite general assumption.

Assumption 3.1. Let the coefficient field be given by a € L™®(Qs; R>Y). We con-
sider two properties:

(i) Uniform ellipticity. There ezists A > 0 such that
(3.1) MNEP < a(z)é - €, la(x)é] < |€] for all € € RY and a.e. v € RY.

(#i) Decomposition. For some a., ¢;, and o;, the following decomposition of a is
valid almost everywhere in Qo and for every i < d:

(3.2) ae; = aye; —aVao; +V - o

Here a, € R™? s a single matriz (the homogenized matriz), ¢; € Hll)er(Qoo)
(the correctors) are functions that respect the macroscopic periodicity conditions.

The correctors satisfy

Finally, the functions o; € Hpyy(Qoo; R4 (the fluz-correctors) are matriz-
valued and respect the macroscopic periodicity conditions. We demand skew-
symmetry in the sense 0,5 = —0oy;. The divergence of o; is defined by (V-0;); =

6kaijk.

Note that condition (3.3) is equivalent to 0 = V - V - g; = 0;0,0;;, and hence a
consequence of the skew-symmetry of o;.

Remark 3.2. Assumption 3.1 (ii) is satisfied for Y -periodic coefficient fields a. In
this case, ¢; is the (unique up to constants) periodic solution of (3.3) in the unit cell
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Y, a. is obtained by taking the average of (3.2), a.e; = fY (e;+V ;). In the periodic
case, the flux-corrector o can be constructed such that

(3.4) — Aoy = 0jqik, — Okqi;  where  q; :=a(e; + V;) — ae; .

We recall the construction in the appendiz, see Step 3 in the proof of Lemma 3./.

For'Y -periodic a, the extended corrector (¢,0) are also Y -periodic and, moreover,
can be obtained by a rescaling: For a. = a(Z) with % € N, a decomposition (3.2) is
obtained with ¢;. = £¢;i(2) and o, := €0;(2). The assumption é € N ensures the
macroscopic periodicity ¢; . € Hl, (Qs).

per

Our first lemma is of a very general nature. We assume the existence of an extended
corrector (¢, o) and derive an error estimate in the form of an energy estimate. The
method of proof is to multiply the equation with the time derivative of the solution
and to integrate. This provides an estimate of the energy of the solution difference
in terms of norms of the correctors. In this result, we define an “energy-norm” of a
sufficiently smooth function g : Q x [0,7] CR¢x R — R as

(3.5) E.(g;9Q,1) ( / 10ig(z,t)]* + |Vg(z, t)\de)

Here, for every z, we set €|, = £ - a(x). We suppress the index when the standard
Fuclidian norm is used, i.e., F := Ej.

We emphasize that the coefficient a in the subsequent lemma is the highly oscilla-
tory coefficient a that is treated in Assumption 3.1. In the periodic setting, we would
write a. instead of a in the lemma below. Correspondingly, we now use the wave
operators 0 := 97 — V-aV and 00, := 9? — V- a, V.

Lemma 3.3 (Energy error estimate in homogenization in terms of correctors). Let
Assumption 3.1 be satisfied. There exists ¢ = c¢(d, \) > 0 such that the following is
true: For T >0 let f : Qq % [0,T] = R be sufficiently smooth with compact support.
Suppose that v and v satisfy

(3.6) Ov=0v—V-aVv = f, 0,0 =0}v—-V-a,Vo=f,

with initial conditions v—g = V=0 = 0 and Oyvy—o = OVj—o = 0. Moreover, suppose

v(-, 1), 0(-,t) € H' (Quo) for all t. Then

per
z:=v— (U+ $;0,0)
satisfies

(3.7) sup B(z: Q1) < el (6,0) V20,0 1y 12+l |61Vl 1 12 +cll (6, 0) V0 o2

te[0,7)
where (¢, 0) is shorthand for |;| + |o|.

Proof. Throughout the proof we write < if < holds up to a positive multiplicative
constant that depends only on A and d.

Step 1. We claim that the difference z = v — (v + ¢;0,0) satisfies
(3.8) Oz=g with ¢g=V-((ag; —0;)VOiv) — ¢;020;0 .
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Indeed, we compute
Oz = f —0O(v + ¢;0;0)
= 0,0 —O(v + ¢:0,0)
= -V (a.V0 — a(V0 + 8,0V ; + ¢:;VO;0)) — ¢,0;0;0
=~V ((ase; — ale; + V) 00) + V - ap; Vv — ¢;00;0 .
Using (3.2), we obtain
V- ((ale; + Vi) — awe;))0;0) =V - ((V - 0;)00) =V - (0;VO;0) ,

where in the last equality we used V- (V- o) = 0 and the skew-symmetry of ;. The
calculation with indices reads, for every sufficiently smooth function 7,

V- ((V-0i)n) =(0;0k0451)n + (Oroiji)0m = Ok(0ijx05m) — 0ij0k05m = O (0ij105m) -

Step 2.  Multiplication of equation (3.8) with 0,z and integrating yields, using

®; € H;er( ~) to see that the integration by parts does not involve boundary terms,

B0 = [ gla)0s(o, ) do

= / (0 — apy)VO;v(x,t) - VOz(x,t) — ¢;070;0(w, 1) 0s2(w, t) d
Qoo

Since z = 0z = 0 for t = 0, we obtain for every ¢ > 0

E(2;Q0,t)* < —ag;)VOiv - VOz + ¢;020;00,2 dx dt’
— ) VO,0,5 - V= — 020,00,z du dt‘
+ ( —a¢;)VOv(x,t) - Vz(x,t)dz
/ / (IV20,0||V 2| + |02V |0u2)

n / (6, 0)|[V20(0)] [V (1)

Using Young’s inquality and absorbing the norm of Vz(¢) into the left hand side, we
obtain

B2 O, 1)? </ / (IV20,0(|V 2| + [92V]10,27))

+ [ oo P ds.

We take the supremum over ¢ € [0,7] and obtain
sup E(z; Qu, 1)* S sup B(z Qoo 1)([[(0, o)V 0,0l 112 + 161Vl 1y 12)

0<t<T
+ (6, 0) V20l o 2 +

and the claim follows. O
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Let us note what the above estimate implies in the case of periodic coefficients. By
Remark 3.2, the correctors ¢; . and o; . are of order ¢ in the periodic case. Therefore,
in this case, Lemma 3.3 provides the familiar estimate ||V (v® —0)||pecr2 < € whenever
v is sufficiently smooth.

Our aim is to estimate a difference of functions v* and w® that satisfy

0 —V-a.Vu=f and 0w —V-b.Vu®=f
with a. = a(<) and b, given by (2.2). The idea is that both solutions v* and w*®

converge to the same limit solution . Indeed, a. and b. satisfy the decomposition
(3.2) with the same constant coefficient field a.. We estimate the difference between
v® and w® by appealing twice to Lemma 3.3, using once a = a. and once a = b.. The
key in the proof is to control the extended correctors of b.. The next lemma contains

the necessary estimates for the extended corrector of the coefficient field b for ¢ = 1.

Lemma 3.4 (Extended corrector for b, [17]). Let the coefficient field a : RY — R4*4
be macroscopically periodic in the sense that a(x + e) = a(x) for almost every x and
every k € {2,...,d}. For some a € (0,1) we assume the reqularity a € C%*(R?). Let
Assumption 3.1 be satisfied with ellipticity constant A, homogenized matrix a,, and
extended correctors (¢;,0;). Let the coefficient field b be given as: b(x) = a(x) for
r1=e1 -2 <0 and b(x) = a, for x1 > 0. Then b can be decomposed as

be; = a.e; — bV(Ez’ +V .o,

where all ¢; € WEh (R, RY), 5; € L (R%: R*4xd) H (R% R*X) sqtisfy

There ezists C = C(a,d,\) € [1,00) and k = r(d,\) > 0 such that
(39) IV (65(2) — 63(2))| <C exp(—rlaal) for o1 < -1,
(3.10) Vo, ()| <Cexp(—rl|z|) forz > 1.

As indicated above, Lemma 3.4 is essentially contained in [17], see Propositions 5.3
and 5.4, which cover a more general situation. Since it is not obvious how to translate
the statements of [17, Proposition 5.3, 5.4] to the present situation, we provide a proof
of Lemma 3.4 in the appendix.

We can prove our main result my combining Lemma 3.3 with Lemma 3.4.

Proof of Theorem 2.1. Throughout the proof we write < if < holds up to a multi-
plicative constant that depends only on a,d and A\. We use the solution v of the
homogenized problem 0,0 = f in Q. x (0,T) with periodicity boundary conditions
on d€ x (0,7, trivial initial conditions and the operator [J, defined through the
coeflicient a,.

Step 1. We claim that

(3.11)
sup [|[Vv*(t) — Vws ()| z2_,)
te(0,7)
S e(IV20ll e + V70l paps + 11V?0]| e r2) + exp(—kL) [VO(E) | L2,y -

We have to study the extended correctors for a and b. For % € N, the coeffi-

cients a. := a(Z) and b, := b(2) satisfy Assumption 3.1 and the correctors and flux-

correctors are given by ¢;. 1= e¢i(2), ¢i = €0y(2) and 52-75 = E%Z(g), Oic i=€04(2),
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respectively. By standard (elliptic) regularity and Lemma 3.4 we have
(3.12) 1(6, )| oo (ra)y + (0, 0) [ oo qray S 1.

The triangle inequality allows to calculate
Vo (t) = Ve ()] 2 - )
= V(0 = (0 = ¢1. 9:0) (Bl 200 + IV (W = (0 = 10 0:)) () [ 22000
+ IV ($ic = 6:.0)00) (Ol 22, -

The first two terms on the right-hand side above can be estimated with help of
Lemma 3.3, (3.12) and the scaling property of the correctors,

V(0" = (0 = i:0:0)) (1) 1200y + V(0 = (0 = $:.20:0)) () | L2020
S g(’|v2at77’|Lng + HvatZTJHL,}L% + [ V0| pe2) -
In the remaining term we evaluate the derivative of the product and use a triangle

inequality. For the first term we use once more (3.12) and the scaling property of the
correctors. For the second term, we use (3.9) of Lemma 3.4.

IV ((dic = 61.)0:0) ()l 202,y S ellVZ0(E) |20 + exp(—rr/)[[VO()] 222, -

This provides (3.11).
Step 2. Standard regularity results for solutions to the homogeneous wave equation
are obtained by testing the wave equation with 9,0 and with 0;V-a,Vv. Furtheremore,
one can differentiate the wave equation with respect to t and then test the result with
02V - a, V. These steps provide

IVOllsers SNz IV0lloeers SUIVFllnire,

IVO;0| ez + V200l ez S NIV F(O)|lzz + VO fll Lyra -
Together with estimate (3.11), they imply

sup [|Vo*(t) — Vw®(t)| 2_,)

(313) te[0,7)

S eIVl + IVOfllprrz) + IV flleyre) + exp(=rD)[ fllzyzz -

In the theorem, we use the distance r = r. = k telog(l + ¢7!). The elementary
estimate

exp(—r%) = exp(—log(1 + e < T <e

provides (2.7) and concludes the proof of the theorem. O

4. ANALYSIS FOR THE TWO-STEP SCHEME

The two-step scheme has an O(eg) error estimate just as the half-homogenized
scheme. We note that the estimates for the two-step scheme provide the error up to
the interface, which is slighty better than in the half-homogenized scheme.

Theorem 4.1 (Error estimate for the two-step scheme). We consider the cross
section T, = (0,1)4"1 and periodic boundary conditions on the lateral boundary
of the wave guide Qpe = R x I',. Let a € COYRY) be Y-periodic and satisfy
the ellipticity condition (2.6) with parameter X > 0. For all T > 0 there exists
c = c(d,\ ||al|coryy, T) > 0 such that the following is true: Let f : Qo x [0,T] be
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sufficiently smooth with compact support, and let € € (0, 1] be with % e N, let v° and
v be solutions to (1.1) and
Lo =f,
both with vanishing initial data. Moreover, let u® be the solution to
Oou® = f in Q_ x (0,T)
(4.1) a:Vu© - ey = a:(e; + V)00 - e inT x (0,7)

with vanishing initial data. Here, ¢;. denotes the rescaled periodic corrector: ¢;. =

epi(2) with ¢ € H) (V') solving (3.3) and [, ¢;dx = 0. Then

sup_([|0:(v° — w) (t)ll 20y + V(0" = @) (O)l|z20))
t€[0,T]

(4.2)
<ce <Hf||L;x>Wz1’2 + HatfHLtOOWIQ’Q + HaffHLtOOLg) .

Proof. Throughout the proof we write < if < holds up to a multiplicative constant
that depends only on d, A and ||al[co1(y).

Our aim is to derive an estimate for 2° := v®* — u®. We will obtain an energy type
estimate, i.e., an estimate for

E.(t) :=E, (25,Q_,1),

where E,_ is defined in (3.5). Loosely speaking, the energy controls Vz¢ and 0,2° in
the space L>®L2.
We make use of the flux-corrector o.;. They are given by o,. = c0;(<), where

:
0; € H} (Y, R™®?) satisfies (3.2) and the antisymmetry condition oz = —0;-

Step 1. We claim that the difference 2° satisfies the following estimate:

sup E.(t) SIVY® — (e + Vi) 00| ooz + ([ VO — (ei + Vi) 0i0i0| 13 12
te[0,7)
43) HIGR0F — )z + (0 + TYIV20l e + 170l g20).

We will obtain (4.3) by testing the equation .2° = 0 with 0,2°. The wave equation
for 2 is a consequence of (1.1) and (2.8). We exploit the boundary conditions for u*
and the divergence theorem to calculate

¢
E_(t)? :/ /(&tze)ag(VvE — V) - ey dH ds
o Jr
¢
:/ /(@zs)as(Vz}s — (€; + Vi )0i0) - er dH ™ ds
o Jr

:/ V- ((0i2°)a.(Vv® — (e; + V¢, )0iv)) dx ds
0o Ja_

(4.4 () + I3,
with

t
I3 (t) ::/ V0,2° - (a(VV® — (e; + V¢, .)0;0)) dx ds
0o Ja_

¢
I5(t) ::/ 02°V - (ac(VV® — (e; + V¢, .)0,0)) dz ds .
0o Ja_
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Treatment of I7. We use an integration by parts in time to rewrite the term as

ﬁ@%:/ V(L) - ac (Vs (t) — (e; + Vi )0,0(t)) dx

t
— / Vz2(s) - ac (VO (s) — (e; + Vi) 0:0:0(s))) dx ds .
0o Ja_
With Hoélder’s inequality we obtain
15 ()] S E() Vv — (ei + Vi) 00| r2a_)
t
(45) + / EE(S) HV@tva - (62' + v¢i78)aiaﬂ7”[/2(gi) ds.
0
Treatment of I5. In order to estimate I5(t), we use 0.v° = f = 0,0 in the form
V- a.Vov© =0} — f =04 — 00+ V -a. Vo,
and rewrite I5(t) as
t
L) = / O (P0f — O20) du dt + I5(2)
0o Ja_
with
t
(4.6) () = / 02V - ((anes — ac(es + Vs ))050) da dt
0o Ja_
Treatment of I5. We use an integration by parts in time and the identity

V- ((avei = ac(ei + Vi))g) = V- (V- 0ic)g) = V- (0::Vg)

with ¢ = 0;0 and g = 0;0,v. The divergence theorem allows to calculate
t
I5(t) :/ 25(t)V - (0,0 V(1)) dx — / / 2°V - (0,:0,0,VV) dz ds
_ 0 Ja_

= /F ZE(t) (aw&V@(t)) c € d?‘ldil - / Uiﬁ@-V@(t) : VZE(t) dx

t t
— / / ze(am@&gV@) - € de_l ds + / / Ui758ivat’lj . VZE drds.
0 JI' 0 —

We next use the smallness of the flux-corrector in the form sup,cpa |0i-(z)] S €
for all i = 1,...,d (which follows from Remark 3.2 and elliptic regularity using the
assumption a € C%(Y')), and the trace estimate

gllz2y S llgllwre) Vg e WH(Q).

We continue the above calculation with
115(1)] Sellz2 () lwrz@ ) IV0(0) lwrz@.)
t
(4.7) + 8/ HZE(S>HW1,2(Q_) HatVQ@(S) le,z(g_) ds.
0

Finally, we use 2°(0) = 0, which implies

12°(0) |20y <t sup [|0,2°(s)] 1200y 5
s€[0,t]
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and hence also

[z (@) [lwr2-) < (V25 ()|l 220-) + ¢ s 10:2° ()l 20y S (1 +1) s Ec(s).
s€(0,t s€(0,t

This estimate allows to conclude from (4.7):

I5(1)] Se(l+1) sup E.(s)[[V20(t)[lwr2@. )

s€[0,t]

t
(4.8) + 5/ (145) sup E.(s)||V20,0|l w2y ds .
0 s'€[0,s|
Conclusion for I5(t) and proof of (4.3). Estimate (4.8) allows to conclude for I5(t):
58] Se(1+1) s1[1p]Ee(s)llv%(t)llvvlz(w
se|0,t
t

(4.9) + sup EE(S)/O (1167 (v° = 0)(5) | 2oy + (1 + 8) V200 (s)[lwr2(0_) ds.

s€[0,t]

Estimate (4.3) follows from (4.4) together with (4.5) and (4.9) by taking the supre-
mum over ¢ € [0, 7.

Step 2. Derivation of (4.2) and conclusion of the proof.
From the abstract homogenization estimate in Lemma 3.3 we conclude

Vv — (e + Vi) 05| 1oz S eC(T) V200l a2 + V70N a2 + (V20| per2) -

We note that the term ¢, .V 0,0 does not appear explicitly, since it is included in the
right hand side.

We can also obtain estimates for time derivatives. By a differentiation in time we
have

Dgatva == @gf == D*ﬁt@ .

Since f vanishes at ¢ = 0, there holds 979(0) = 9?v°(0) = 0. Thus, we can apply
Lemma 3.3 to the time derivatives with the effect that

107 (v° = 0) | o2 + VO = (e + Vi ) 0050 | Lo 12
SeC(T) (V2070 s + VOOl arz + 10:V?0|| ez + (1040 ngerz ) -
Combining the two estimates gives
[Vv® — (ei + Vi) 0iv| o2 + |[VOT — (€ + Vi) 01050 Lo 2
(4.10) + (107 (v — 0)|| pe 12
S eC(T) (HafVEHLth;’Q + V7ol Lirz + 100 pporpzz + HV%HL;”L%) :
The combination of (4.3) and (4.10) yields

S[U-p]Ea(t) SeC(T) (”at@HLch;’»? + ||8§V@||L?OW;,2 + HVQT)HL?’L% + ||V8§’17||L?OL%) .
te[0,T

Estimate (4.2) follows from basic regularity estimates for solutions v of 0,0 = f. O

5. NUMERICAL RESULTS

In order to validate the different schemes, we develop two test cases and we compute
the L2-error for each method.
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5.1. One space dimension. As our first problem, we consider (1.1) in one space
dimension with f = 0, complemented with the initial conditions

(5.1) v =9g=0 1in Q_ x {0},
(5.2) O =h in Q_ x {0},
with

(5.3)

B 1+ cos(mzy) in{-3 <z <—-1} x{0},
o elsewhere.

The coefficient a. is given by:

(5.4) a-(r) = V2 + sin(2rz, /¢)
such that the corresponding homogenized coefficient is
(5.5) a,=1.

To implement the various methods, we discretize equation (1.1) using P1 finite
elements both in space and time, with a regular mesh with Az = 0.01 and At = 0.002
for all methods. Thanks to the principle of finite propagation of the solution of wave
equation, we can simply truncate the domain and apply a homogeneous Neumann
boundary condition on a sufficiently large domain in order to calculate a reference
solution v°.

The various solutions obtained by the different methods are superposed with the
reference solution in Figure 1 for ¢t = 2.5 and ¢t = 5. For the value ¢ = 0.2, Table 1
lists the errors for the various methods.

exact . — ;/, =\ exact — e ——
——— half-homogenised g RN half-homogenised
09l 2 step Dirichlet / | 09k 2 step Dirichlet
2 step Neumann / 2 step Neumann

FIGURE 1. One-dimensional test. We plot solutions in €2_, the solu-
tions are obtained with different methods. The wave starts to see the
artificial boundary at x = 0 at time ¢ = 1. The left graphs show the
solutions at time 7" = 2.5, on the right we see the solutions at time
T = 5. We see that, in all schemes, the reflection error travels from the
artificial boundary to the left. The smallest errors in the max-norm
are obtained for the half-homogenized scheme.

Figure 2 shows how fast the error converge as ¢ tends to zero. The curves show that
the error from the two-step Neumann method is less than those of other methods.
The error increases when ¢ becomes too small, since the chosen Ax is not small
enough to capture the oscillations of the coefficient field.
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(Method [T~ T-T [~ —all|
Ve 0 2.6030 | 0.0180

v 0.0180 | 2.6064 0
HH 0.0116 | 2.6090 | 0.0199
2S-D | 0.0206 |2.6134 | 0.0253
2S- N 0.002 |2.6038 | 0.0179

TABLE 1. L2-norms of the errors at 7' = 5 and for € = 0.2 in one space
dimension. We always evaluate norms in the domain of interest, i.e.,
in Q_. For a comparison, we include differences with the homogenized
solution v.

—e— half-homogenized
—s— two-step Dirichlet
two-step Neumann

L? error

0 0.2 0.4 0.6 0.8 1

FIGURE 2. L2-norm of the error at ¢ = 5 in one space dimension. The
different curves show the different methods.

5.2. Two space dimensions. For the 2D case, we use the domain €., with the
cross section I', = [0, 1], and we impose periodic boundary condition on 9. As
data we use once more f = 0 and g = 0, and for the initial time derivative h the
condition

(5.6)
hz,y) = {;os (27r\/(x +0.5)2 + (y — 0.5)2) lesi(x +0.5)% + (y — 0.5)2 < 0.0625} ,

In one of our experiments, the coefficient field is given by
(V2 +sin(2mzy /¢) 0
a5<x17 x2> - < 0 \/5 + Sin(27T.ﬁL'2/€) )
which leads to

10
a.(x1,29) =1d = (0 1) :

We discretize the domain with a regular mesh with Ax = 0.02 and At = 0.001.
Figure 3 shows the exact solution v® (calculated on the entire domain with the oscil-
lating coefficient) for ¢ = 0.2.
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Numerical Solution Numerical Solution

! ! — y
08 0.1 08 o1
o8 08
07 0,08 07 0.08
06 06
0.06 0.08
05 o5
04 04
0.04 0.04
03 o3
02 w02 02 .02
0.02 0.02
0 0 0 0
-3 25 -2 -1.5 -1 -0.5 o 05 1 15 2 - -25 - -1.5 - 5 1 5

Fi1GURE 3. The exact solution for ¢ = 0.2 at time T in two space
dimensions. Left: T'= 0.25. Right: T" = 2.

Table 2 shows the errors for the different methods for € = 0.2. The exact solution
v® and the homogenized solution v is computed with a finer discretization, we use
Axz = 0.01. Once more we see that the solutions of our proposed approximate schemes
are closer to the exact solution than the homogenized solution.

(NMethod [ -] T-T [T~ —ll]
Ve 0 0.0718 | 0.0072
v 0.0072 | 0.0719 0
HH 0.0028 | 0.0721 | 0.0064
2S - D | 0.0029 | 0.0717 | 0.0066
2S5 - N | 0.0045 |0.0728 | 0.0071

TABLE 2. L?-norm of errors for different methods. We use t = 2 and
e = 0.25 and consider the solution in €)_.

Figure 4 the behavior of the error as ¢ — 0. In contrast to the 1D experiment,
now the half-homogenized method gives the best solution.

We studied additionally another coefficient field. We use the discontinuous and
isotropic coefficient a that is given by the scalar field a(y) = 2 for max{y;, y2} < 0.5,
and a(y) = 1 for max{y, y2} > 0.5. The results for this coefficient are comparable to
the smooth coefficient field, but we now observe a weak performance of the two-step
scheme with Neumann conditions. See Figure 5 for the results.

We have performed numerical experiments for various schemes. The half-homo-
genized method and two variants of the two-step method. We can observe that the
half-homogenized scheme provides always a good choice as an approximate system:
It is easy to implement and it provides errors that are never significantly larger than
the errors of the two-step schemes.

5.3. Higher order interface conditions. Even though an analytical treatment did
not give satisfactory results, we made numerical tests with the interface conditions
(2.10)—(2.11). The tests were performed in the case of a scalar a describing horizontal
laminates, which means that the coefficient is a = a(x2) and the correctors satisfy
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9 1072
—e— half-homogenized
—&— two-step Dirichlet
1.5} two-step Neumann
S
g 1|
N
0.5F
O | | | | |
0 0.1 02 03 04 05 06

FIGURE 4. L? error of the different approximations at ¢ = 2 in two
space dimensions. We recall that errors are always evaluated in 2_.

—e— half-homogenized
—s— two-step Dirichlet
two-step Neumann

1072

1.5 .

L? error
—_
I
|

O [ | | | O
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

9 e

FIGURE 5. L*(Q2_)-error in two dimensions for ¢ = 2 and an isotropic
coefficient a.. Here, a discontinuous coefficient field is considered. Left:
Comparison of all three methods. We see that the two-step Neumann
scheme produces much larger errors than the other two schemes. Right:
Zoom of the left figure, showing only the two methods that perform
better. We can see again the O(e) behavior of the error, at least in the
region where the discretization is fine enough to resolve the e-scale.

$1 =0, g2 = Pa(y2). In this setting, the conditions (2.10)—(2.11) simplify to
(5.7) ut = u+ by dy,
(5.8) e1 - a:Vu® = a.01u.

Our experiments are with the 1-periodic coefficient (¢ = 1) determined by a(§) = 2
for £ € [0,1/2) and a(§) = 1 for £ € [1/2,1). In all numerical experiments, we solve
the a.-wave equation on the domain Q := (0,4) x (0,4) and the a,-wave equation
on the domain R := (4,6) x (0,4). The interface is I' = {4} x (0,4). The two
problems are either coupled through the half-homogenized coupling conditions u® =
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4.0 q

354

3.0 9

259

2.01

1.5+

1.0 4

0.5

0.01

FIGURE 6. Left: A snapshots of the concatenated solution (u®|u) of
(5.7)—(5.8); in particular, the correction is included. The solution is
shown at some time instance t,. The wave was generated by continuous
initial condition ug with support around the point (2,2). Right: For
the same time instance ty, a snapshot of the difference between solution
(uf|u) and the true e-solution v®. Errors are large for z; > 4, since
different equations are solved in R. FErrors for z; < 4 are due to
incorrect reflections at the artificial interface I'.

uw and e - a.Vu® = a,.01u along I' (in this case, we write “without correction”),
or by (5.7)—(5.8) (“with correction”); typical solutions are shown in Figure 6. In
order to measure solutions and, more importantly, differences of solutions, we use
o]« == |lv]allL2@). Here, the “true solution” is the numerical solution v° of the
a.-problem on the combined domain Q UT' U R. As a measure for errors we use
err. = ||u® — v¥||./||v%]|«. For results see Figure 7.

We conclude that the numerical tests for higher order interface conditions are
promising, at least for horizontal laminates and if one is satisfied with a 30% reduction
of the error. The analytical treatment turns out to be more challenging than one
might expect.

APPENDIX A. ARGUMENT FOR LEMMA 3.4

As mentioned above, Lemma 3.4 is a special case of [17, Proposition 5.3, 5.4] (see
also [5] for related results). We mainly follow the argument of [17], but treat the
construction of the flux-corrector o with special care.

Proof of Lemma 3.4. In order to express the macroscopic periodicity in terms of func-
tion spaces, we set
(A1) L2 () = {u € L (RY)|u(z + &) = u(z)Vk € {2,...,d}, Vo € R} .

per loc

We can define additionally H!, () = HL (RY)NL? . (Qs). The norms in these two

per per
function spaces are defined with integrals over €2, i.e., we use the standard norms

|-l Lr(0oy and ||| g2 (o.)- When no LP decay property of the values is demanded, we
use the notation with a dot: Hl, (Qs) 1= {u € HL..(Qu)|Vu € L*(Q)}. Through-

per er
out the proof we write < if < holds up to a multiplicative constant that depends only

on «,d and \.
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—— without corr,
0.030 4 — with corr.

0.025

0.020

0.015 A

0.010 4

0.005 -

0.000 -

T T T T T T T T T T T T T T T T
0.0 0.5 10 15 2.0 2.5 3.0 0.0 0.5 1.0 15 2.0 2.5 3.0 3.5 4.0

FIGURE 7. Left: The error err, over time for the coupled set of wave
equations, with and without correction. We observe that the error is
descreased by including the correction. The error vanishes up to the
time instance when the wave hits the interface at ; = 4. Right: We
consider the solution u® with correction. The graphs show the two
functions «°|r and u|r. We see that the difference is small, hence the
correction in (5.7) is not pronounced. Nevertheless, we can observe
that the curve u|r seems to be somehow smoother than u°|p, a result
that one can expect: u solves a homogenized problem and should have
better regularity than u°.

Step 1. Existence. We show the existence of <;~5j € Hy,

(Qo) satisfying
(A.2) —V-b(V;j+e)=0.

We choose a smooth cutoff function 7_ that depends only on the first coordinate,
n-(z) =n_(z1), with n_ =1 on (—oco, —1) and n_ = 0 on (—3, 00). A cutoff function
n+ for the complementary domain is defined as 74 (x) := n_(—=z). We search for ¢;
in the form

(A.3) ¢ =¢jn-+z.

This ansatz expresses that @ is close to ¢; in the left part of the domain and small
in the right part of the domain. The equation for z can be derived from (A.2) and
(A.3) using V - b.e; = 0:

_v.wve A _y. [bV(ﬁgj — 1)
- -V [b(vcls} +ej) —blej +1-Vo, + ¢>Nn—)]
(42 —V - [beej —ble; +n-Vo; + %Vn—)]

[b
= =V -lbej —b(ej + Voj)n- — be;(1 —n-) + bg; V-]
[(buej —b(ej + Vé;))n- + (1 —n-)(be —b)ej — bo;Vn_]
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with the two functions

fi=(b —b)e; (1 —n-) = bo; Vi,
g =(ave; —ale; + V;))n- .

The above formula for g exploits that b = a on the support of n_. The identity
a, = b, holds everywhere. It implies, in particular, that the function f has a compact
support. As such, by our regularity assumptions, it satisfies f € L?_ (£) for all
p € [1,00].

For the subsequent analysis, our aim is to write —V - bVz as the divergence of a
function with compact support. Regarding g, this still requires some more calcula-
tions. Appealing to (3.2), (3.3), and the skew-symmetry of o;, we can write

V.g=Vn_-(ae; —ale; + V¢;))
=Vn_.-(-V-0j)=-V-(0;Vn) =V -7

for g := 0;Vn. This brings the equation for z to the final form
(A4) —V:-bVz=-V-h, with h:=f+gel? ()

per
for every p € [1, 00].
In order to construct the corrector, we can now reverse the argument. We define z
as the unique Lax-Milgram solution to problem (A.4) and define &Sj with the identity
(A.3). Then ggj satisfies (A.2).

Step 2. Decay and regularity properties of 5 We show (3.10), the argument for
(3.9) is analogous. We recall that the cross section of Q. = R x I, is given by
I, =(0,1)%1L

We start with an observation on (A.4). The divergence theorem can be applied on
subdomains of the form {x € Q. |r < x; < ro}. Together with the fact that h is
supported on {|z{| < 1}, it implies that the integral in the subsequent equation (A.5)
is independent of r for |r| > 1. The property Vz € L?(€,,) implies that the value of
the integral vanishes,

(A.5) / bVz-epdr =0  V|r|>1.
{r}xDx

Multiplication of (A.4) with z and integrating over {z € Q| R < z; < R'} for
1 < R < R/, exploiting once more that h is supported on {|z;| < 1}, we find

/ bVZ-Vzdx:/ zbVz - e dm—/ 2bVz e dx.
(R,R")xT {R'} xTs {R}xT«

Observation (A.5) allows to modify this equation by subtracting averages zj, :=

f{R}XF* 2. We obtain

/ sz-Vzd:U:/ (z — 25 )bV 2z - €1 dx—/ (z — 2p)bVz - e dr.
(R,R')T. {R/}xT.

{R} =T

The Poincaré inequality in the (d — 1)-dimensional slices allows to conclude

(A.6) / bVz-Vzdr S / V2| do + / Vz|?dx .
(R,R")xT s {R'}xT s {R}xT
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Sending R’ — oo in the above estimate, using once more Vz € L?({,,), we obtain

F(R) := / Vz|? dx < / Vz|?dz VR >1.

(R,OO)XF* {R}XF*

This implies the differential inequality F(R) < —xF'(R) for all R > 1 and some
k= k(d,\) > 0. We rewrite this as & log(F(R)) = % < —k and thus, for all
R>1,
log(F(R))—log(F(1)) < —k(R—1), which yields F(R) < F(1)exp(k)exp(—rR).
Appealing to local regularity theory, we obtain for z; > 1

(A.7) |Vz(z)| < exp(—kxy) .

We have thus deduced (3.10) from (A.4).

Step 3. Construction of o. Let us first recall the construction of o, i.e., the
construction for periodic coefficients a. One seeks ¢ in the form

(A.8) oijk = 0;Nix — O Nij

where N is the solution of class N € Héer(Y, R?*9) of the elliptic problem

(A.9) — AN;; = (ale; + V) — ase;) - ej =1 q;5 -

The ansatz (A.8) already implies the skew-symmetry oy, = —0;;. Furthermore, we
can calculate in the sense of distributions

(A.10) — A(Ok0iji — Gij) = —(0;06ANy, — AAN;; — Agi;) = 0;0kqi =0,

where we used first (A.9) and then the corrector equation in the form Opgy = V -
ale; + V¢;) = 0. Combining Weyl’'s Lemma with the computations of (A.10), we
deduce that Oyo;jr — ¢;; is smooth and harmonic. Since, by construction, 0yo;jx — ¢i;
is periodic with vanishing average fy Ok0ijk — ¢ij = 0, we obtain Oo;;, = ¢;;. This is
the desired property of the corrector o, compare (3.2).

We now turn to the construction of & for the coefficient b. Our goal is to construct
N satisfying
(A.11) — ANy = (b(e; + V) — beey) - e; =: Gi; -

We do not seek a Y-periodic solution, but we do impose the macroscopic periodicity
conditions and demand N € ngr(Qoo; R?*4). Furthermore, we require the bounded-
ness
(A.12) Va € (0,1): sup ||VNij||CO,a(z) <cla,d,\) < 00

z€R4
Once we have constructed N, we can define & € H) o (Qoo; R ) a5 in the periodic
case as B N

5ijk = 8J.]\721€ — (‘3sz] .

Let us first argue that this construction indeed provides o with the desired prop-
erties. As in the periodic case, we find that 0,o;;, — ¢;; is harmonic and smooth. The
function has is 1-periodic in every direction k € {2, ..., d} because of the macroscopic
periodicity of N and ¢. In the positive z;-direction (i.e., direction of ey, k = 1) we
observe that ¢;; has exponential decay by (A.7) and 00, is bounded by (A.12).

In the negative z;-direction, ¢;; has exponential decay towards a periodic solution
and 0y0;; is bounded by (A.12). All these facts together imply that 0y, — gij is
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bounded. Liouville’s theorem implies that this harmonic function must be constant.
The exponential decay of ¢;; and boundedness of 7;;;, for 1 — +oo implies that the
constant is 0. We therefore find that 0xo,;x = ¢;;-

It remains to construct N. We make the following ansatz:
(A.13) N=nN+V.
The equation for V' reads
(A.14) —AVi; = — ANy; + 1_AN;; + 2Vn_ - VN;; + An_Ny; =: g, .

We observe that the last two terms have bounded support in z; since they contain
derivatives of n_. The first two terms can be calculated using (A.9), (A.11), and

a=>bon {n_ #0}:
—AN;; +1-AN;; = (1 —12)(bei + Vy) — beei) - ¢ +n-b(Vo; — V) - ¢;.

This implies g;; € L5, (Q) for all p € [1,00]; we use here the exponential decay
properties (3.9) and (3.10), and the fact that b = b, on {z; > 0}.
The LP-property of g allows to find V' € HZ, (Qs) solving (A.14) and satisfying

sup,epd || VVijl|coam) < cla, d, X) < oo; this is shown in the next step of this proof.

Having V with these properties, N can be defined via (A.13), it satisfies (A.11) and
(A.12), and we have thus constructed &y

Step 4. We claim the following: For given g € L}.(Q) N L2, (Qso) there exists
v E H;; ) satisfying

er,loc(

(A.15) —Av=g and sup [Vl coas, @) S 9llzt@w) + 19]l2e o) -
zeR

Case 1. Suppose that g has vanishing averages in cross sections in the sense that
(A.16) / g(z1,2")d’ =0  Va; € R.
F*

In this case, g can be written as a divergence. Indeed, for every x; € R, there exists
a function w,, € H! (T,;R) such that

per
—Awy, = g(x1,-) inT, and ||V'wg |2,y S 9@, )2,y

where we used the operators V' = (0, 0s,...,04) and A" = V' - V'. With the choice
f(x1,.) :==(0,V'w,, (.), there holds f € L2 (Qu;R?Y) and

per
(A.17) —V-f=g and |[/fllr2@.) S llgllrzu) -
Using f, the function v is defined as the unique Lax-Milgram solution v & leer(Qoo)
of

—Av=-V-f.
It satisfies ||Vollr2.) S [1fllz200) S 9]l 20~ Standard elliptic regularity implies

(A.15).
Case 2. The general case. We decompose the g as

g=¢1+ 92 where ¢ =gi(21):= / g(zy,2") da’ .
Iy
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Appealing to the first case, we find vy satisfying (A.15) with ¢ replaced by go. The
(one dimensional) function

vi(z) = vi(z1) == _/ / 91(h) dh ds,
o Jo
satisfies (A.15) with g replaced by ¢;. Thus v = vy + vq satisfies (A.15). O
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